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ABSTRACT Uniparental reproduction in diploids, via asexual reproduction or selfing, reduces the independence with which separate
loci are transmitted across generations. This is expected to increase the extent to which a neutral marker is affected by selection
elsewhere in the genome. Such effects have previously been quantified in coalescent models involving selfing. Here we examine the
effects of background selection and balancing selection in diploids capable of both sexual and asexual reproduction (i.e., partial
asexuality). We find that the effect of background selection on reducing coalescent time (and effective population size) can be orders
of magnitude greater when rates of sex are low than when sex is common. This is because asexuality enhances the effects of
background selection through both a recombination effect and a segregation effect. We show that there are several reasons that
the strength of background selection differs between systems with partial asexuality and those with comparable levels of uniparental
reproduction via selfing. Expectations for reductions in Ne via background selection have been verified using stochastic simulations. In
contrast to background selection, balancing selection increases the coalescence time for a linked neutral site. With partial asexuality,
the effect of balancing selection is somewhat dependent upon the mode of selection (e.g., heterozygote advantage vs. negative
frequency-dependent selection) in a manner that does not apply to selfing. This is because the frequency of heterozygotes, which are
required for recombination onto alternative genetic backgrounds, is more dependent on the pattern of selection with partial asexuality
than with selfing.
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IN addition to forming the basis for much of modern evolu-
tionary inference, coalescence theory provides a rigorous

approach to predicting how various biological phenomena
will affect patterns of genomic variation. Although the co-
alescence of neutral alleles is simple in ideal populations, the
process is altered by a myriad of biological realities such as
population structure, changes in population size, and non-
Poisson variance in reproductive success. Existing theory has
tackled these and many other important deviations from the
simplest case (Wakeley 2008). In addition to ecological fac-

tors such as those above, selection at one site in the genome
can profoundly influence the coalescence times of linked neu-
tral sites, thereby affecting patterns of genomic diversity. Al-
though selective sweeps can dramatically reduce coalescence
times (Maynard Smith and Haigh 1974; Kaplan et al. 1989),
here we focus on two other forms of selection: background
and balancing selection.

Background selection refers to selection on deleterious
alleles occurring in the genetic background of a focal neutral
allele and its resulting consequences for coalescence
(reviewed in Charlesworth 2012). Assuming selection is
strong relative to drift, deleterious alleles are doomed to ex-
tinction and linked neutral sites will share the same fate un-
less they can escape via recombination (Charlesworth et al.
1993). Looking backward in time, this means that extant
copies of a neutral site must trace their ancestry, either avoid-
ing deleterious backgrounds or recombining onto them only
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in the relatively brief period prior to their selective elimina-
tion. Thus, there are fewer potential ancestors for a neutral
site than the actual number of individuals present in the pre-
ceding generations. In other words, background selection
reduces the effective population size, shortening coalescence
times. As this logic suggests, the consequences of background
selection are much stronger if there is tight linkage between
the focal neutral site and the locus experiencing deleterious
mutations (Hudson and Kaplan 1995; Nordborg et al.
1996a). Because of heterogeneity across the genome in the
local deleterious mutation rate, variation in the strength of
background selection is believed to be a major source of the
variation in sequence diversity across chromosomes in spe-
cies such as Drosophila melanogaster (Charlesworth and
Campos 2014; Elyashiv et al. 2014) and humans (McVicker
et al. 2009).

Balancing selection preserves variation at a selected site,
allowing two selected alleles to persist much longer than
expected under drift alone. The same logic applies to two
copies of a neutral site linked to alternative alleles at the
selected site (Hudson and Kaplan 1988; Kaplan et al. 1988;
Hey 1991). By increasing coalescence times, balancing selec-
tion can increase levels of neutral diversity at sites closely
linked to targets of selection as seen for self-incompatibility
alleles (Richman et al. 1996; Kamau and Charlesworth 2005)
and major histocompatibility loci (Hughes and Nei 1988).

Most coalescent models implicitly assume that organ-
isms are either haploid or diploid but obligately sexual and
randomly mating. However, some of the most reproduc-
tively prolific diploids reproduce uniparentally much of the
time via selfing or asexual reproduction (e.g., duckweeds,
monogonant rotifers, ostracods, Daphnia, and many grasses
and fungi). Asexuality and selfing involve very different types
of inheritance and, consequently, their “direct” effects on co-
alescence times are in opposite directions; asexuality in-
creases coalescence time whereas selfing reduces it (see
below). Yet both forms of uniparental reproduction reduce
the independence with which two alleles at separate loci
within the same individual trace their ancestry backward in
time. As a consequence of this effectively higher degree of
linkage, uniparental inheritance is expected to magnify the
importance of linked selection on coalescence. Indeed, pre-
vious work has demonstrated that the effects of both back-
ground and balancing selection on coalescence are heightened
by high rates of selfing (Nordborg 1997).

Here we develop coalescent models for organisms capable
of both sexual and asexual reproduction. Like selfing, asexu-
ality enhances the consequences of selection elsewhere across
thegenome, sometimesdramatically so.Partial asexualityand
selfingareoften lumped together, at least colloquially, because
both are systems involving uniparental inheritance with re-
duced rates of genetic mixing. However, these alternative
modes of uniparental reproduction heighten linked selection
in somewhat different ways and we highlight the differences,
althoughwedonot present any original resultswith respect to
selfing.

Theory and Results

Direct effects

In the absence of any linked selection, the expected coales-
cence time for two randomly sampled alleles in a diploid
sexually outcrossing species is E[T] = 2N (Wakeley 2008).
For a species that produces a fraction s of its offspring sexu-
ally and the remainder asexually, the expected coalescence
time of two alleles sampled from different individuals is

E½TSex&Asex� ¼ 2N þ 1
s

(1)

as shown by Ceplitis (2003) (see also Bengtsson 2003 and
Hartfield et al. 2015). It takes, on average, N generations for
the two alleles to trace their ancestry into the same individ-
ual. In diploids, there is only a 1/2 chance that they will
coalesce within that individual. This means that two alleles
pass through the same individual, on average, two separate
times before coalescing, thus giving rise to the 2N. After en-
tering the same individual the first time (but not coalescing),
the two alleles must be separated into different individuals
via sex before they can “try” again. The waiting time to be
split by sex is 1/s.

As shown by Nordborg and Donnelly (1997), for a species
that produces a fraction o of its offspring via outcrossing and
the remainder by selfing, the expected coalescence time of
two alleles sampled from different individuals is

E½TOutcross&Self � ¼ 2N
�
1þ o
2

�
: (2)

Contrasting (1) and (2),we see thedirect effects of selfingand
asexuality differ in several ways (Figure 1). Increasing the
rate of uniparental reproduction (i.e., reducing o or s) re-
duces coalescence time in the case of selfing but has the
opposite effect with partial asexuality. With selfing, coales-
cence time decreases linearly with declining rates of outcross-
ing. In contrast, the effect of partial asexuality on coalescence
time is negligible unless the rate of sex is very small [i.e., the
direct effect of partial asexuality can be ignored unless s � O
(1/N)]. Whereas very high selfing (o / 0) reduces the co-
alescent time by a maximum of 50%, the maximal increase in
E[T] with very high asexuality (s / 0) is unlimited in prin-
ciple. However, if gene conversion is incorporated in the par-
tial sex model, increases in coalescent time from asexuality
are much more limited and can even be reversed (Hartfield
et al. 2015).

We refer to the effects described above as the “direct”
effects of uniparental reproduction to distinguish them from
the “indirect” effects of uniparental reproduction in mediat-
ing the consequences of linked selection.

Background Selection

The effects of background selection in sexual outcrossing
species were first modeled in classic articles by Hudson and
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Kaplan (1994, 1995) and by Nordborg et al. (1996a), using
different approaches. To examine background selection in
partially asexual species, we follow an approach similar to
that used by Nordborg (1997), who studied background and
balancing selection in partial selfers. The main idea is that
two sampled alleles can be found in a variety of different
states (e.g., in the same or different individuals, in wild-type
or mutant backgrounds). Based on transition probabilities,
we can calculate the expected time to leave the current state
and the probability with which the process will enter each of
the other states, given that it has left its current state. If there
are k states (other than coalescence), then we can create a
system of k linear equations of the form

E
�
TSex&Asex;i

� ¼ 1
12 vi;i

þ
X
j 6¼i

vi; j
12 vi;i

E
�
TSex&Asex; j

�
; (3)

where vi,j is the probability of the process transitioning from
state i to state j (moving backward in time). The system can
be solved for the expected coalescent times from each state.

We make assumptions similar to those of previous models
(Hudson and Kaplan 1994, 1995; Nordborg et al. 1996a;
Nordborg 1997). We consider a single selected locus that
can mutate from the wild-type A1 to the deleterious allele
A2 at rate m. The neutral locus is at a recombination distance
r from the selected locus. Two neutral alleles could be in the
same individual or two separate individuals. However, for
each neutral allele we also need to consider its genetic back-
ground, both the selected allele present on the same chromo-
some and the selected allele on the homolog. We assume that
A1/A2 individuals have a fitness of 1 – hs and that A2/A2

individuals have fitness 1 – s but are sufficiently rare that they
can be ignored. The frequency of the deleterious allele is q =
m/hs. Because the allele frequency is assumed to be stable, this
requiresN is sufficiently large so thatNq.. 1. Technically, we
assume 1/N � O(j3), and hs, q � O(j), where 0 , j ,, 1.

For fully sexual outcrossing species, diploid genotypes are
transient so only haplotypes need to be considered. This

“haplotype perspective” means that there are only three
(noncoalesced) states in which two samples can exist: (i)
both samples are found on A1 haplotypes, (ii) both samples
are found on A2 haplotypes, and (iii) the two samples are on
alternative haplotypes. With selfing there is the potential
difficulty of needing to consider samples in the same or dif-
ferent individuals, potentially complicating the model with
additional states. However, Nordborg (1997) used a separa-
tion of timescales argument to avoid this difficulty. With self-
ing, two samples from within the same individual either
coalesce or transition into separate individuals at rates close
to instantaneous with respect to coalescent times. Thus, it is
possible to accommodate selfing into a system involving just
three states (the haplotype perspective) by the appropriate
adjustments of the transition probabilities.

In contrast, the separation of timescales assumption is not
applicable with partial asexuality as two samples may remain
noncoalesced in the same individual for an extended period if
rates of sex are low. Consequently, the system becomes con-
siderably more complicated as we must keep an explicitly
diploid perspective. Assuming homozygous mutant (A2 /A2)
genotypes are sufficiently rare that they can be ignored, there
are eight (noncoalesced) states that must be considered: (i)
both samples in a single A1 / A1 individual; (ii) both samples
in a single A1 /A2 individual; (iii) both samples in separate
A1 /A1 individuals; (iv) one sample in an A1 /A1 individual
and the other on the A1-haplotype of an A1 /A2 individual;
(v) one sample in an A1 /A1 individual and the other on the A2

haplotype of an A1 /A2 individual; (vi) both samples on the A1

haplotype of separate A1 /A2 individuals; (vii) the samples in
separate A1 /A2 individuals, with one on an A1 haplotype and
the other on an A2 haplotype; and (viii) both samples on the
A2 haplotype of separate A1 /A2 individuals. These states are
depicted schematically in Supporting Information, Figure S1.
A complete model considering all the additional possibilities
yields the same results (not shown). The transition proba-
bilities (vi,j) among these states, allowing for both sex and
asexual reproduction, are given in File S1.

Figure 1 The direct effect of uniparental reproduction
via asexuality or selfing on the scaled coalescence time
(E[T]/2N). Partial asexuality has a negligible direct ef-
fect unless the rate of sex (s) is on the order of the
reciprocal of the population size; here N = 105. High
selfing reduces Ne to 50% of N.
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If we assume that sex is common (s�O(1)) and linkage is
tight (r � O(j)), then the mean coalescence time is

E½TSex&Asex� ¼ 2N

 
12

q

ð1þ sr=hsÞ2
!

þ O
�
j21
�
: (4)

The term in parentheses represents the reduction in the
effective population size due to background selection. This
result is equivalent to the classic result (Hudson and Kaplan
1994, 1995; Nordborg et al. 1996a) but with the effective
rate of recombination sr replacing r in the previous models,
which assumed obligate sex. It is worth noting that partial
asexuality (s , 1) has an indirect effect on coalescence via
background selection [represented by the parenthetical term
in (4)], even though its direct effect of asexuality [as repre-
sented in (1)] is negligible in magnitude and not shown in
this approximation. In this sense, the indirect effects of asex-
uality are much more important than the direct effects [un-
less rates of sex are very low, i.e., s � O(1/N)]. The result
above is very similar to the result of Roze (2014) for partially
asexual haploids. When the rate of sex is high, the shared
history of homologs within a diploid is very brief relative to
the coalescence time so it is unsurprising that the diploid
model behaves like a haploid one.

If we assume that sex is rare but not too rare (s � O(j),
Ns .. 1) and that linkage is loose (r � O(1)), then

E½TSex&Asex� ¼ 2N
�
12

q

ð1þ sr=hsÞ2 C
�
þ O

�
j21	; (5)

where

C[
2þ fð2þ 4rÞ þ f2�1þ 4r2

	
ð1þ fÞ2 (6)

and f[s=hs: Under these assumptions, sex is still suffi-
ciently common that the direct effect of asexual reproduction
on coalescence time (via the effect highlighted in Equation 1)
is negligible. However, through the factor C in (5), the re-
duced frequency of sex enhances the effect of background
selection beyond the effect shown in (4), i.e., reducing r to
sr. We now turn our attention to biologically interpretingC.

This additional effect of low sex is clearer if we redo the
analysis, assuming tight linkage (r � O(j)) and even lower
sex (s � O(j2)); then we find

E½TSex&Asex� ¼ 2Nð122qÞ þ 1
s

þ O
�
j21	: (7)

In this approximation, we also see the direct effect of sex on
increasing the coalescent time, 1/s [technically, (7) gives the
coalescence time for two alleles sampled from separate indi-
viduals; see Ceplitis 2003; Bengtsson 2003; Hartfield et al.
2015]. The reduction in Ne due to background selection is
captured by the factor (1 – 2q). This result is different from
that of Nordborg et al. (1996a) who, based on their result
similar to Equation 4, showed that with no recombination the

background selection term is (1 – q). The difference arises
because the Nordborg et al. (1996a) result assumes no re-
combination but obligate sex. Our result can be understood
using the insight of Charlesworth et al. (1993) that, without
genetic mixing, the effective population size is reduced to
mutation-free individuals. The frequency of mutation-free
haplotypes is 1 – q but the frequency of mutant-free diploid
genotypes is 1 – 2q. We can take (7) to mean that, in diploids
with little sex, a focal neutral site is affected by the presence
of a deleterious allele on its homolog just as much as it would
be by one on its own chromosome, thus accounting for the 2q
in place of q. With somewhat higher rates of sex, the neutral
site is more likely to be freed by segregation from its homolog
and thus will be less affected by mutations there.

The extent to which a focal site will be affected by muta-
tions on the homolog with partial asexuality is captured byC.
This can be seenmost easily when r is small [ands�O(j)] so
that

Cr�0 � 2þ 2fþ f2

ð1þ fÞ2 : (8)

We can interpret PHI (as in [8]) as representing the chance
that a neutral locus will escape a deleterious allele on the
homolog via sex, relative to the chance it is eliminated by
selection because f[s=hs represents the persistence time of
a deleterious allele (1/hs) relative to the waiting time for sex
(1/s). From the equation above, it is easy to see thatC/ 1
as f / N (i.e., hs,, s ,, 1) andC / 2 as f / 0 (i.e., s
,, hs,, 1). In other words, background selection will de-
pend as much on mutations on the homolog as on the focal
chromosome (C/ 2) if the neutral site is unlikely to escape
a deleterious allele on the homolog via sex before that allele
is eliminated by selection.

Returning to the full version ofC in Equation 6,wefind the
somewhat surprising result that the sensitivity of background
selection to mutation on the homolog increases with recom-
bination; i.e., @C/@r = 4f(1 + 2rf)/(1 + f)2 . 0. This can
be understood as follows. When r=0, the focal neutral site is
guaranteed to escape the effects of a deleterious allele on the
homolog via segregation if sex occurs. However, as r in-
creases, the focal site is more likely to recombine onto the
deleterious homolog during sex rather than to escape it. In
fact, for unlinked loci (r=1/2), we haveC=2 (regardless of
f), indicating the focal site is just as strongly affected by
mutations on the homolog as on its own chromosome. Al-
though the segregation effect captured by C is maximized
for unlinked loci, it is important to note that, overall, back-
ground selection is stronger with tighter linkage (Figure 2)
for the reasons discussed in the original models on this topic
(Hudson and Kaplan 1994, 1995; Nordborg et al. 1996a).

In sum, asexual reproduction affects background selection
in two ways: (i) via a “recombination effect” (reducing the
effective rate of recombination from r to sr) and (ii) via a
“segregation effect” (captured by C, which mediates how
much neutral alleles on one haplotype are affected by
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mutations on the homolog). As a result of these effects, back-
ground selection can bemuch stronger in facultative asexuals
than in obligately sexual species; this is particularly notable
at larger recombination distances (Figure 2). In the absence
of deleterious mutations, partial asexuality substantially al-
ters coalescence time only when sex is extremely rare; that is,
the direct effect of asexuality is strong only when sexual
events across the entire population are rare, i.e., Ns � O(1)
or smaller. Through background selection, partially asexual-
ity can affect coalescence even when sex is common at a
population level (Ns.. 1), especially if sex is rare per capita
(s ,, 1).

Extension to multiple loci

Following earlier models (Hudson and Kaplan 1995; Nord-
borg et al. 1996a), we can extend the single-locus back-
ground selection results to many loci under the assumption
of no disequilibria and no epistasis. Let Bi be the background
selection factor for a single locus (i.e., the term in parentheses
in Equation 5). Across many loci, the total effect of back-

ground selection is B ¼ exp
hP

ið12BiÞ
i
Using Equation 5,

assuming that selected sites are densely packed so that the
sum can be approximated as an integral, we can calculate

BSex&Asex � exp


2

Z ​ q½x�
ð1þ sR½x�=hsÞ2C9dx

�
; (9)

where the integration is over all positions x in the genome.
R[x] is the recombination rate between the focal locus and
the position x andC9 isC as given by (6) but replacing rwith
R[x]. Here q[x] is the probability density of deleterious alleles
at site x, although we assume below that the density is con-
stant across the genome q[x] = q.

Although (9) does not reduce to a simple analytical ex-
pression applicable to any genomic architecture, it can be
evaluated numerically.Moreover, we can decompose the total
background selection coefficient into components arising due
to strongly linked, loosely linked, and unlinked genes: B =
BTightlyLinked BLooselyLinked BUnlinked. Useful analytical approxi-
mations can be obtained for BTightlyLinked and BUnlinked.

Here, we use “tightly linked” to refer to sites that are
within a distance mmax, measured in Morgans, of the focal
site, where mmax is the maximum distance over which the
map distance (m) is approximately linear with recombination
rate. In other words,mmax is the maximum value ofm where
m � r; for typical mapping functions, mmax , 0.05. We con-
sider a region 2mmax wide with the focal site at its center as

Figure 2 The scaled coalescence time (E[T ]/2N
or, equivalently, Ne/N) as a function of the
recombination distance between the focal neu-
tral locus and the selected locus in the back-
ground selection model with partial asexuality.
(A) The reduction in coalescence times with low
rates of sex is particularly strong at higher rates
of recombination; hs = 0.005. (B) The effects of
background selection are larger with weak se-
lection when recombination is low. Mutation
rate: m = 1026.
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“the tightly linked region” and assume deleterious mutations
fall uniformly across this region. When the rate of sex is high
relative to selection (s .. hs), the background selection
coefficient from the tightly linked region is

BTightlyLinkedSex&Asex � exp


2UTightlyLinked

1
2ðsmmax þ hsÞ

�
; (10a)

where UTightlyLinked is the diploid mutation rate over the
tightly linked region. For the case of s = 1, this result is
the same as equation 8 of Hudson and Kaplan (1995). When
the rate of sex is low and selection is weak (s, hs � O(j)), a
much better approximation is

BTightlyLinkedSex&Asex � exp


2UTightlyLinked

Cr� 0

2hs

�
; (10b)

where Cr�0 is given by (8) (see File S1).
Except in genomeswith very smallmaps,most geneswill

be unlinked (r = 1/2) to the focal neutral site. Unlinked
loci make a small contribution to the total effect of back-
ground selection in species where sex is high. With full sex
(s = 1) it has been shown by other means (Charlesworth
2012) that

BUnlinkedFullSex � exp½24UUnlinkedhs�; (11)

where UUnlinked is the diploid rate of deleterious mutation
over all sites unlinked to the neutral focal site. However,
when sex is low (s ,, 1), then the background selection
coefficient due to unlinked sites based on (5) and (9) is

BUnlinkedSex&Asex � exp

"
2
4UUnlinkedhs

ðs þ 2hsÞ2
#
; (12)

where UUnlinked is the diploid rate of deleterious mutation
over all sites unlinked to the neutral focal site. It is clear from
Equations 10–12 that the effects of background selection are
much greater when sex is low, especially the contribution
from unlinked loci.

To explore background selection further, we assume that
the focal chromosome exists in the center of a 1 Morgan
chromosome and that the total map length of the genome
is L Morgans (where L $ 1). Deleterious mutations are uni-
formly distributed across the genome; i.e., m = 1/2 U/L, where
U is the diploid genome-wide mutation rate. This means that
UTightlyLinked = 2Ummax/L and UUnlinked = U(L – 1)/L. The back-
ground selection coefficient due to loosely linked (mmax , r ,
1/2) sites is

BLooselyLinkedSex&Asex � exp

"
22

Z1=2
mmax

q

ð1þ sR½x�=hsÞ2C9dx

#
: (13)

This integral can be expressed in closed form, usingHaldane’s
mapping function (R[x] = exp[1 – 2x]/2), but the expression
is rather complicated and is left for File S1.

Figure 3 illustrates that the genome-wide effects of back-
ground selection can be substantial when s , 1, even in
genomes with long maps (such that gene density is low). If
sex is low (s, 1%), effective population sizemay be reduced
by one or more orders of magnitude with relatively mild
mutation rates (U = 0.1). In a moderate to large popula-
tion (N . 104), there would be a negligible direct effect on
coalesce time of asexual reproduction with s = 10% or 1%
(Bengtsson 2003; Ceplitis 2003; Hartfield et al. 2015), but
the indirect effect through background selection can be
large. The effect of background selection is more sensitive
to the strength of selection in long maps than in short
maps, with stronger selection resulting in larger effects of
background selection, provided s is not too low. With
lower sex, a larger proportion of total background selec-
tion is attributable to unlinked loci (Figure 3B). This pro-
portion is greater in larger genomes (as more loci will be
unlinked) and when selection is strong, as strongly se-
lected loci do not need to be closely linked to exert their
effects (Nordborg et al. 1996a).

Simulation results

The extrapolation to multiple loci used in (9) and in previous
work (Hudson and Kaplan 1995; Nordborg et al. 1996a;
Glémin and Ronfort 2012) relies on the assumption that loci
are independent (i.e., no linkage disequilibrium) and that
each selected locus is close to its deterministic equilibrium
(q = m/hs). These assumptions become increasingly suspect
as the effective rate of recombination declines and as back-
ground selection becomes sufficiently strong that Ne (� BN)
is substantially reduced. When BNhs is predicted to be low
(,1), then we expect that analytical approximations will
overestimate the strength of background selection. Under
these conditions the analytical approximation is expected to
overestimate the reduction in Ne due to background selec-
tion, presumably because when drift is strong, then polymor-
phism is lost from selected sites; i.e., q = 0 , m/sh, making
background selection weaker than predicted. Previous simu-
lation studies have observed that analytical approximations
tend to overestimate the strength of background selection
when selection is weak or recombination is low (Nordborg
et al. 1996a; Kaiser and Charlesworth 2009; Kamran-Disfani
and Agrawal 2014).

To test the analytical approximations presented here, we
extended the simulation of Kamran-Disfani and Agrawal
(2014) to consider a population where individuals can re-
produce asexually with a probability s, via Wright–Fisher
dynamics. We measured Ne by tracking a linked quantitative
trait over time; when an individual reproduced, the value of
this trait was perturbed by a value drawn from a normal
distribution with mean 0 and variance 1. The steady-state
variance of this trait is equal to the effective population size
(Lynch and Hill 1986; Keightley and Otto 2006).

For a given net mutation rateU and heterozygote selection
coefficient sh, mutations were initially distributed among the
population according to mutation–selection balance. Unless
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stated otherwise, the population then reproduced for 5N gen-
erations, to ensure that neutral markers reached a steady
state (Keightley and Otto 2006). The population-wide Ne

was then measured at 200 equally spaced intervals for a
further 5N generations. The simulation was repeated for
192 burn-ins. The mean Ne from each time series was deter-
mined, and simulation points are calculated as the means of
these values along with 95% confidence intervals. Simula-
tions are written in C++ and are available online (http://
github.com/MattHartfield/FacSexBGSSims).

In general there is a good match between simulation
results and analytical approximations (Figure 4A). The ef-
fects of background selection tend to be overestimated if
sex is low (s � 0.001), where background selection is pre-
dicted to be very strong. Because the analytical approxi-
mation for B is expected to fail as BNhs becomes small, we
examined the correspondence between simulations and
the predicted value of B for different population sizes. As
expected, the observed value of B is much larger than the
analytical approximation [i.e., the strength of background

selection is overestimated by (9)] when N is small but the
discrepancy declines with larger N (Figure 4, B and C). This
implies that the analytical approximations work well
provided N is “sufficiently” large. Although imperfect, the
approximations offer good insight into the effects of back-
ground selection. Nonetheless, it is important to remember
that the extremely strong effects of background selection
predicted under low rates of sex (e.g., B , 1025) are un-
likely to be realized unless applied to species with a mas-
sive census size. Although the most obvious problem is that
the analytical approximation overestimates background
selection when N is not sufficiently large, we also find in-
stances where the analytical approximation underesti-
mates the strength of background selection when N is
large (Figure 4B). This could suggest a weak effect arising
from multilocus associations not captured in the extrapo-
lation of the single-locus analysis to genome-wide back-
ground selection given by (9). This effect does not
appear to be sensitive to h (not shown) and so is unlikely
to be a direct result of segregation load.

Figure 3 Genome-wide background
selection in systems with sexual and
asexual reproduction. (A) The back-
ground selection coefficient B as a func-
tion of the rate of sex, considering
mutations across the entire genome.
Results for genomes with relatively short
and long maps (L = 2 Morgans vs. 20
Morgans) are shown. The longer map
implies lower gene density as the muta-
tion rate is held constant (U = 0.1); mu-
tations are assumed to be uniformly
distributed across the genome. (B) The
background selection coefficient for dif-
ferent genomic regions (tightly linked,
loosely linked, and unlinked sites) as
well as the total. Parameters are L =
10, hs = 0.005, and U = 0.1. Tightly
linked loci make the largest contribution
to background selection when rates of
sex are very high but unlinked loci make
the largest contribution when sex is
rare.
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Figure 4 Simulation comparisons
of background selection. (A) Simu-
lation results (symbols) and analyti-
cal approximations (lines) of B =
Ne/N as a function of the rate of
sex. Parameters are N = 104, U =
0.02, s = 0.02, h = 0.25, and L = 1
(solid symbols and line) or L = 10
(shaded symbols and dashed line).
Bars on simulation symbols repre-
sent 95% confidence intervals. (B)
Background selection effect for s =
0.01 as a function of the popula-
tion size. Parameters are U = 0.02,
s = 0.02, h = 0.25, and L = 10. The
horizontal shaded line is the theo-
retical expectation given with
Equation 9. (C) Same as B but for
s = 0.001.
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Comparison with selfing

Another mode of uniparental reproduction, selfing, also en-
hances the effect of background selection. As shown by Nord-
borg (1997), the coalescence time with selfing is

E½TOutcross&Self � ¼ 2N
1

1þ F

 
12

eq
ð1þer=et Þ2

!
: (14)

Here F is the inbreeding coefficient that can be written as
function of the rate of outcrossing F = (1 – o)/(1 + o). The
fraction 1/(1+F) is the direct effect of selfing on reducing Ne

[shown in (2) as (1+ o)/2] and is not considered further. The
term in parentheses in (14) is the background selection co-
efficient. With pure outcrossing, the background selection
coefficient is the same as the parenthetical term from (4)with
s = 1. Relative to this, selfing changes background selection
in twoways. First, it increases the average strength of selection
against a deleterious mutation from sh to et ¼ ð12 FÞshþ Fs;
where s is selection against the mutation in the homozygous
state. This also changes the equilibrium frequency of the del-
eterious allele to eq ¼ m=et: More importantly, selfing reduces
the effective rate of recombination from r to er ¼ ð12 FÞr:
When selfing rates are high (o ,, 1), the background selec-
tion coefficient simplifies to

B12locus
Outcross&Self � 12

eq
ð1þ 2or=s Þ2: (15)

There are three important differences between this result and
the equivalent term for background selection in partial asex-
uals (Equation 5). First, the segregation effect captured byC
effectively doubles the relevant mutation rate for partial
asexuals relative to selfers. Second, a bit of outcrossing in a
highly selfing system results in effectively twice as much re-
combination as the equivalent amount of sex in a highly
asexual system [i.e., sr in (5) vs. 2or in (15)]. In sex/asex
systems, recombination can occur only with sexual reproduc-
tion so the effective recombination rate depends directly on
s. In outcross/self systems, recombination can happen dur-
ing the production of selfed or outcrossed progeny. However,
the only parental genotypes in which recombination is rele-
vant are double heterozygotes, which are created at a rate
proportional to the rate of outcrossing, o. However, once a
double heterozygote is created via outcrossing, a relevant
recombination event can occur in any future generation via
selfing as long as the genotype remains a double heterozy-
gote. Because it takes, on average, two generations of selfing
before heterozygosity at a site is lost, there are two genera-
tions in whichmeaningful recombination can occur following
each outcrossing event [so we have 2or in (15) but sr in (5)].
However, Denis Roze (D. Roze, personal communication) has
pointed out that (14) is derived from (4), which assumes
tight linkage (r ,, 1). He has found that the “2” is reduced
for loosely linked loci, becoming “1” for unlinked loci. That is,
the recombinational difference between selfing and partial
asexuals will disappear for unlinked loci.

In addition to these segregation and recombination differ-
ences, a third difference arises because the effective strength
of selection is greater with selfing than with asexual repro-
duction (s vs. hs). Stronger selection reduces the frequency of
deleterious alleles. As there are fewer deleterious back-
grounds to avoid in tracing back a focal neutral site’s ancestry,
background selection is made weaker. However, stronger se-
lection also means there is less opportunity to recombine
away from a deleterious allele before it is removed by selec-
tion, enhancing background selection. Overall, stronger se-
lection reduces background selection if the rate of biparental
reproduction (and the opportunity for recombinational es-
cape) is high relative to selection.

Asaconsequenceof the threedifferencesbetween(15)and
(5), background selection can be much stronger in partial
sexuals than in selfers when the rate of biparental reproduc-
tion is low (Figure 5). However, the reverse may be possible if
the net effect of stronger selection in selfers is to increase
background selection, which can happen when the rate of
biparental reproduction is high relative to selection.

Balancing Selection

With balancing selection, such as heterozygote advantage or
negative frequency dependence, two alleles (A1 and A2) can
be maintained indefinitely; i.e., balancing selection prevents
normal coalescent processes from operating at the selected
site and this affects coalescence at linked sites. Assuming the
frequencies of the A1 and A2 alleles (p and q, respectively) are
stable, Hudson and Kaplan (1988) showed that closely linked
neutral sites have an extended coalescence time under the
assumption of obligate sexual reproduction. As mentioned in
the Background Selection section, the analysis becomes more
complicated when the rate of sex is low because we must use
an explicitly diploid perspective rather than a classic haploid
perspective. Here we cannot assume that the frequency of the
A2 /A2 genotype is negligible (Figure S2). As a result, there
are 13 states in whichwe could find two alleles. In addition to
the 8 listed in the Background Selection section, the additional
5 states are (ix) both samples in a single A2 /A2 individual, (x)
both samples in separate A2 /A2 individuals, (xi) one sample
in an A2 /A2 individual and the other on the A1 haplotype of
an A1 /A2 individual, (xii) one sample in an A2 /A2 individual
and the other on the A2 haplotype of an A1 /A2 individual, and
(xiii) one sample in an A1 /A1 individual and the other sample
in an A2 /A2 individual.

In the Background Selection section we ignored gene con-
version for simplicity and because the persistence time of any
given copy of the deleterious allele is short, limiting the op-
portunity for gene conversion to be relevant. Here we include
gene conversion because A1 and A2 are maintained indefi-
nitely by selection so movement between genetic back-
grounds via gene conversion may become important over
long timescales, especially when the rate of sex is low, so
there is little chance for exchange via meiotic recombination.
Specifically, we assume that (unbiased)mitotic gene conversion
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occurs at rate g. This rate refers to gene conversion events that
cover either the selected site or the neutral site but not both.
(The model is built with an additional parameter for gene con-
version events that cover both sites but such events do not affect
the coalescence time). Throughout, we use “recombination” to
refer to (meiotic) crossover recombination, in contrast to gene
conversion.

In this analysis,weassume that theequilibriumfrequencies
of A1/A1, A1/A2, and A2 /A2 genotypes are P1/1, P1/2, and P2/2.
These frequencies are assumed to be stable and to change
little in frequency within a generation (i.e., fitness differences
at equilibrium are ignored).Without loss of generality, we use
P1/1 = p2 + CA /A, P1/2 = 2(pq – CA /A), and P2/2 = q2 + CA /A,
where CA /A is the covariance in allelic state. Note CA/A mea-
sures the same genetic property as Fpq but we use separate
symbols as we use the relationship F = (1 – o)/(1 + o) for
species without asexuality because the inbreeding coefficient is
determined only by outcrossing rates, to a good approximation,
provided selection is not too strong. With obligate sex (and no
selfing) CA/A = 0 but when there is partial asexuality, CA/A can
be either positive or negative.

Assuming s and r are O(j) and g and 1/N are O(j2), the
expected coalescent time of two alleles sampled from a single
A1/A1 individual or from two separate A1/A1 individuals is
found to be

E
h
T1=1

i
¼ 2N þ 4Nðp2 qÞq

1þ 2NP1=2ðsrþ g=2Þ þ O
�
j21	: (16)

When both alleles are sampled from the A2 background, the
coalescence time is the same as (16) but with p and q re-
versed. When two alleles are sampled from alternate back-
grounds (A1 and A2), the expected coalescence time

E
h
T1=2

i
¼ 2N þ 2pq

P1=2ðsrþ g=2Þ þ O
�
j21	: (17)

For the sake of discussion, we focus on this latter result. In the
case of obligate sex (s = 1, P1/2 = 2pq), (17) simplifies to
E[T1/2] = 2N+1/(r+ g). The coalescent time is extended by

the waiting time for the neutral site to move from one back-
ground to the other. This longer coalescent time should allow
for the accumulation of more neutral variation surrounding
sites under balancing selection (Hudson and Kaplan 1988).
When the physical distance is small, rmay be very small and
this has led to the belief that there may be a strong signature
of balancing selection when gene conversion is ignored.
However, for short physical distances, gene conversion
may be much larger than recombination (g .. r) and may
play a more important role in coalescence (Andolfatto and
Nordborg 1998;Wiuf andHein 2000). There are few estimates
of mitotic gene conversion (per base pair):�1027 in the yeast
Saccharomyces cerevisiae (reviewed by Mandegar and
Otto 2007), 1025–1026 in the bdelloid rotifer Adineta vaga
(Flot et al. 2013), and �1026 in the fly D. melanogaster
(N. P. Sharp and A. F. Agrawal, unpublished results). As im-
plied by (17), gene conversion weakens the signature of bal-
ancing selection and this is particularly true in partial asexuals
(Figure 6). At very short physical distances, mutation between
A1 and A2 provides an important alternate route by which a
neutral allele can switch sites, but this is not considered here.
Our results apply to physical distances where sr+ g/2.. m.

As expected, we find in (17) that partial asexuality reduces
the effective rate of recombination from r to sr. However,
there is an additional effect of asexuality that is not explicit
in (17); partial asexuality changes the equilibrium frequency
of A1/A2 (i.e., P1/2 6¼ 2pq). The precise nature of this change
depends on the mechanism of balancing selection. Consider
balancing selection due to heterozygote advantage with sym-
metrical selection (i.e.,W1/2 = 1,W1/1 =W2/2 = 1 – s). With
obligate sex, at equilibrium p= q=1/2 and P1/2 = 1/2. With
partial asexuality and assuming the rate of sex is low, p= q=
1/2 but P1/2 = 2(pq – CA/A), where

CA=A �
2
� ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

s2 þ s2
p

2s
�

4s
: (18)

For example, with s= s = 0.01, P1/2 � 0.71. In this case, the
frequency of heterozygotes (and thus the opportunity for

Figure 5 Background selection in systems with differ-
ent forms of uniparental reproduction (asexuality and
selfing). The background selection coefficient B is
shown for systems with sexual and asexual reproduc-
tion (solid symbols and line) and systems with outcross-
ing and selfing (shaded symbols and lines). Analytical
approximations (lines) are contrasted with simulation
results (symbols; error bars are 95% confidence inter-
vals. The analytical approximation for selfing is based
on an extension of (14) and is given in Kamran-Disfani
and Agrawal (2014). Parameters: U = 0.02, s =0.02,
h = 0.25, L = 10 (N = 104 for simulations).
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recombination) is increased from 0.5 with full sex to 0.7 with
partial sex. Even though P1/2 is higher, this does not cause an
increase in the coalescence time because of the 99% reduc-
tion in meiotic recombination events when s = 0.01. Equi-
librium genotype frequencies under a more general model of
balancing selection are provided in File S2.

Nordborg (1997) studied balancing selection in species
with selfing. He found (ignoring gene conversion) that the
expected coalescence time for sites on alternate backgrounds
(A1 and A2) is

E
h
T1=2

i
� 2N

�
1

1þ F

�
þ 1
ð12 FÞr: (19a)

Assuming that the rate of selfing is high (i.e., weak outcross-
ing, o ,, 1), this becomes

E
h
T1=2

i
� 2N

�
1þ o
2

�
þ 1
2or

: (19b)

Again, the term in parentheses is the direct effect of selfing.
The second term is the increase in coalescent time due to
linkage to the target of balancing selection. Contrasting this to
the comparable term from the partial asexual result in (17),
there are two differences. As noted in the background selec-
tion case, a little bit of outcrossing is twice as effective at
allowing recombination as a little bit of sex (i.e., the effective
rates of recombination are 2or vs. sr). Second, in partial
asexuals the frequency of heterozygotes cannot be well ap-
proximated from the rate of biparental reproduction and al-
lele frequencies alone (as it is with selfing). Rather CA /A,
which determines the frequency of heterozygotes through
P1/2, is a function of both the rate of sex and the selection
coefficients [as exemplified in (18)].

An important point missing from the comparison above is
the likelihood of balancing selection. Consider the model of
heterozygote advantage with W1/2 = 1, W1/1 = 1 – s, and
W2/2 = 1 – as, where we assume a. 1 so thatW1/1 .W2/2.
Ignoring drift, polymorphism is always maintained in sex/
asex systems. In contrast, with selfing, the maintenance of
polymorphism requires that outcrossing not be too low, spe-
cifically that o . (a – 1)/(a + 1); otherwise fixation of the
more fit homozygote A1/A1 is stable (see File S2 for details).
If one homozygote is more fit than another, variation will not
be maintained by balancing selection in highly selfing species
but will be in species with partial asexuality.

Even in the symmetric case (a = 1) when polymorphism
should be maintained in a deterministic model, we observed
that the expected coalescent time from simulations was less
than that predicted by the analytical approximations (Figure
6). This is likely due to fluctuations in the allele frequency at
the selected locus around its predicted equilibrium due to
drift (which make heterozygotes rarer, on average). In Figure
6, we show the results for N = 5 3 104 and the simulation
results are only slightly less than the predicted values. With
N = 104, allele frequency fluctuations are larger and the
simulation results are considerably lower than the predicted
values (not shown). This change in N has little effect on
results for partial asexuality and complete biparental repro-
duction as allele frequency of the selected locus is more stably
maintained close to its equilibrium.

Of course, balancing selection can occur through mech-
anisms other than heterozygote advantage and in these
other cases the contrast between partial asexuality and sex
will be somewhat different. For example, consider a simple
model of frequency-dependent selection where the fitness
of each genotype is negatively related to its frequency as

Figure 6 Coalescence times near a site under bal-
ancing selection. The expected time to coalescence
(scaled to 2N generations) is shown as a function of
the distance (in base pairs) from a site under balanc-
ing selection via heterozygote advantage (W1/1 =
W2/2 = 1 – s and W1/2 = 1). The population is as-
sumed to be fully sexual and outcrossing (Equation
17, s = 1; thick shaded line), mostly asexual (Equa-
tion 17, s = 0.01; solid line), or mostly selfing (Equa-
tion 19b, o = 0.01; thin shaded line). Symbols
represent the expected coalescence time based on
simulations (see File S3). Error bars are 95% confi-
dence intervals; in some cases error bars are too
small to be visible. We assume r = rd, where d is
the distance in base pairs from the selected site. For
the partial asexual case, results are shown with and
without gene conversion. For gene conversion, the
model of Andolfatto and Nordborg (1998) is used:
g = gd/L for d, L and g = g for d$ L, where L is the

length of gene conversion tracts. For the fully sexual case, the results with gene conversion are visually indistinguishable from those with g = 0 for the
parameter values used here. The selfing case assumes no gene conversion, but gene conversion is not expected to affect coalescence in selfers (see
Discussion); simulations including gene conversion support this conjecture (File S3). The selfing line asymptotes at 1/2 rather than 1 because of the direct
effect of selfing on coalescence (Figure 1). These results ignore mutation at the selected site and thus overestimate the coalescence time for extremely
tightly linked sites (e.g., d ,, 100 if m = 1029, see text). Parameter values: s = 0.1, N = 5 3 104, r = 2 3 1028 (Ashburner 1989), g = 2 3 1026

(N. P. Sharp and A. F. Agrawal, unpublished results), and L = 1400 (Preston and Engels 1996).
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W1/1 = 1 – (p – a)s, W2/2 = 1 + (p – a)s, and W1/2 = 1.
Regardless of the reproductive system, at equilibrium p = a

and the polymorphism is stable (i.e., in contrast to heterozy-
gote advantage, there is no difference in the likelihood of
balancing selection in this model between partial asexuality
and selfing systems; see File S2). However, with partial asex-
uality, there is no excess of heterozygotes (CA=A � 0), mean-
ing that coalescence is affected only by the recombination
effect (i.e., the reduction from r to sr) and there is no segrega-
tion effect. With other forms of negative frequency-dependent
selection (File S2), it is possible for there to be a deficit of
heterozygotes with partial asexuality (CA/A . 0), decreasing
the opportunity for recombination beyond the change from r
to sr, thereby further extending coalescence time.

Discussion

Wehaveexaminedhow linked selection, eitherbackgroundor
balancing selection, alters coalescence for pairs of alleles in
partial asexuals. As expected, the lower level of geneticmixing
in partial asexuals results in much stronger effects of linked
selection. In diploids, partial asexuality affects coalescence
both via segregation andvia recombination. Themost obvious
effect is through a reduction in the effective rate of recombi-
nation. In the case of background selection, the segregation
effect can be understood asmediating howmuch a focal site is
affected by deleterious alleles occurring on the homolog in
addition to those on its own chromosome. If sex is low, it is
equally affected by mutations on either chromosome, effec-
tively doubling the mutation rate. In the case of balancing
selection, the segregation effect is manifest in the way that
partial asexuality affects the equilibrium frequency of hetero-
zygotes at the selected locus, which regulates the opportunity
for a neutral site to move between alternative selected hap-
lotypes via recombination.

Ignoring linked selection, the direct effect of partial asex-
uality on coalescence is negligible unless the rate of sex is
extremely small [i.e., on the order of 1/N (Bengtsson 2003;
Ceplitis 2003; Hartfield et al. 2015)]. In contrast, there are
strong effects of partial asexuality through background selec-
tion even when rates of sex are..1/N. If sex is,10%, large
reductions in Ne through background selection are expected
if U is $0.1; mutation rates of this magnitude are common
among plants and animals (reviewed in Baer et al. 2007 and
Halligan and Keightley 2009).

When sex is high, only those mutations that are tightly
physically linked make a substantial contribution to back-
ground selection. Across the genome of a highly sexual spe-
cies, variation in genedensity resulting in variation in the local
deleterious mutation rate leads to variation in the strength of
background selection, which contributes to variation in neu-
tral diversity (Charlesworth and Campos 2014; Elyashiv et al.
2014). These local differences may be detectable at the
within-gene level [i.e., stronger background selection at the
center of genes than on the edges (Loewe and Charlesworth
2007; Zeng and Charlesworth 2011)]. When sex is low,

deleterious alleles across the whole genome contribute to
background selection. In fact, the majority of background
selection experienced by a focal site is due to unlinked loci
(Figure 3B) but this is simply because unlinked sites aremuch
more numerous. Even when sex is low, background selection
is stronger from tightly linked sites than from unlinked ones
(Figure 2B) so one might still expect to find differences in
neutral diversity associated with gene density. However, the
relationship between background selection and r is much
weaker when sex is low, so gene density–diversity patterns
are likely to be severely muted.

Because background selection can be so strong with unipa-
rental inheritance, itmaybemore important thandemographic
history in determining within-population diversity. As has re-
cently been discussed with respect to selfers (Brandvain et al.
2013; Barrett et al. 2014), transitions to uniparental inheri-
tance can be associated with population bottlenecks but it can
be difficult to infer whether reduced diversity in an evolution-
arily young population is due to a small number of founders or
the strong effects of background selection. More sophisticated
approaches, beyond looking for a reduction in diversity, are
required to disentangle bottlenecks from very strong back-
ground selection (e.g., Brandvain et al. 2013).

Theanalytical approximations not only quantify howmuch
coalescence times are altered by the reproductive system, but
also show they are biologically interpretable. Hence these
derivations provide insight into how segregation, recombina-
tion, and selection interact to affect average coalescence time.
However, theapproachusedherecannotbeused tomakeother,
more detailed, predictions about n-sample genealogies. For
example, although the major effect of background selection
can be interpreted as a reduction in Ne (as done here), it has
been shown that background selection also alters the shape of
genealogies with relatively long external branches, leading to
negative values of Tajima’s D (Charlesworth et al. 1995; Zeng
and Charlesworth 2011; Nicolaisen and Desai 2012). Presum-
ably, these effects would be magnified by low rates of sex.

The reduction in the effective rate of recombination with
uniparental inheritance should make it much easier to detect
balancing selection. Work by Nordborg et al. (1996b) and
Nordborg (1997) showed that, in selfers, this is because (i) the
physical distance overwhich the effects of balancing selection are
realized is expanded and (ii) there is lower diversity within each
selected allelic class because of stronger background selection.
These arguments also apply to partial asexuals but there are dif-
ferences between these alternative modes of uniparental repro-
duction. First, there is a higher effective rate of recombination
with selfing than with partial asexuality for the same rate of
uniparental reproduction (2or vs. sr, as discussed in Results),
which will make signatures of balancing selection weaker in self-
ers than inpartial asexuality (Figure6). There are alsodifferences
in the frequency of heterozygotes in partial asexuals compared to
selfers but this likely plays a more minor role, conditional on the
selected polymorphism beingmaintained. However, with hetero-
zygote advantage, the conditions for a stable polymorphism are
much broader in partial asexuals than in selfers.
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Another difference between partial asexuals and selfers is
the importance of gene conversion. The frequency of hetero-
zygotes puts an upper limit on the rate of exchange between
allelic backgrounds via any genetic mechanism. Selfing di-
rectly reduces the frequency of heterozygotes, so gene con-
version is not expected to be an important process (although it
was not formally included in themodel of Nordborg 1997). In
partial asexuals, heterozygotes can be very common even if
sex is rare (especially if there is heterozygote advantage).
Through asexual descent, a lineage can persist in a heterozy-
gous state for many generations, providing numerous oppor-
tunities for movement of linked sites between backgrounds
via gene conversion. As implied by (17), gene conversion
becomes the primary force erasing the signature of balancing
selection when sr ,, g, which must be true if sex is suffi-
ciently rare. Because of this, the signature of balancing selec-
tion may be weaker in partial asexuals than in selfers if the
rate of biparental reproduction is very small (Figure 6), even
though the reverse is expected at less extreme levels of uni-
parental reproduction because of the difference in effective
rates of recombination (2or vs. sr).

For both background and balancing selection, we have
contrasted species with partial asexuality to highly selfing
species as alternativemodesofuniparental reproduction.How-
ever, some systems with partial asexuality may also have self-
ing. This can occur because asexual reproduction can involve
very limited dispersal so that neighboring individuals are often
clones; thus, mating between clones, which is genetically
equivalent to selfing, couldbe commonunless there are explicit
mechanisms of inbreeding avoidance (e.g., self-incompatibility).
If sex is rare and when it does occur involves selfing (or its
genetic equivalent), then the effective rate of recombination
will be extremely low, magnifying the effects of linked selec-
tion beyond what we have modeled here.

Hereweexploredhowbackgroundselectionandbalancing
selection affect coalescence times but we did not attempt to
examine selective sweeps. In sexual populations, beneficial
alleles spreading tofixationcandrastically reducecoalescence
times and diversity levels at closely linked sites (Maynard
Smith and Haigh 1974; Kaplan et al. 1989; Stephan et al.
1992; Barton 1998; Hermisson and Pennings 2005) and
are believed to play an important role in shaping genomic
patterns of diversity, at least in some species (Elyashiv et al.
2014; Williamson et al. 2014). As with other forms of linked
selection, we expect that the signature of selective sweeps will
be more dramatic in systems with high rates of uniparental
reproduction because of their reduced effective rates of recom-
bination. For example, in the highly selfing Caenorhabditis
elegans, sweeps are believed to have reduced variation
across entire chromosomes (Andersen et al. 2012). Theoret-
ical models for haploids have shown how low rates of sex
affect the probability of sweeps and alter patterns of coales-
cence (reviewed by Neher 2013). Sweeps in haploids cause
rapid coalescence of multiple lineages, distorting genealo-
gies. The region of the genome influenced by a sweep is
governed by the degree of linkage, thus depending on the

rate of sex and the recombination distance. As with back-
ground and balancing selection, we speculate a recombina-
tion effect will not be the whole story in diploid partial
asexuals. With low rates of sexes, a segregation effect is likely
because, under asexuality, the selected diploid genotypes are
inherited intact (rather than their haploid gametes), altering
the trajectory of the selected allele from that in the standard
sexual (or haploid) model, which will have implications for
surrounding diversity. The full consequences of partial asex-
uality for diploids with respect to selective sweeps remain a
challenge for future work.

Although the consequences of sweeps are likely to be larger
in systemswith uniparental inheritance, sweeps are less likely
to occur in such systems. Both theory (Glémin and Ronfort
2012; Kamran-Disfani and Agrawal 2014) and data (Hough
et al. 2013; Burgarella et al. 2015) show that reductions in Ne

due to background selection render selection less efficient,
reducing the probability of fixation of beneficials, in selfers
compared to outcrossers. A qualitatively similar effect is expected
in partial asexuals.

A number of interesting and important diploid species
reproduce predominantly asexually but these have been stud-
ied less by evolutionary geneticists than selfing species. Al-
though there are similarities between partial asexuality and
selfing, it is misleading to consider these two forms of unipa-
rental inheritance as conceptually interchangeable. As pop-
ulation genomic data become easier to obtain, the hope is that
suchdatawill allowus to study theevolutionary consequences
of different forms of uniparental reproduction and, ideally,
gain insight into the evolutionary forces acting on reproduc-
tive mode. Understanding the coalescent properties of sys-
tems with uniparental inheritance is key to interpreting
population genomic data and much work remains, especially
with respect to partial asexuality.
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Direct effects of partial asexuality and selfing
A plot of Ne/N as a function of the rate of biparental reproduction for systems with partial asexuality 
(solid line) and selfing (dashed line).  This is Figure 1 of the main text.
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◼ Partial asexuality with background selection

Model with a single selected locus

Model details

Preliminaries
A1 is the wild-type allele and A2 is the deleterious allele.
It is assumed that A2/A2 individuals are sufficiently rare so that they can be ignored.

Consider a neutral locus.  Two allelic samples x and y can be found in the following states.
State 1:  Both in a single A1/A1 individual:  {x A1 / y A1}
State  2:  Both in a single A1/A2 individual:  {x A1 / y A2}
State 3:  Each in a different A1/A1 individual:  {{x A1 / _ A1}, {y A1 / _ A1}}; note the “_” symbol indi-
cates that the allele at the neutral site on this haplotype is not one of our two focal samples (i.e., “_” is a 
place-holder).
State 4:  One sample is an A1/A1 individual and the other sample is on the A1 haplotype in an A1/A2 
individual:  {{x A1 / _ A1}, {y A1 / _ A2}}.
State 5:  One sample is an A1/A1 individual and the other sample is on the A2 haplotype in an A1/A2 
individual:  {{x A1 / _ A1}, { _ A1 / y A2}}.
State 6:  Each sample in a different A1/A2 individual, both samples are on the A1 haplotype:  {{x A1 / _ 
A2}, {y A1 / _ A2}}.
State 7:  Each sample in a different A1/A2 individual, one sample is on the A1 haplotype, the other 
sample is on the A2 haplotype:  {{x A1 / _ A2}, {y A1 / _ A2}}.
State 8:  Each sample in a different A1/A2 individual, both samples are on the A2 haplotype:  {{x A1 / _ 
A2}, {y A1 / _ A2}}. 
State 9:  Coalsced (could be on either A1 or A2 haplotype).

States 1-8 are depicted schematically in Fig. S1.
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A1 is the wild-type allele and A2 is the deleterious allele.
It is assumed that A2/A2 individuals are sufficiently rare so that they can be ignored.

Consider a neutral locus.  Two allelic samples x and y can be found in the following states.
State 1:  Both in a single A1/A1 individual:  {x A1 / y A1}
State  2:  Both in a single A1/A2 individual:  {x A1 / y A2}
State 3:  Each in a different A1/A1 individual:  {{x A1 / _ A1}, {y A1 / _ A1}}; note the “_” symbol indi-
cates that the allele at the neutral site on this haplotype is not one of our two focal samples (i.e., “_” is a 
place-holder).
State 4:  One sample is an A1/A1 individual and the other sample is on the A1 haplotype in an A1/A2 
individual:  {{x A1 / _ A1}, {y A1 / _ A2}}.
State 5:  One sample is an A1/A1 individual and the other sample is on the A2 haplotype in an A1/A2 
individual:  {{x A1 / _ A1}, { _ A1 / y A2}}.
State 6:  Each sample in a different A1/A2 individual, both samples are on the A1 haplotype:  {{x A1 / _ 
A2}, {y A1 / _ A2}}.
State 7:  Each sample in a different A1/A2 individual, one sample is on the A1 haplotype, the other 
sample is on the A2 haplotype:  {{x A1 / _ A2}, {y A1 / _ A2}}.
State 8:  Each sample in a different A1/A2 individual, both samples are on the A2 haplotype:  {{x A1 / _ 
A2}, {y A1 / _ A2}}. 
State 9:  Coalsced (could be on either A1 or A2 haplotype).

States 1-8 are depicted schematically in Fig. S1.
Let p be the frequency of the wild-type allele (A1) and q = 1 - p be the frequency of the deleterious allele 
(A2).  The fitness of the A1/A1 and A1/A2 genotypes are 1 and 1 - hs, respectively.  We assume A1 
alleles mutate into A2 at rate µ (there is no back mutation).  At mutation-selection balance (assuming 
mutation is weak relative to selection, µ << hs) is q = µ/hs and the frequencies for A1/A1 and A1/A2 
genotypes are F11 = 1 - 2q and F12 = 2q.  The following set of substitutions are useful.

sub1 = {p → 1 -− q, F11 → 1 -− 2 q, F12 → 2 q, μ → q hs};

Other parameters
r is the recombination rate betwen the selected locus and neutral site.  
n is the population size (we do not use the symbol “N” as in the text because it is a restricted symbol 
within Mathematica). 

Explanatory notes on the next several sections.
In the sections that follow we give the transition probabilties for each of the eight states described in 
“Preliminaries”.  We first present transition probabilities that are conditional on the individual(s) in 
which the sample is found having been produced by a specific reproductive mode (sex or asex).  For 
states 3-8 involving two individuals, there is possibility that one individual was created via sex and the 
other via asex. 

We use the notation “Aijk” to denote the transition probability from State n to State m given reproductive 
mode k.  i, j ∈ {1-9} and k ∈ {s, a, ss, aa, sa, as}.  For i = 1 or 2, k = s or a (as there is only one individual 
who is either produced via sex [s] or via asex [a]).  For  i = 3-8, k = ss, aa, sa, or as where the first and 
second letters indicates the reproductive mode by which the first and second individual, respectively, 
were produced.  The “first” and “second” individual follow the definitions of the states give in 
“Preliminaries”.

Note that ∑j=1
9 Aijk = 1, i.e., the transition rates out the current state i (conditional on reproductive mode) 

sum to unity.

Transition probabililities conditional on both samples being in individuals that were 
produced by sex
With sexual reproduction, we are considering the descent of two gametes.  Because the descent of one 
sexual gamete is independent of other sexual gametes, we only need to know the A-locus haplotype of 
our focal sample; the diploid genotype in which the sample is found does not affect the probabilities of 
which diploid genotype the focal haplotype came from.  For example, the transition probabilties “x A1” 
and “y A1” will be the same regardless of whether x and y are in the same individual (State 1) or in 
different individuals (States 3, 4, or 6).  In other words, A1js = A3jss = A4jss = A6jss.  Similarly, A2js = 
A5jss = A7jss.

Let p1in11c1 be the  probability that an “A1” gamete descended from an “A1” in an A1/A1 individual, 
conditional on the haplotype being an “A1” haplotype.
Let p1in12c1 be the  probability that an “A1” gamete descended from an “A1” in an A1/A2 individual, 
conditional on the haplotype being an “A1” haplotype.

CoalescentWithBackgroundSelectionV6forSupMat.nb     3



Let p1in11c1 be the  probability that an “A1” gamete descended from an “A1” in an A1/A1 individual, 
conditional on the haplotype being an “A1” haplotype.
Let p1in12c1 be the  probability that an “A1” gamete descended from an “A1” in an A1/A2 individual, 
conditional on the haplotype being an “A1” haplotype.

p1in11c1 =
2 F11

2 F11 + F12
;

p1in12c1 =
F12

2 F11 + F12
;

Let p1in11c2 be the probability that an “A2” gamete descended from an “A1” in an A1/A1 individual, 
conditional on the haplotype being an “A2” haplotype.
Let p1in12c2 be the probability that an “A2” gamete descended from an “A1” in an A1/A2 individual, 
conditional on the haplotype being an “A2” haplotype.
Let p2in12c2 be the probability that an “A2” gamete descended from an “A2” in an A1/A2 individual, 
conditional on the haplotype being an “A2” haplotype.

p1in11c2 = p μ /∕ q
2 F11

2 F11 + F12
;

p1in12c2 = p μ /∕ q
F12

2 F11 + F12
;

p2in12c2 = (1 -− p μ /∕ q) ;

Let Gametes_n_and_m_FromState_j be the probability that focal samples on A-locus haplotypes n and 
m (n, m ∈ {A1, A2} descended from state j, given that reproduction was sexual.

Gametes1and1FromState1 = p1in11c12
1

F11 n
(1 /∕ 2);

Gametes1and1FromState2 = p1in12c12
1

F12 n
(2 (1 -− r) r);

Gametes1and1FromState3 = p1in11c12 1 -−
1

F11 n
;

Gametes1and1FromState4 = p1in11c1 p1in12c1 (1 -− r) *⋆ 2;
Gametes1and1FromState5 = p1in11c1 p1in12c1 r *⋆ 2;

Gametes1and1FromState6 = p1in12c12 1 -−
1

F12 n
(1 -− r)^2;

Gametes1and1FromState7 = p1in12c12 1 -−
1

F12 n
(1 -− r) r *⋆ 2;

Gametes1and1FromState8 = p1in12c12 1 -−
1

F12 n
r^2;

Gametes1and1FromState9 = p1in11c12
1

F11 n
(1 /∕ 2) + p1in12c12

1

F12 n
(1 -− r)^2 + r^2;

Gametes1and2FromState1 = p1in11c1 p1in11c2
1

F11 n
(1 /∕ 2);

Gametes1and2FromState2 =

p1in12c1 p2in12c2
1

F12 n
(1 -− r)^2 + r^2 + p1in12c1 p1in12c2

1

F12 n
(2 (1 -− r) r);

Gametes1and2FromState3 = p1in11c1 p1in11c2 1 -−
1

F11 n
;

Gametes1and2FromState4 =
;
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Gametes1and2FromState4 =
p1in11c1 p2in12c2 r + p1in11c1 p1in12c2 (1 -− r) + p1in11c2 p1in12c1 (1 -− r);

Gametes1and2FromState5 = p1in11c1 p2in12c2 (1 -− r) +
p1in11c1 p1in12c2 r + p1in11c2 p1in12c1 r;

Gametes1and2FromState6 = p1in12c1 p2in12c2 1 -−
1

F12 n
(1 -− r) r +

p1in12c1 p1in12c2 1 -−
1

F12 n
(1 -− r)^2;

Gametes1and2FromState7 = p1in12c1 p2in12c2 1 -−
1

F12 n
(1 -− r)^2 + r^2 +

p1in12c1 p1in12c2 1 -−
1

F12 n
(1 -− r) r *⋆ 2;

Gametes1and2FromState8 = p1in12c1 p2in12c2 1 -−
1

F12 n
(r (1 -− r) ) +

p1in12c1 p1in12c2 1 -−
1

F12 n
r^2;

Gametes1and2FromState9 = p1in11c1 p1in11c2
1

F11 n
(1 /∕ 2) +

p1in12c1 p1in12c2
1

F12 n
(1 -− r)^2 + r^2 + p1in12c1 p2in12c2

1

F12 n
(1 -− r) r *⋆ 2;

Gametes2and2FromState1 = p1in11c22
1

F11 n
(1 /∕ 2);

Gametes2and2FromState2 = p2in12c22
1

F12 n
(2 (1 -− r) r ) +

2 p1in12c2 p2in12c2
1

F12 n
(1 -− r)^2 + r^2 + p1in12c22

1

F12 n
(2 (1 -− r) r );

Gametes2and2FromState3 = p1in11c22 1 -−
1

F11 n
;

Gametes2and2FromState4 = 2 p1in11c2 p2in12c2 r + 2 p1in11c2 p1in12c2 (1 -− r);
Gametes2and2FromState5 = 2 p1in11c2 p2in12c2 (1 -− r) + 2 p1in11c2 p1in12c2 r;

Gametes2and2FromState6 = p2in12c22 1 -−
1

F12 n
r^2 +

2 p2in12c2 p1in12c2 1 -−
1

F12 n
(1 -− r) r + p1in12c22 1 -−

1

F12 n
(1 -− r)^2;

Gametes2and2FromState7 = p2in12c22 1 -−
1

F12 n
(2 (1 -− r) r) + 2 p2in12c2 p1in12c2

1 -−
1

F12 n
(1 -− r)^2 + r^2 + p1in12c22 1 -−

1

F12 n
(2 (1 -− r) r);

Gametes2and2FromState8 = p2in12c22 1 -−
1

F12 n
(1 -− r)^2 +

2 p2in12c2 p1in12c2 1 -−
1

F12 n
(1 -− r) r + p1in12c22 1 -−

1

F12 n
r^2;

Gametes2and2FromState9 = p1in11c22
1

F11 n
(1 /∕ 2) + p2in12c22

1

F12 n
(1 -− r)^2 + r^2 +

2 p2in12c2 p1in12c2
1

F12 n
(2 *⋆ (1 -− r) r) + p1in12c22

1

F12 n
(1 -− r)^2 + r^2;

As explained above, for samples in individuals create via sex, their transition probabilities are indepen-
dent of the diploid genotypes in which they are currently found.  This means that
A1js = A3jss = A4jss = A6jss
and
A2js = A5jss = A7jss.

Below we define “subTransitionsBySex” to be a set of substitutions for the transitions out of states 1 and 
2 (both samples in a single individual), conditional on the current individual having been produced via 
sex.

CoalescentWithBackgroundSelectionV6forSupMat.nb     5



As explained above, for samples in individuals create via sex, their transition probabilities are indepen-
dent of the diploid genotypes in which they are currently found.  This means that
A1js = A3jss = A4jss = A6jss
and
A2js = A5jss = A7jss.

Below we define “subTransitionsBySex” to be a set of substitutions for the transitions out of states 1 and 
2 (both samples in a single individual), conditional on the current individual having been produced via 
sex.

subTransitionsBySex = {A11s → Gametes1and1FromState1, A12s → Gametes1and1FromState2,
A13s → Gametes1and1FromState3, A14s → Gametes1and1FromState4,
A15s → Gametes1and1FromState5, A16s → Gametes1and1FromState6,
A17s → Gametes1and1FromState7, A18s → Gametes1and1FromState8,
A19s → Gametes1and1FromState9, A21s → Gametes1and2FromState1 ,
A22s → Gametes1and2FromState2, A23s → Gametes1and2FromState3,
A24s → Gametes1and2FromState4, A25s → Gametes1and2FromState5,
A26s → Gametes1and2FromState6 , A27s → Gametes1and2FromState7,
A28s → Gametes1and2FromState8, A29s → Gametes1and2FromState9};

Below we define “subTransitionsBySexSex” to be a set of substitutions for the transitions out of states 
3-8 (each sample in a separate individual), conditional on both of the current individuals having been 
produced via sex.

subTransitionsBySexSex =
{A31ss → Gametes1and1FromState1, A32ss → Gametes1and1FromState2,
A33ss → Gametes1and1FromState3, A34ss → Gametes1and1FromState4,
A35ss → Gametes1and1FromState5, A36ss → Gametes1and1FromState6,
A37ss → Gametes1and1FromState7, A38ss → Gametes1and1FromState8,
A39ss → Gametes1and1FromState9, A41ss → Gametes1and1FromState1,
A42ss → Gametes1and1FromState2, A43ss → Gametes1and1FromState3,
A44ss → Gametes1and1FromState4, A45ss → Gametes1and1FromState5,
A46ss → Gametes1and1FromState6, A47ss → Gametes1and1FromState7,
A48ss → Gametes1and1FromState8, A49ss → Gametes1and1FromState9,
A51ss → Gametes1and2FromState1, A52ss → Gametes1and2FromState2,
A53ss → Gametes1and2FromState3, A54ss → Gametes1and2FromState4,
A55ss → Gametes1and2FromState5, A56ss → Gametes1and2FromState6 ,
A57ss → Gametes1and2FromState7, A58ss → Gametes1and2FromState8,
A59ss → Gametes1and2FromState9, A61ss → Gametes1and1FromState1,
A62ss → Gametes1and1FromState2, A63ss → Gametes1and1FromState3,
A64ss → Gametes1and1FromState4, A65ss → Gametes1and1FromState5,
A66ss → Gametes1and1FromState6, A67ss → Gametes1and1FromState7,
A68ss → Gametes1and1FromState8, A69ss → Gametes1and1FromState9,
A71ss → Gametes1and2FromState1, A72ss → Gametes1and2FromState2,
A73ss → Gametes1and2FromState3, A74ss → Gametes1and2FromState4,
A75ss → Gametes1and2FromState5, A76ss → Gametes1and2FromState6 ,
A77ss → Gametes1and2FromState7, A78ss → Gametes1and2FromState8,
A79ss → Gametes1and2FromState9, A81ss → Gametes2and2FromState1,
A82ss → Gametes2and2FromState2, A83ss → Gametes2and2FromState3,
A84ss → Gametes2and2FromState4, A85ss → Gametes2and2FromState5,
A86ss → Gametes2and2FromState6 , A87ss → Gametes2and2FromState7,
A88ss → Gametes2and2FromState8, A89ss → Gametes2and2FromState9 };

Transition probabililities conditional on both samples being in individuals produced 
by asexual reproduction
Conditional on the current individuals having been produced via asexual reproduction, the transitions 
are simple. The only time the state changes is when the A-locus mutates.

We define “subTransitionsByAsex” to be a set of substitutions for the transitions out of states 1 and 2 
(both samples in a single individual), conditional on the current individual having been produced via 
asex.

Similarly, we define “subTransitionsByAsexAsex” to be a set of substitutions for the transitions out of 
states 3-8 (each sample in a different individual), conditional on both of the current individuals having 
been produced via asex.
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Conditional on the current individuals having been produced via asexual reproduction, the transitions 
are simple. The only time the state changes is when the A-locus mutates.

We define “subTransitionsByAsex” to be a set of substitutions for the transitions out of states 1 and 2 
(both samples in a single individual), conditional on the current individual having been produced via 
asex.

Similarly, we define “subTransitionsByAsexAsex” to be a set of substitutions for the transitions out of 
states 3-8 (each sample in a different individual), conditional on both of the current individuals having 
been produced via asex.

subTransitionsByAsex = {A11a → 1, A12a → 0, A13a → 0, A14a → 0, A15a → 0,
A16a → 0, A17a → 0, A18a → 0, A19a → 0, A21a → p μ /∕ q, A22a → 1 -− p μ /∕ q,
A23a → 0, A24a → 0, A25a → 0, A26a → 0, A27a → 0, A28a → 0, A29a → 0};

subTransitionsByAsexAsex =

A31aa →
1

F11 n
(1 /∕ 2), A32aa → 0, A33aa → 1 -−

1

F11 n
, A34aa → 0, A35aa → 0, A36aa → 0,

A37aa → 0, A38aa → 0, A39aa →
1

F11 n
(1 /∕ 2), A41aa →

1

F11 n
(1 /∕ 2) (p μ /∕ q),

A42aa → 0, A43aa → 1 -−
1

F11 n
(p μ /∕ q), A44aa → 1 -− (p μ /∕ q), A45aa → 0, A46aa → 0,

A47aa → 0, A48aa → 0, A49aa →
1

F11 n
(1 /∕ 2) (p μ /∕ q), A51aa →

1

F11 n
(1 /∕ 2) (p μ /∕ q),

A52aa → 0, A53aa → 1 -−
1

F11 n
(p μ /∕ q), A54aa → 0, A55aa → 1 -− (p μ /∕ q),

A56aa → 0, A57aa → 0, A58aa → 0, A59aa →
1

F11 n
(1 /∕ 2) (p μ /∕ q),

A61aa →
1

F11 n
(1 /∕ 2) (p μ /∕ q)^2 , A62aa → 0, A63aa → 1 -−

1

F11 n
(p μ /∕ q)^2,

A64aa → (2 (1 -− p μ /∕ q) (p μ /∕ q)), A65aa → 0, A66aa → (1 -− p μ /∕ q)^2 1 -−
1

F12 n
,

A67aa → 0, A68aa → 0, A69aa →
1

F11 n
(1 /∕ 2) (p μ /∕ q)^2 + (1 -− p μ /∕ q)^2

1

F12 n
,

A71aa →
1

F11 n
(1 /∕ 2) (p μ /∕ q)^2 , A72aa → (1 -− p μ /∕ q)^2

1

F12 n
,

A73aa → 1 -−
1

F11 n
(p μ /∕ q)^2, A74aa → (1 -− p μ /∕ q) (p μ /∕ q),

A75aa → (1 -− p μ /∕ q) (p μ /∕ q), A76aa → 0, A77aa → (1 -− p μ /∕ q)^2 1 -−
1

F12 n
,

A78aa → 0, A79aa →
1

F11 n
(1 /∕ 2) (p μ /∕ q)^2,

A81aa →
1

F11 n
(1 /∕ 2) (p μ /∕ q)^2, A82aa → 0, A83aa → 1 -−

1

F11 n
(p μ /∕ q)^2,

A84aa → 0, A85aa → (2 (1 -− p μ /∕ q) (p μ /∕ q)), A86aa → 0,

A87aa → 0, A88aa → (1 -− p μ /∕ q)^2 1 -−
1

F12 n
,

A89aa →
1

F11 n
(1 /∕ 2) (p μ /∕ q)^2 + (1 -− p μ /∕ q)^2

1

F12 n
;

Transition probabililities conditional on one sample being in an individual that was 
produced by sex and the other sample being in an individual that was produced via 
asex
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Transition probabililities conditional on one sample being in an individual that was 
produced by sex and the other sample being in an individual that was produced via 
asex
We define “subTransitionsBySexAsex” to be a set of substitutions for the transitions out of states 3-8 
(each sample in a different individual), conditional on the first individual having been created via sex and 
the second individual via asex.  (“First” and “second” follow order as given in the description of the 
states in “Preliminaries”; see also Fig. S1.)

We define “subTransitionsByAsexSex” to be a set of substitutions for the transitions out of states 3-8 
(each sample in a different individual), conditional on the first individual having been created via asex 
and the second individual via sex.
Note that for genotypes created by sex the deleterious mutation is built into the gamete terms (e.g., 
p1in11c2) but for the genotypes created by ASEX the mutation is put in explicitly here. 

subTransitionsBySexAsex =

A31sa → p1in11c1
1

F11 n
(1 /∕ 2), A32sa → 0, A33sa → p1in11c1 1 -−

1

F11 n
,

A34sa → p1in12c1 (1 -− r), A35sa → p1in12c1 r, A36sa → 0, A37sa → 0, A38sa → 0,

A39sa → p1in11c1
1

F11 n
(1 /∕ 2), A41sa → p1in11c1

1

F11 n
(1 /∕ 2) (p μ /∕ q),

A42sa → p1in12c1
1

F12 n
r (1 -− p μ /∕ q), A43sa → p1in11c1 1 -−

1

F11 n
(p μ /∕ q),

A44sa → p1in11c1 (1 -− p μ /∕ q) + p1in12c1 (1 -− r) (p μ /∕ q),

A45sa → p1in12c1 r (p μ /∕ q), A46sa → p1in12c1 1 -−
1

F12 n
(1 -− r) (1 -− p μ /∕ q),

A47sa → p1in12c1 1 -−
1

F12 n
r (1 -− p μ /∕ q), A48sa → 0,

A49sa → p1in11c1
1

F11 n
(1 /∕ 2) (p μ /∕ q) + p1in12c1

1

F12 n
(1 -− r) (1 -− p μ /∕ q),

A51sa → p1in11c1
1

F11 n
(1 /∕ 2) (p μ /∕ q), A52sa → p1in12c1

1

F12 n
(1 -− r) (1 -− p μ /∕ q),

A53sa → p1in11c1 1 -−
1

F11 n
(p μ /∕ q), A54sa → p1in12c1 (1 -− r) (p μ /∕ q),

A55sa → p1in11c1 (1 -− p μ /∕ q) + p1in12c1 r (p μ /∕ q),

A56sa → 0, A57sa → p1in12c1 1 -−
1

F12 n
(1 -− r) (1 -− p μ /∕ q),

A58sa → p1in12c1 1 -−
1

F12 n
r (1 -− p μ /∕ q),

A59sa → p1in11c1
1

F11 n
(1 /∕ 2) (p μ /∕ q) + p1in12c1

1

F12 n
r (1 -− p μ /∕ q) ,

A61sa → p1in11c1
1

F11 n
(1 /∕ 2) (p μ /∕ q),

A62sa → p1in12c1
1

F12 n
r (1 -− p μ /∕ q), A63sa → p1in11c1 1 -−

1

F11 n
(p μ /∕ q),

A64sa → p1in11c1 (1 -− p μ /∕ q) + p1in12c1 (1 -− r) (p μ /∕ q),

A65sa → p1in12c1 r (p μ /∕ q), A66sa → p1in12c1 1 -−
1

F12 n
(1 -− r) (1 -− p μ /∕ q),

A67sa → p1in12c1 1 -−
1

F12 n
r (1 -− p μ /∕ q), A68sa → 0,

,
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A69sa → p1in11c1
1

F11 n
(1 /∕ 2) (p μ /∕ q) + p1in12c1

1

F12 n
(1 -− r) (1 -− p μ /∕ q),

A71sa → p1in11c1
1

F11 n
(1 /∕ 2) (p μ /∕ q), A72sa → p1in12c1

1

F12 n
(1 -− r) (1 -− p μ /∕ q),

A73sa → p1in11c1 1 -−
1

F11 n
(p μ /∕ q), A74sa → p1in12c1 (1 -− r) (p μ /∕ q),

A75sa → p1in11c1 (1 -− p μ /∕ q) + p1in12c1 r (p μ /∕ q),

A76sa → 0, A77sa → p1in12c1 1 -−
1

F12 n
(1 -− r) (1 -− p μ /∕ q),

A78sa → p1in12c1 1 -−
1

F12 n
r (1 -− p μ /∕ q),

A79sa → p1in11c1
1

F11 n
(1 /∕ 2) (p μ /∕ q) + p1in12c1

1

F12 n
r (1 -− p μ /∕ q),

A81sa → p1in11c2
1

F11 n
(1 /∕ 2) (p μ /∕ q),

A82sa → p2in12c2
1

F12 n
r (1 -− p μ /∕ q) + p1in12c2

1

F12 n
(1 -− r) (1 -− p μ /∕ q),

A83sa → p1in11c2 1 -−
1

F11 n
(p μ /∕ q),

A84sa → p1in12c2 (1 -− r) (p μ /∕ q) + p2in12c2 r (p μ /∕ q), A85sa →
p1in11c2 (1 -− p μ /∕ q) + p1in12c2 r (p μ /∕ q) + p2in12c2 (1 -− r) (p μ /∕ q), A86sa → 0,

A87sa → p1in12c2 1 -−
1

F12 n
(1 -− r) (1 -− p μ /∕ q) + p2in12c2 1 -−

1

F12 n
r (1 -− p μ /∕ q) ,

A88sa → p1in12c2 1 -−
1

F12 n
r (1 -− p μ /∕ q) + p2in12c2 1 -−

1

F12 n
(1 -− r) (1 -− p μ /∕ q),

A89sa → p1in11c2
1

F11 n
(1 /∕ 2) (p μ /∕ q) +

p2in12c2
1

F12 n
(1 -− r) (1 -− p μ /∕ q) + p1in12c2

1

F12 n
r (1 -− p μ /∕ q) ;

subTransitionsByAsexSex = A31as → p1in11c1
1

F11 n
(1 /∕ 2), A32as → 0,

A33as → p1in11c1 1 -−
1

F11 n
, A34as → p1in12c1 (1 -− r), A35as → p1in12c1 r,

A36as → 0, A37as → 0, A38as → 0, A39as → p1in11c1
1

F11 n
(1 /∕ 2),

A41as → p1in11c1
1

F11 n
(1 /∕ 2), A42as → 0, A43as → p1in11c1 1 -−

1

F11 n
,

A44as → p1in12c1 (1 -− r), A45as → p1in12c1 r, A46as → 0, A47as → 0, A48as → 0,

A49as → p1in11c1
1

F11 n
(1 /∕ 2), A51as → p1in11c2

1

F11 n
(1 /∕ 2), A52as → 0,

A53as → p1in11c2 1 -−
1

F11 n
, A54as → p2in12c2 r + p1in12c2 (1 -− r),

A55as → p2in12c2 (1 -− r) + p1in12c2 r, A56as → 0, A57as → 0, A58as → 0,

A59as → p1in11c2
1

F11 n
(1 /∕ 2), A61as → p1in11c1

1

F11 n
(1 /∕ 2) (p μ /∕ q),

A62as → p1in12c1
1

F12 n
r (1 -− p μ /∕ q), A63as → p1in11c1 1 -−

1

F11 n
(p μ /∕ q),

,

, ,
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A64as → p1in11c1 (1 -− p μ /∕ q) + p1in12c1 (1 -− r) (p μ /∕ q),

A65as → p1in12c1 r (p μ /∕ q), A66as → p1in12c1 1 -−
1

F12 n
(1 -− r) (1 -− p μ /∕ q),

A67as → p1in12c1 1 -−
1

F12 n
r (1 -− p μ /∕ q), A68as → 0,

A69as → p1in11c1
1

F11 n
(1 /∕ 2) (p μ /∕ q) + p1in12c1

1

F12 n
(1 -− r) (1 -− p μ /∕ q),

A71as → p1in11c2
1

F11 n
(1 /∕ 2) (p μ /∕ q),

A72as → p2in12c2
1

F12 n
(1 -− r) (1 -− p μ /∕ q) + p1in12c2

1

F12 n
r (1 -− p μ /∕ q),

A73as → p1in11c2 1 -−
1

F11 n
(p μ /∕ q),

A74as → p1in11c2 (1 -− p μ /∕ q) + p1in12c2 (1 -− r) (p μ /∕ q) + p2in12c2 r (p μ /∕ q),
A75as → p1in12c2 r (p μ /∕ q) + p2in12c2 (1 -− r) (p μ /∕ q),

A76as → p1in12c2 1 -−
1

F12 n
(1 -− r) (1 -− p μ /∕ q) + p2in12c2 1 -−

1

F12 n
r (1 -− p μ /∕ q),

A77as → p1in12c2 1 -−
1

F12 n
r (1 -− p μ /∕ q) + p2in12c2 1 -−

1

F12 n
(1 -− r) (1 -− p μ /∕ q),

A78as → 0, A79as → p1in11c2
1

F11 n
(1 /∕ 2) (p μ /∕ q) + p1in12c2

1

F12 n
(1 -− r)

(1 -− p μ /∕ q) + p2in12c2
1

F12 n
r (1 -− p μ /∕ q), A81as → p1in11c2

1

F11 n
(1 /∕ 2) (p μ /∕ q),

A82as → p2in12c2
1

F12 n
r (1 -− p μ /∕ q) + p1in12c2

1

F12 n
(1 -− r) (1 -− p μ /∕ q),

A83as → p1in11c2 1 -−
1

F11 n
(p μ /∕ q),

A84as → p1in12c2 (1 -− r) (p μ /∕ q) + p2in12c2 r (p μ /∕ q), A85as →
p1in11c2 (1 -− p μ /∕ q) + p1in12c2 r (p μ /∕ q) + p2in12c2 (1 -− r) (p μ /∕ q), A86as → 0,

A87as → p1in12c2 1 -−
1

F12 n
(1 -− r) (1 -− p μ /∕ q) + p2in12c2 1 -−

1

F12 n
r (1 -− p μ /∕ q) ,

A88as → p1in12c2 1 -−
1

F12 n
r (1 -− p μ /∕ q) + p2in12c2 1 -−

1

F12 n
(1 -− r) (1 -− p μ /∕ q),

A89as → p1in11c2
1

F11 n
(1 /∕ 2) (p μ /∕ q) +

p2in12c2
1

F12 n
(1 -− r) (1 -− p μ /∕ q) + p1in12c2

1

F12 n
r (1 -− p μ /∕ q) ;

Check conditional transitions sum to unity.
As stated above, we expect that ∑j=1

9 Aijk = 1, i.e., the transition rates out the current state i (conditional 
on reproductive mode) sum to unity.
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Simplify[
A11s + A12s + A13s + A14s + A15s + A16s + A17s + A18s + A19s /∕. subTransitionsBySex]

Simplify[A21s + A22s + A23s + A24s + A25s + A26s + A27s + A28s + A29s /∕. subTransitionsBySex]

1

1

Simplify[
A11a + A12a + A13a + A14a + A15a + A16a + A17a + A18a + A19a /∕. subTransitionsByAsex]

Simplify[A21a + A22a + A23a + A24a + A25a + A26a + A27a + A28a + A29a /∕.
subTransitionsByAsex]

1

1

Simplify[A31ss + A32ss + A33ss + A34ss + A35ss + A36ss + A37ss + A38ss + A39ss /∕.
subTransitionsBySexSex]

Simplify[A41ss + A42ss + A43ss + A44ss + A45ss + A46ss + A47ss + A48ss + A49ss /∕.
subTransitionsBySexSex]

Simplify[A51ss + A52ss + A53ss + A54ss + A55ss + A56ss + A57ss + A58ss + A59ss /∕.
subTransitionsBySexSex]

Simplify[A61ss + A62ss + A63ss + A64ss + A65ss + A66ss + A67ss + A68ss + A69ss /∕.
subTransitionsBySexSex]

Simplify[A71ss + A72ss + A73ss + A74ss + A75ss + A76ss + A77ss + A78ss + A79ss /∕.
subTransitionsBySexSex]

Simplify[A81ss + A82ss + A83ss + A84ss + A85ss + A86ss + A87ss + A88ss + A89ss /∕.
subTransitionsBySexSex]

1

1

1

1

1

1
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Simplify[A31aa + A32aa + A33aa + A34aa + A35aa + A36aa + A37aa + A38aa + A39aa /∕.
subTransitionsByAsexAsex]

Simplify[A41aa + A42aa + A43aa + A44aa + A45aa + A46aa + A47aa + A48aa + A49aa /∕.
subTransitionsByAsexAsex]

Simplify[A51aa + A52aa + A53aa + A54aa + A55aa + A56aa + A57aa + A58aa + A59aa /∕.
subTransitionsByAsexAsex]

Simplify[A61aa + A62aa + A63aa + A64aa + A65aa + A66aa + A67aa + A68aa + A69aa /∕.
subTransitionsByAsexAsex]

Simplify[A71aa + A72aa + A73aa + A74aa + A75aa + A76aa + A77aa + A78aa + A79aa /∕.
subTransitionsByAsexAsex]

Simplify[A81aa + A82aa + A83aa + A84aa + A85aa + A86aa + A87aa + A88aa + A89aa /∕.
subTransitionsByAsexAsex]

1

1

1

1

1

1

Simplify[A31sa + A32sa + A33sa + A34sa + A35sa + A36sa + A37sa + A38sa + A39sa /∕.
subTransitionsBySexAsex]

Simplify[A41sa + A42sa + A43sa + A44sa + A45sa + A46sa + A47sa + A48sa + A49sa /∕.
subTransitionsBySexAsex]

Simplify[A51sa + A52sa + A53sa + A54sa + A55sa + A56sa + A57sa + A58sa + A59sa /∕.
subTransitionsBySexAsex]

Simplify[A61sa + A62sa + A63sa + A64sa + A65sa + A66sa + A67sa + A68sa + A69sa /∕.
subTransitionsBySexAsex]

Simplify[A71sa + A72sa + A73sa + A74sa + A75sa + A76sa + A77sa + A78sa + A79sa /∕.
subTransitionsBySexAsex]

Simplify[A81sa + A82sa + A83sa + A84sa + A85sa + A86sa + A87sa + A88sa + A89sa /∕.
subTransitionsBySexAsex]

1

1

1

1

1

1
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Simplify[A31as + A32as + A33as + A34as + A35as + A36as + A37as + A38as + A39as /∕.
subTransitionsByAsexSex]

Simplify[A41as + A42as + A43as + A44as + A45as + A46as + A47as + A48as + A49as /∕.
subTransitionsByAsexSex]

Simplify[A51as + A52as + A53as + A54as + A55as + A56as + A57as + A58as + A59as /∕.
subTransitionsByAsexSex]

Simplify[A61as + A62as + A63as + A64as + A65as + A66as + A67as + A68as + A69as /∕.
subTransitionsByAsexSex]

Simplify[A71as + A72as + A73as + A74as + A75as + A76as + A77as + A78as + A79as /∕.
subTransitionsByAsexSex]

Simplify[A81as + A82as + A83as + A84as + A85as + A86as + A87as + A88as + A89as /∕.
subTransitionsByAsexSex]

1

1

1

1

1

1

Full transition probabilities combining across reproductive modes
Here we weight the conditional probabilities defined above via the chance that the focal individuals were 
created via different reproductive modes.

Note that, for book-keeping purposes, we use “aij” to denote these non-conditional transition probabili-
ties but later use substitutions where we switch to refering to them as “Aij”.
a11 =
σ A11s + (1 -− σ) A11a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a12 =
σ A12s + (1 -− σ) A12a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a13 =
σ A13s + (1 -− σ) A13a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a14 =
σ A14s + (1 -− σ) A14a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a15 =
σ A15s + (1 -− σ) A15a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a16 =
σ A16s + (1 -− σ) A16a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a17 =
σ A17s + (1 -− σ) A17a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a18 =
σ A18s + (1 -− σ) A18a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify
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a19 =
σ A19s + (1 -− σ) A19a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a21 =
σ A21s + (1 -− σ) A21a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a22 =
σ A22s + (1 -− σ) A22a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a23 =
σ A23s + (1 -− σ) A23a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a24 =
σ A24s + (1 -− σ) A24a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a25 =
σ A25s + (1 -− σ) A25a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a26 =
σ A26s + (1 -− σ) A26a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a27 =
σ A27s + (1 -− σ) A27a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a28 =
σ A28s + (1 -− σ) A28a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a29 =
σ A29s + (1 -− σ) A29a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ FullSimplify

a31 =
σ^2 A31ss + σ (1 -− σ) A31sa + (1 -− σ) σ A31as + (1 -− σ)^2 A31aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a32 =
σ^2 A32ss + σ (1 -− σ) A32sa + (1 -− σ) σ A32as + (1 -− σ)^2 A32aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a33 =
σ^2 A33ss + σ (1 -− σ) A33sa + (1 -− σ) σ A33as + (1 -− σ)^2 A33aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a34 =
σ^2 A34ss + σ (1 -− σ) A34sa + (1 -− σ) σ A34as + (1 -− σ)^2 A34aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a35 =
σ^2 A35ss + σ (1 -− σ) A35sa + (1 -− σ) σ A35as + (1 -− σ)^2 A35aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify
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subTransitionsByAsexAsex /∕/∕ FullSimplify

a36 =
σ^2 A36ss + σ (1 -− σ) A36sa + (1 -− σ) σ A36as + (1 -− σ)^2 A36aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a37 =
σ^2 A37ss + σ (1 -− σ) A37sa + (1 -− σ) σ A37as + (1 -− σ)^2 A37aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a38 =
σ^2 A38ss + σ (1 -− σ) A38sa + (1 -− σ) σ A38as + (1 -− σ)^2 A38aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a39 =
σ^2 A39ss + σ (1 -− σ) A39sa + (1 -− σ) σ A39as + (1 -− σ)^2 A39aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a41 =
σ^2 A41ss + σ (1 -− σ) A41sa + (1 -− σ) σ A41as + (1 -− σ)^2 A41aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a42 =
σ^2 A42ss + σ (1 -− σ) A42sa + (1 -− σ) σ A42as + (1 -− σ)^2 A42aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a43 =
σ^2 A43ss + σ (1 -− σ) A43sa + (1 -− σ) σ A43as + (1 -− σ)^2 A43aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a44 =
σ^2 A44ss + σ (1 -− σ) A44sa + (1 -− σ) σ A44as + (1 -− σ)^2 A44aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a45 =
σ^2 A45ss + σ (1 -− σ) A45sa + (1 -− σ) σ A45as + (1 -− σ)^2 A45aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a46 =
σ^2 A46ss + σ (1 -− σ) A46sa + (1 -− σ) σ A46as + (1 -− σ)^2 A46aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a47 =
σ^2 A47ss + σ (1 -− σ) A47sa + (1 -− σ) σ A47as + (1 -− σ)^2 A47aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

CoalescentWithBackgroundSelectionV6forSupMat.nb     15



subTransitionsByAsexAsex /∕/∕ FullSimplify

a48 =
σ^2 A48ss + σ (1 -− σ) A48sa + (1 -− σ) σ A48as + (1 -− σ)^2 A48aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a49 =
σ^2 A49ss + σ (1 -− σ) A49sa + (1 -− σ) σ A49as + (1 -− σ)^2 A49aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a51 =
σ^2 A51ss + σ (1 -− σ) A51sa + (1 -− σ) σ A51as + (1 -− σ)^2 A51aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a52 =
σ^2 A52ss + σ (1 -− σ) A52sa + (1 -− σ) σ A52as + (1 -− σ)^2 A52aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a53 =
σ^2 A53ss + σ (1 -− σ) A53sa + (1 -− σ) σ A53as + (1 -− σ)^2 A53aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a54 =
σ^2 A54ss + σ (1 -− σ) A54sa + (1 -− σ) σ A54as + (1 -− σ)^2 A54aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a55 =
σ^2 A55ss + σ (1 -− σ) A55sa + (1 -− σ) σ A55as + (1 -− σ)^2 A55aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a56 =
σ^2 A56ss + σ (1 -− σ) A56sa + (1 -− σ) σ A56as + (1 -− σ)^2 A56aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a57 =
σ^2 A57ss + σ (1 -− σ) A57sa + (1 -− σ) σ A57as + (1 -− σ)^2 A57aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a58 =
σ^2 A58ss + σ (1 -− σ) A58sa + (1 -− σ) σ A58as + (1 -− σ)^2 A58aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a59 =
σ^2 A59ss + σ (1 -− σ) A59sa + (1 -− σ) σ A59as + (1 -− σ)^2 A59aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify
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a61 =
σ^2 A61ss + σ (1 -− σ) A61sa + (1 -− σ) σ A61as + (1 -− σ)^2 A61aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a62 =
σ^2 A62ss + σ (1 -− σ) A62sa + (1 -− σ) σ A62as + (1 -− σ)^2 A62aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a63 =
σ^2 A63ss + σ (1 -− σ) A63sa + (1 -− σ) σ A63as + (1 -− σ)^2 A63aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a64 =
σ^2 A64ss + σ (1 -− σ) A64sa + (1 -− σ) σ A64as + (1 -− σ)^2 A64aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a65 =
σ^2 A65ss + σ (1 -− σ) A65sa + (1 -− σ) σ A65as + (1 -− σ)^2 A65aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a66 =
σ^2 A66ss + σ (1 -− σ) A66sa + (1 -− σ) σ A66as + (1 -− σ)^2 A66aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a67 =
σ^2 A67ss + σ (1 -− σ) A67sa + (1 -− σ) σ A67as + (1 -− σ)^2 A67aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a68 =
σ^2 A68ss + σ (1 -− σ) A68sa + (1 -− σ) σ A68as + (1 -− σ)^2 A68aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a69 =
σ^2 A69ss + σ (1 -− σ) A69sa + (1 -− σ) σ A69as + (1 -− σ)^2 A69aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a71 =
σ^2 A71ss + σ (1 -− σ) A71sa + (1 -− σ) σ A71as + (1 -− σ)^2 A71aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a72 =
σ^2 A72ss + σ (1 -− σ) A72sa + (1 -− σ) σ A72as + (1 -− σ)^2 A72aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify
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subTransitionsByAsexAsex /∕/∕ FullSimplify

a73 =
σ^2 A73ss + σ (1 -− σ) A73sa + (1 -− σ) σ A73as + (1 -− σ)^2 A73aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a74 =
σ^2 A74ss + σ (1 -− σ) A74sa + (1 -− σ) σ A74as + (1 -− σ)^2 A74aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a75 =
σ^2 A75ss + σ (1 -− σ) A75sa + (1 -− σ) σ A75as + (1 -− σ)^2 A75aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a76 =
σ^2 A76ss + σ (1 -− σ) A76sa + (1 -− σ) σ A76as + (1 -− σ)^2 A76aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a77 =
σ^2 A77ss + σ (1 -− σ) A77sa + (1 -− σ) σ A77as + (1 -− σ)^2 A77aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a78 =
σ^2 A78ss + σ (1 -− σ) A78sa + (1 -− σ) σ A78as + (1 -− σ)^2 A78aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a79 =
σ^2 A79ss + σ (1 -− σ) A79sa + (1 -− σ) σ A79as + (1 -− σ)^2 A79aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a81 =
σ^2 A81ss + σ (1 -− σ) A81sa + (1 -− σ) σ A81as + (1 -− σ)^2 A81aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a82 =
σ^2 A82ss + σ (1 -− σ) A82sa + (1 -− σ) σ A82as + (1 -− σ)^2 A82aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a83 =
σ^2 A83ss + σ (1 -− σ) A83sa + (1 -− σ) σ A83as + (1 -− σ)^2 A83aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a84 =
σ^2 A84ss + σ (1 -− σ) A84sa + (1 -− σ) σ A84as + (1 -− σ)^2 A84aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify
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a85 =
σ^2 A85ss + σ (1 -− σ) A85sa + (1 -− σ) σ A85as + (1 -− σ)^2 A85aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a86 =
σ^2 A86ss + σ (1 -− σ) A86sa + (1 -− σ) σ A86as + (1 -− σ)^2 A86aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a87 =
σ^2 A87ss + σ (1 -− σ) A87sa + (1 -− σ) σ A87as + (1 -− σ)^2 A87aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a88 =
σ^2 A88ss + σ (1 -− σ) A88sa + (1 -− σ) σ A88as + (1 -− σ)^2 A88aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

a89 =
σ^2 A89ss + σ (1 -− σ) A89sa + (1 -− σ) σ A89as + (1 -− σ)^2 A89aa /∕. subTransitionsBySexSex /∕.

subTransitionsBySexAsex /∕. subTransitionsByAsexSex /∕.
subTransitionsByAsexAsex /∕/∕ FullSimplify

1 + -−1 +
2 F11

(2 F11 + F12)2 n
σ

-−
2 F12 (-−1 + r) r σ

(2 F11 + F12)2 n

4 F11 (-−1 + F11 n) σ

(2 F11 + F12)2 n

-−
4 F11 F12 (-−1 + r) σ

(2 F11 + F12)2

4 F11 F12 r σ

(2 F11 + F12)2

F12 (-−1 + F12 n) (-−1 + r)2 σ

(2 F11 + F12)2 n

-−(2 F12 (-−1 + F12 n) (-−1 + r) r σ)  (2 F11 + F12)2 n

F12 (-−1 + F12 n) r2 σ

(2 F11 + F12)2 n

((2 F11 + F12 (1 + 2 (-−1 + r) r)) σ)  (2 F11 + F12)2 n

1

q
p μ 1 + -−1 +

2 F11

(2 F11 + F12)2 n
σ
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1

q
(-−q + p μ) (-−1 + σ) +

((-−2 F12 p (-−1 + r) r μ + (2 F11 + F12) (1 + 2 (-−1 + r) r) (q -− p μ)) σ)  (2 F11 + F12)2 n

4 F11 (-−1 + F11 n) p μ σ

(2 F11 + F12)2 n q

(2 F11 ((2 F11 + F12) q r + p (F12 (2 -− 3 r) -− 2 F11 r) μ) σ)  (2 F11 + F12)2 q

(2 F11 (2 F12 p r μ + (2 F11 + F12) (-−1 + r) (-−q + p μ)) σ)  (2 F11 + F12)2 q

-−((-−1 + F12 n) (-−1 + r) ((2 F11 + F12) q r + p (F12 -− 2 (F11 + F12) r) μ) σ) 

(2 F11 + F12)2 n q

1

(2 F11 + F12)2 n q
(-−1 + F12 n)

(2 F11 + F12) q (1 + 2 (-−1 + r) r) -− p 2 F11 + F12 -− 4 (F11 + F12) r + 4 (F11 + F12) r2 μ σ

-−((-−1 + F12 n) r ((2 F11 + F12) q (-−1 + r) + p (2 F11 + F12 -− 2 (F11 + F12) r) μ) σ) 

(2 F11 + F12)2 n q

1

(2 F11 + F12)2 n q
-−2 (2 F11 + F12) q (-−1 + r) r + p 2 F11 + F12 -− 4 (F11 + F12) r + 4 (F11 + F12) r2 μ σ

(2 F11 + F12 -− F12 σ)2

2 F11 (2 F11 + F12)2 n

-−
2 F12 (-−1 + r) r σ2

(2 F11 + F12)2 n

(-−1 + F11 n) (2 F11 + F12 -− F12 σ)2  F11 (2 F11 + F12)2 n

(2 F12 (-−1 + r) (-−2 F11 + F12 (-−1 + σ)) σ)  (2 F11 + F12)2

(2 F12 r σ (2 F11 + F12 -− F12 σ))  (2 F11 + F12)2

F12 (-−1 + F12 n) (-−1 + r)2 σ2

(2 F11 + F12)2 n

-−2 F12 (-−1 + F12 n) (-−1 + r) r σ2  (2 F11 + F12)2 n

F12 (-−1 + F12 n) r2 σ2

(2 F11 + F12)2 n

(2 F11 + F12)2 -− 2 F12 (2 F11 + F12) σ + F12 (F12 + F11 (2 + 4 (-−1 + r) r)) σ2 

2 F11 (2 F11 + F12)2 n

-−((2 F11 + F12 -− F12 σ) (F12 p μ (-−1 + σ) + 2 F11 (p μ (-−1 + σ) -− q σ))) 

2 F11 (2 F11 + F12)2 n q

(r σ (-−2 F11 (q -− p μ) (-−1 + σ) + F12 (p μ (-−1 + σ) + q (1 + σ -− 2 r σ))))  (2 F11 + F12)2 n q

((-−1 + F11 n) (2 F11 + F12 -− F12 σ) ((2 F11 + F12) p μ + (2 F11 q -− (2 F11 + F12) p μ) σ)) 

F11 (2 F11 + F12)2 n q
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1

(2 F11 + F12)2 q
(2 F11 + F12)2 (q -− p μ) -− (2 F11 + F12) (F12 q (1 + r) + F12 p (-−3 + r) μ + 2 F11 (q -− p μ)) σ +

F12 (q (-−2 F11 (-−2 + r) + F12 r) + (2 F11 + F12) p (-−2 + r) μ) σ2

(F12 r σ (-−F12 (q + p μ) (-−1 + σ) + 2 F11 (q + p μ + q σ -− p μ σ)))  (2 F11 + F12)2 q

1

(2 F11 + F12)2 n q
(-−1 + F12 n) (-−1 + r) σ (2 F11 (q -− p μ) (-−1 + σ) + F12 (-−p μ (-−1 + σ) + q (-−1 + r σ)))

-−((-−1 + F12 n) r σ (2 F11 (q -− p μ) (-−1 + σ) -− F12 (p μ (-−1 + σ) + q (1 + σ -− 2 r σ)))) 

(2 F11 + F12)2 n q

F12 (-−1 + F12 n) r2 σ2

(2 F11 + F12)2 n

(2 F11 + F12)2 p μ -− 2 (2 F11 + F12) (F12 p μ + F11 (-−2 + r) (q -− p μ)) σ +

(2 F11 q (-−1 + r) (2 F11 + F12 + 2 F12 r) -− (2 F11 + F12) p (-−F12 + 2 F11 (-−1 + r)) μ) σ2 

2 F11 (2 F11 + F12)2 n q

p μ (2 F11 + F12 -− F12 σ)2

2 F11 (2 F11 + F12)2 n q

1

(2 F11 + F12)2 n q
σ (-−(2 F11 + F12) (-−1 + r) (q -− p μ) +

r ((2 F11 + F12) q (-−1 + 2 r) + p (2 F11 + 3 F12 -− 4 (F11 + F12) r) μ) σ)

(-−1 + F11 n) p μ (2 F11 + F12 -− F12 σ)2  F11 (2 F11 + F12)2 n q

(((2 F11 + F12) q r + p (F12 (2 -− 3 r) -− 2 F11 r) μ) σ (2 F11 + F12 -− F12 σ))  (2 F11 + F12)2 q

-−((2 F11 + F12 -− F12 σ) (2 F11 (q -− p μ) (-−1 + r σ) + F12 (-−q + p μ + r (q -− 3 p μ) σ))) 

(2 F11 + F12)2 q

-−(-−1 + F12 n) (-−1 + r) ((2 F11 + F12) q r + p (F12 -− 2 (F11 + F12) r) μ) σ2 

(2 F11 + F12)2 n q

1

(2 F11 + F12)2 n q
(-−1 + F12 n) σ (-−(2 F11 + F12) (-−1 + r) (q -− p μ) +

r ((2 F11 + F12) q (-−1 + 2 r) + p (2 F11 + 3 F12 -− 4 (F11 + F12) r) μ) σ)

1

(2 F11 + F12)2 n q
(-−1 + F12 n) r σ ((2 F11 + F12) (q -− p μ) + r (-−(2 F11 + F12) q + 2 (F11 + F12) p μ) σ)

(2 F11 + F12)2 p μ -−
2 (2 F11 + F12) (-−F11 q r + p (F12 + F11 r) μ) σ + -−2 F11 (2 F11 + F12) q r (-−1 + 2 r) +

p F12 (2 F11 + F12) -− 2 F11 (2 F11 + 3 F12) r + 8 F11 (F11 + F12) r2 μ

σ2  2 F11 (2 F11 + F12)2 n q

(F12 p μ (-−1 + σ) + 2 F11 (p μ (-−1 + σ) -− q σ))2  2 F11 (2 F11 + F12)2 n q2

(2 r σ (-−2 F11 (q -− p μ) (-−1 + σ) + F12 (q + p μ (-−1 + σ) -− q r σ)))  (2 F11 + F12)2 n q

CoalescentWithBackgroundSelectionV6forSupMat.nb     21



(-−1 + F11 n) (F12 p μ (-−1 + σ) + 2 F11 (p μ (-−1 + σ) -− q σ))2  F11 (2 F11 + F12)2 n q2

-−
1

(2 F11 + F12)2 q2
2 ((2 F11 + F12) p μ + (2 F11 q -− (2 F11 + F12) p μ) σ)

(2 F11 (q -− p μ) (-−1 + σ) + F12 (-−p μ (-−1 + σ) + q (-−1 + r σ)))

2 F12 r σ -−
1

q
(2 F11 + F12) p μ (-−1 + σ) + 2 F11 σ  (2 F11 + F12)2

1 -−
1

F12 n
(2 F11 (q -− p μ) (-−1 + σ) + F12 (-−p μ (-−1 + σ) + q (-−1 + r σ)))2  (2 F11 + F12)2 q2

-−(2 (-−1 + F12 n) r σ (2 F11 (q -− p μ) (-−1 + σ) + F12 (-−p μ (-−1 + σ) + q (-−1 + r σ)))) 

(2 F11 + F12)2 n q

F12 (-−1 + F12 n) r2 σ2

(2 F11 + F12)2 n

1

2 n
F12 p2 μ2 + 2 F11 (q -− p μ)2 (-−1 + σ)2  F11 F12 q2 -−

(4 (q -− q r + p r μ) (-−1 + σ) σ) /∕ ((2 F11 + F12) q) +
2 (2 F11 + F12 (1 + 2 (-−1 + r) r)) σ2  (2 F11 + F12)2

-−(p μ (2 F11 + F12 -− F12 σ) (F12 p μ (-−1 + σ) + 2 F11 (p μ (-−1 + σ) -− q σ))) 

2 F11 (2 F11 + F12)2 n q2

(2 F11 + F12)2 (q -− p μ)2 -−
(2 F11 + F12) (q -− p μ) (2 q (F11 + (F11 + F12) r) -− p (2 F11 + F12 + 2 (F11 + F12) r) μ) σ +
2 r (2 F11 + F12) q2 (F11 + F12 r) -− 2 (F11 + F12) p q (2 F11 + F12 r) μ +

(F11 + F12) (2 F11 + F12) p2 μ2 σ2  F12 (2 F11 + F12)2 n q2

-−((-−1 + F11 n) p μ (2 F11 + F12 -− F12 σ) (F12 p μ (-−1 + σ) + 2 F11 (p μ (-−1 + σ) -− q σ))) 

F11 (2 F11 + F12)2 n q2

1

(2 F11 + F12)2 q2
(2 F11 + F12)2 p μ (q -− p μ) -−

(2 F11 + F12) p μ (-−2 F11 (-−1 + r) (q -− p μ) + F12 (q + p (-−3 + 2 r) μ)) σ +
2 F11 (2 F11 + F12) q2 r + 2 F11 p q (F12 -− 2 (F11 + F12) r) μ +

(2 F11 + F12) p2 (F12 (-−1 + r) + F11 r) μ2 σ2

-−
1

(2 F11 + F12)2 q2

F122 p μ (-−1 + σ) (q + p μ (-−1 + 2 r σ)) + 4 F112 (q -− p μ) (-−1 + r σ) (q σ + p (μ -− μ σ)) +

2 F11 F12 q2 σ (-−1 + r σ) + p2 μ2 (-−1 + σ) (-−2 + 3 r σ) + p q μ (-−2 + σ (3 + r -− 4 r σ))

-−((-−1 + F12 n) ((2 F11 + F12) q r + p (F12 -− 2 (F11 + F12) r) μ) σ

(2 F11 (q -− p μ) (-−1 + σ) + F12 (-−p μ (-−1 + σ) + q (-−1 + r σ))))  F12 (2 F11 + F12)2 n q2

(-−1 + F12 n) (2 F11 + F12)2 (q -− p μ)2 -−
(2 F11 + F12) (q -− p μ) (2 q (F11 + (F11 + F12) r) -− p (2 F11 + F12 + 2 (F11 + F12) r) μ) σ +
2 r (2 F11 + F12) q2 (F11 + F12 r) -− 2 (F11 + F12) p q (2 F11 + F12 r) μ +

(F11 + F12) (2 F11 + F12) p2 μ2 σ2  F12 (2 F11 + F12)2 n q2
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1

(2 F11 + F12)2 n q
(-−1 + F12 n) r σ ((2 F11 + F12) (q -− p μ) + r (-−(2 F11 + F12) q + 2 (F11 + F12) p μ) σ)

F12 (2 F11 + F12)2 p2 μ2 +
2 (2 F11 + F12) 2 F11 (F11 + F12) q2 r + 2 F11 p q (F12 -− 2 (F11 + F12) r) μ +

p2 (-−F12 (2 F11 + F12) + 2 F11 (F11 + F12) r) μ2 σ +

-−4 F11 (2 F11 + F12) q2 r (F11 + F12 r) + 2 F11 p q
-−F12 (2 F11 + F12) + 8 F11 (F11 + F12) r + 4 F12 (F11 + F12) r2 μ -− (2 F11 + F12) p2

(-−F12 (2 F11 + F12) + 4 F11 (F11 + F12) r) μ2 σ2  2 F11 F12 (2 F11 + F12)2 n q2

p2 μ2 (2 F11 + F12 -− F12 σ)2

2 F11 (2 F11 + F12)2 n q2

-−(2 ((2 F11 + F12) q r + p (F12 -− 2 (F11 + F12) r) μ) σ (-−(2 F11 + F12) (q -− p μ) +

r ((2 F11 + F12) q -− 2 (F11 + F12) p μ) σ))  F12 (2 F11 + F12)2 n q2

(-−1 + F11 n) p2 μ2 (2 F11 + F12 -− F12 σ)2  F11 (2 F11 + F12)2 n q2

(2 p μ ((2 F11 + F12) q r + p (F12 -− 2 (F11 + F12) r) μ) σ (2 F11 + F12 -− F12 σ)) 

(2 F11 + F12)2 q2

1

(2 F11 + F12)2 q2

2 p μ (2 F11 + F12 -− F12 σ) ((2 F11 + F12) (q -− p μ) + r (-−(2 F11 + F12) q + 2 (F11 + F12) p μ) σ)

(-−1 + F12 n) ((2 F11 + F12) q r + p (F12 -− 2 (F11 + F12) r) μ)2 σ2  F12 (2 F11 + F12)2 n q2

-−(2 (-−1 + F12 n) ((2 F11 + F12) q r + p (F12 -− 2 (F11 + F12) r) μ) σ (-−(2 F11 + F12) (q -− p μ) +

r ((2 F11 + F12) q -− 2 (F11 + F12) p μ) σ))  F12 (2 F11 + F12)2 n q2

(-−1 + F12 n) ((2 F11 + F12) (q -− p μ) + r (-−(2 F11 + F12) q + 2 (F11 + F12) p μ) σ)2 

F12 (2 F11 + F12)2 n q2

(2 F11 + F12)2 F12 p2 μ2 + 2 F11 (q -− p μ)2 -−

2 (2 F11 + F12) F122 p2 μ2 + 2 F11 F12 r (q -− 2 p μ) (q -− p μ) + 4 F112 r (q -− p μ)2 σ +

4 F11 (2 F11 + F12)2 q2 r2 -− 4 F11 (2 F11 + F12) p q r (-−F12 + 4 (F11 + F12) r) μ +

p2 F122 (2 F11 + F12) -− 8 F11 F12 (F11 + F12) r + 16 F11 (F11 + F12)2 r2 μ2

σ2  2 F11 F12 (2 F11 + F12)2 n q2

subTransitions = {A11 → a11, A12 → a12, A13 → a13, A14 → a14, A15 → a15, A16 → a16,
A17 → a17, A18 → a18, A19 → a19, A21 → a21, A22 → a22, A23 → a23, A24 → a24, A25 → a25,
A26 → a26, A27 → a27, A28 → a28, A29 → a29, A31 → a31, A32 → a32, A33 → a33, A34 → a34,
A35 → a35, A36 → a36, A37 → a37, A38 → a38, A39 → a39, A41 → a41, A42 → a42,
A43 → a43, A44 → a44, A45 → a45, A46 → a46, A47 → a47, A48 → a48, A49 → a49,
A51 → a51, A52 → a52, A53 → a53, A54 → a54, A55 → a55, A56 → a56, A57 → a57, A58 → a58,
A59 → a59, A61 → a61, A62 → a62, A63 → a63, A64 → a64, A65 → a65, A66 → a66,
A67 → a67, A68 → a68, A69 → a69, A71 → a71, A72 → a72, A73 → a73, A74 → a74,
A75 → a75, A76 → a76, A77 → a77, A78 → a78, A79 → a79, A81 → a81, A82 → a82,
A83 → a83, A84 → a84, A85 → a85, A86 → a86, A87 → a87, A88 → a88, A89 → a89};

First-Step analysis:  Equations for expected coalescent times based on “time to 
leave current state” approach.  (Eq. 3 of text)
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First-Step analysis:  Equations for expected coalescent times based on “time to 
leave current state” approach.  (Eq. 3 of text)
Here we use the method given by equation 3 in the main text.  This the “First Step” approach described 
in Chapter 5 of John Wakely’s Coalescent Theory (2009) book.

Here Ti represents the time to coalescence from state i.

This is the same as equation 3 of the text (though with all terms put on the left hand side so that the 
right hand side is zero).

eqs = {T1 -− 1 /∕ (1 -− A11) (1 + A12 T2 + A13 T3 + A14 T4 + A15 T5 + A16 T6 + A17 T7 + A18 T8) ⩵ 0,
T2 -− 1 /∕ (1 -− A22) (1 + A21 T1 + A23 T3 + A24 T4 + A25 T5 + A26 T6 + A27 T7 + A28 T8) ⩵ 0,
T3 -− 1 /∕ (1 -− A33) (1 + A31 T1 + A32 T2 + A34 T4 + A35 T5 + A36 T6 + A37 T7 + A38 T8) ⩵ 0,
T4 -− 1 /∕ (1 -− A44) (1 + A41 T1 + A42 T2 + A43 T3 + A45 T5 + A46 T6 + A47 T7 + A48 T8) ⩵ 0,
T5 -− 1 /∕ (1 -− A55) (1 + A51 T1 + A52 T2 + A53 T3 + A54 T4 + A56 T6 + A57 T7 + A58 T8) ⩵ 0,
T6 -− 1 /∕ (1 -− A66) (1 + A61 T1 + A62 T2 + A63 T3 + A64 T4 + A65 T5 + A67 T7 + A68 T8) ⩵ 0,
T7 -− 1 /∕ (1 -− A77) (1 + A71 T1 + A72 T2 + A73 T3 + A74 T4 + A75 T5 + A76 T6 + A78 T8) ⩵ 0,
T8 -− 1 /∕ (1 -− A88) (1 + A81 T1 + A82 T2 + A83 T3 + A84 T4 + A85 T5 + A86 T6 + A87 T7) ⩵ 0}

{T1 -− (1 + A12 T2 + A13 T3 + A14 T4 + A15 T5 + A16 T6 + A17 T7 + A18 T8) /∕ (1 -− A11) ⩵ 0,
T2 -− (1 + A21 T1 + A23 T3 + A24 T4 + A25 T5 + A26 T6 + A27 T7 + A28 T8) /∕ (1 -− A22) ⩵ 0,
T3 -− (1 + A31 T1 + A32 T2 + A34 T4 + A35 T5 + A36 T6 + A37 T7 + A38 T8) /∕ (1 -− A33) ⩵ 0,
T4 -− (1 + A41 T1 + A42 T2 + A43 T3 + A45 T5 + A46 T6 + A47 T7 + A48 T8) /∕ (1 -− A44) ⩵ 0,
T5 -− (1 + A51 T1 + A52 T2 + A53 T3 + A54 T4 + A56 T6 + A57 T7 + A58 T8) /∕ (1 -− A55) ⩵ 0,
T6 -− (1 + A61 T1 + A62 T2 + A63 T3 + A64 T4 + A65 T5 + A67 T7 + A68 T8) /∕ (1 -− A66) ⩵ 0,
T7 -− (1 + A71 T1 + A72 T2 + A73 T3 + A74 T4 + A75 T5 + A76 T6 + A78 T8) /∕ (1 -− A77) ⩵ 0,
-−((1 + A81 T1 + A82 T2 + A83 T3 + A84 T4 + A85 T5 + A86 T6 + A87 T7) /∕ (1 -− A88)) + T8 ⩵ 0}

Approximations (this section contains results given in equations [4] - [7]

Assumptions about the smallness of parameters.
Here we define some sets of substitutions about parameters that are assumed to be small.  We assume 
that ξ𝜉 << 1 and the other parameters are scaled to powers of ξ𝜉.

subsmallHighSexLowRec = q → q ξ, hs → hs ξ, r → r ξ, n →
n

ξ3
;

subsmallLowSexHighRec = q → q ξ, hs → hs ξ, σ → σ ξ, n →
n

ξ3
;

subsmallLowSexLowRec = q → q ξ, hs → hs ξ, σ → σ ξ, r → r ξ, n →
n

ξ3
;

subsmallLowLowSexHighRec = q → q ξ, hs → hs ξ, σ → σ ξ^2, n →
n

ξ3
;

subsmallLowLowSexLowRec = q → q ξ, hs → hs ξ, σ → σ ξ^2, r → r ξ, n →
n

ξ3
;

Analysis assuming high sex and low recombination:
σ𝜎 ~ O(1), r ~ O(ξ𝜉), n ~ O(ξ𝜉-−3)
This is where eq. [4] in the text is derived.
This result reduces to classic result (Hudson & Kaplan 1994) for σ𝜎 = 1.

First we create a substitution where we decompose “Ti” into components of different magnitudes of ξ𝜉.

For example T1 = T1n03 ξ𝜉-−3 + T1n02 ξ𝜉-−2 + T1n01 ξ𝜉-−1 + T1n00 + T1np01 ξ𝜉1

so “T1n03” represents a coefficient of ξ𝜉 raised to the negative (“n”) 3. 
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First we create a substitution where we decompose “Ti” into components of different magnitudes of ξ𝜉.

For example T1 = T1n03 ξ𝜉-−3 + T1n02 ξ𝜉-−2 + T1n01 ξ𝜉-−1 + T1n00 + T1np01 ξ𝜉1

so “T1n03” represents a coefficient of ξ𝜉 raised to the negative (“n”) 3. 

subTinBits = {T1 → T1n03 ξ^-−3 + T1n02 ξ^-−2 + T1n01 ξ^-−1 + T1n00 ξ^0 + T1p01 ξ^1,
T2 → T2n03 ξ^-−3 + T2n02 ξ^-−2 + T2n01 ξ^-−1 + T2n00 ξ^0 + T2p01 ξ^1,
T3 → T3n03 ξ^-−3 + T3n02 ξ^-−2 + T3n01 ξ^-−1 + T3n00 ξ^0 + T3p01 ξ^1,
T4 → T4n03 ξ^-−3 + T4n02 ξ^-−2 + T4n01 ξ^-−1 + T4n00 ξ^0 + T4p01 ξ^1,
T5 → T5n03 ξ^-−3 + T5n02 ξ^-−2 + T5n01 ξ^-−1 + T5n00 ξ^0 + T5p01 ξ^1,
T6 → T6n03 ξ^-−3 + T6n02 ξ^-−2 + T6n01 ξ^-−1 + T6n00 ξ^0 + T6p01 ξ^1,
T7 → T7n03 ξ^-−3 + T7n02 ξ^-−2 + T7n01 ξ^-−1 + T7n00 ξ^0 + T7p01 ξ^1,
T8 → T8n03 ξ^-−3 + T8n02 ξ^-−2 + T8n01 ξ^-−1 + T8n00 ξ^0 + T8p01 ξ^1};

UseTheseAssumptionsOfSmallness = subsmallHighSexLowRec

q → q ξ, hs → hs ξ, r → r ξ, n →
n

ξ3


The vector “SoFar” contains what we have learned about the “Ti” as we move through the approxima-
tion procedure.

The function “f1” performs a Taylor series approximation to a specified order of ξ𝜉.

SoFar = {};

f1[x_, toorder_] := Series[x /∕. subTinBits /∕. subTransitions /∕. sub1 /∕.
UseTheseAssumptionsOfSmallness /∕/∕. SoFar, {ξ, 0, toorder}]

Here we apply the Taylor series approximation to the system of equations described in “First-Step 
analysis”.

We begin by doing a Taylor series to O(ξ𝜉-−3), solve the system (and update “SoFar” with what we have 
learned), and then repeat with higher orders of accuracy as needed.
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eqsZ1 = {f1[eqs[[1]], -−3], f1[eqs[[2]], -−3], f1[eqs[[3]], -−3], f1[eqs[[4]], -−3],
f1[eqs[[5]], -−3], f1[eqs[[6]], -−3], f1[eqs[[7]], -−3], f1[eqs[[8]], -−3]}

Normal[%] /∕. ξ → 1 /∕/∕ Simplify
ans = Solve[eqsZ1, {T1n03, T2n03, T3n03, T4n03, T5n03, T6n03, T7n03, T8n03}]


T1n03 -− T3n03

ξ3
+

1

O[ξ]2
⩵ 0,

T2n03 -− T5n03

ξ3
+

1

O[ξ]2
⩵ 0,

T3n03 -− T4n03

ξ3
+

1

O[ξ]2
⩵ 0,

-−T3n03 + T4n03

ξ3
+

1

O[ξ]2
⩵ 0,

1

ξ3
(T5n03 -− (hs T3n03 + r T4n03 σ + q T7n03 σ) /∕ (hs + q σ + r σ)) +

1

O[ξ]2
⩵ 0,

T6n03 + 2 T4n03+T3n03 σ-−2 T4n03 σ
-−2+σ

ξ3
+

1

O[ξ]2
⩵ 0,

-−T5n03 + T7n03

ξ3
+

1

O[ξ]2
⩵ 0,

T8n03 + -−hs T5n03-−r T7n03 σ
hs+r σ

ξ3
+

1

O[ξ]2
⩵ 0

T1n03 ⩵ T3n03, T2n03 ⩵ T5n03, T3n03 ⩵ T4n03, T3n03 ⩵ T4n03,
T5n03 ⩵ (hs T3n03 + r T4n03 σ + q T7n03 σ) /∕ (hs + (q + r) σ),

T6n03 +
1

-−2 + σ
(-−2 T4n03 (-−1 + σ) + T3n03 σ) ⩵ 0,

T5n03 ⩵ T7n03, T8n03 ⩵
hs T5n03 + r T7n03 σ

hs + r σ


Solve::svars: Equationsmaynotgivesolutionsforall "solve" variables. !

{{T1n03 → T3n03, T2n03 → T3n03, T4n03 → T3n03,
T5n03 → T3n03, T6n03 → T3n03, T7n03 → T3n03, T8n03 → T3n03}}
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SoFar = Join[SoFar, ans[[1]]]
eqsZ1 = {f1[eqs[[1]], -−2], f1[eqs[[2]], -−2], f1[eqs[[3]], -−2], f1[eqs[[4]], -−2],

f1[eqs[[5]], -−2], f1[eqs[[6]], -−2], f1[eqs[[7]], -−2], f1[eqs[[8]], -−2]}
Normal[%] /∕. ξ → 1 /∕/∕ Simplify
ans = Solve[eqsZ1, {T1n02, T2n02, T3n03, T4n02, T5n02, T6n02, T7n02, T8n02}]

{T1n03 → T3n03, T2n03 → T3n03, T4n03 → T3n03,
T5n03 → T3n03, T6n03 → T3n03, T7n03 → T3n03, T8n03 → T3n03}


T1n02 -− T3n02

ξ2
+

1

O[ξ]
⩵ 0,

T2n02 -− T5n02

ξ2
+

1

O[ξ]
⩵ 0,

T3n02 -− T4n02

ξ2
+

1

O[ξ]
⩵ 0,

-−T3n02 + T4n02

ξ2
+

1

O[ξ]
⩵ 0,

1

ξ2
(T5n02 + (-−hs T3n02 -− r T4n02 σ -− q T7n02 σ) /∕ (hs + q σ + r σ)) +

1

O[ξ]
⩵ 0,

T6n02 + 2 T4n02+T3n02 σ-−2 T4n02 σ
-−2+σ

ξ2
+

1

O[ξ]
⩵ 0,

-−T5n02 + T7n02

ξ2
+

1

O[ξ]
⩵ 0,

1

ξ2
(T8n02 + (T3n03 -− 4 hs n q T5n02 -− 4 n q r T7n02 σ) /∕ (4 n q (hs + r σ))) +

1

O[ξ]
⩵ 0

T1n02 ⩵ T3n02, T2n02 ⩵ T5n02, T3n02 ⩵ T4n02, T3n02 ⩵ T4n02,
T5n02 ⩵ (hs T3n02 + r T4n02 σ + q T7n02 σ) /∕ (hs + (q + r) σ),

T6n02 +
1

-−2 + σ
(-−2 T4n02 (-−1 + σ) + T3n02 σ) ⩵ 0, T5n02 ⩵ T7n02,

T8n02 + (T3n03 -− 4 hs n q T5n02 -− 4 n q r T7n02 σ) /∕ (4 hs n q + 4 n q r σ) ⩵ 0

Solve::svars: Equationsmaynotgivesolutionsforall "solve" variables. !

T1n02 → T3n02, T2n02 → T3n02, T4n02 → T3n02, T5n02 → T3n02,

T6n02 → T3n02, T7n02 → T3n02, T8n02 → T3n02 -−
T3n03

4 n q (hs + r σ)


SoFar = Join[SoFar, ans[[1]]]
eqsZ1 = {f1[eqs[[1]], -−1], f1[eqs[[2]], -−1], f1[eqs[[3]], -−1], f1[eqs[[4]], -−1],

f1[eqs[[5]], -−1], f1[eqs[[6]], -−1], f1[eqs[[7]], -−1], f1[eqs[[8]], -−1]}
Normal[%] /∕. ξ → 1 /∕/∕ Simplify
ans = Solve[eqsZ1, {T1n01, T2n01, T3n03, T4n01, T5n01, T6n01, T7n01, T8n01}]

T1n03 → T3n03, T2n03 → T3n03, T4n03 → T3n03, T5n03 → T3n03, T6n03 → T3n03,
T7n03 → T3n03, T8n03 → T3n03, T1n02 → T3n02, T2n02 → T3n02, T4n02 → T3n02,

T5n02 → T3n02, T6n02 → T3n02, T7n02 → T3n02, T8n02 → T3n02 -−
T3n03

4 n q (hs + r σ)

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
T1n01 -− T3n01

ξ
+ O[ξ]0 ⩵ 0,

T2n01 -− T5n01

ξ
+ O[ξ]0 ⩵ 0,

T3n01 + -−2 n+T3n03-−4 n q T4n01 σ
4 n q σ

ξ
+ O[ξ]0 ⩵ 0,

-−T3n01 + T4n01

ξ
+ O[ξ]0 ⩵ 0,

1

ξ
T5n01 + -−4 hs n -− 4 hs2 n T3n01 -− 4 n r σ -− 4 hs n r T3n01 σ + r T3n03 σ -−

4 hs n r T4n01 σ -− 4 hs n q T7n01 σ -− 4 n r2 T4n01 σ2 -− 4 n q r T7n01 σ2 

(4 n (hs + r σ) (hs + q σ + r σ)) + O[ξ]0 ⩵ 0,
1

ξ
T6n01 + -−T3n03 + 2 T3n03 σ + 4 n q T4n01 σ + 2 n q T3n01 σ2 -− T3n03 σ2 -− 4 n q T4n01 σ2 

(2 n q (-−2 + σ) σ) + O[ξ]0 ⩵ 0,
-−T5n01 + T7n01

ξ
+ O[ξ]0 ⩵ 0,

1

ξ
T8n01 +

1

16 n2 q2 (hs + r σ)2
-−8 hs n2 q2 + 4 hs n q T3n02 -− T3n03 -− 6 hs2 n q T3n03 +

4 hs n q2 T3n03 -− 16 hs2 n2 q2 T5n01 -− 8 n2 q2 r σ + 4 n q r T3n02 σ -−
8 hs n q r T3n03 σ -− 16 hs n2 q2 r T5n01 σ -− 16 hs n2 q2 r T7n01 σ -−

6 n q r2 T3n03 σ2 -− 16 n2 q2 r2 T7n01 σ2 + O[ξ]0 ⩵ 0

T1n01 ⩵ T3n01, T2n01 ⩵ T5n01,
1

n q σ
(T3n03 + n (-−2 + 4 q (T3n01 -− T4n01) σ)) ⩵ 0, T3n01 ⩵ T4n01,

4 hs2 n (T3n01 -− T5n01) + 4 hs n (1 + r (T3n01 + T4n01 -− 2 T5n01) σ + q (-−T5n01 + T7n01) σ) +

r σ (-−T3n03 + 4 n (1 + r (T4n01 -− T5n01) σ + q (-−T5n01 + T7n01) σ)) 
(n (hs + r σ) (hs + (q + r) σ)) ⩵ 0,

-−T3n03 (-−1 + σ)2 + 2 n q σ (T6n01 (-−2 + σ) -− 2 T4n01 (-−1 + σ) + T3n01 σ)  (n q (-−2 + σ) σ) ⩵ 0,
T5n01 ⩵ T7n01,

1

n q (hs + r σ)
T3n03 + 2 hs2 n q (3 T3n03 + 8 n q (T5n01 -− T8n01)) + 6 n q r2 T3n03 σ2 +

4 hs n q (-−T3n02 -− q T3n03 + 2 r T3n03 σ + 2 n q (1 + 2 r (T5n01 + T7n01 -− 2 T8n01) σ)) +
4 n q r σ (-−T3n02 + 2 n q (1 + 2 r (T7n01 -− T8n01) σ)) ⩵ 0

T1n01 → T3n01,
T2n01 → -−-−2 hs -− 2 hs2 T3n01 -− r σ -− 4 hs r T3n01 σ -− 2 r2 T3n01 σ2  2 (hs + r σ)2,
T3n03 → 2 n, T4n01 → T3n01,
T5n01 → -−-−2 hs -− 2 hs2 T3n01 -− r σ -− 4 hs r T3n01 σ -− 2 r2 T3n01 σ2  2 (hs + r σ)2,
T6n01 → -−-−1 + 2 σ + 2 q T3n01 σ -− σ2 -− q T3n01 σ2  (q (-−2 + σ) σ),
T7n01 → -−-−2 hs -− 2 hs2 T3n01 -− r σ -− 4 hs r T3n01 σ -− 2 r2 T3n01 σ2  2 (hs + r σ)2,

T8n01 → -−
1

8 n q2 (hs + r σ)2
-−1 -− 6 hs2 n q -− 8 hs n q2 -− 8 hs2 n q2 T3n01 + 2 hs q T3n02 -− 8 hs n q

r σ -− 8 n q2 r σ -− 16 hs n q2 r T3n01 σ + 2 q r T3n02 σ -− 6 n q r2 σ2 -− 8 n q2 r2 T3n01 σ2

SoFar = Join[SoFar, ans[[1]]]
eqsZ1 = {f1[eqs[[1]], 0], f1[eqs[[2]], 0], f1[eqs[[3]], 0], f1[eqs[[4]], 0],

f1[eqs[[5]], 0], f1[eqs[[6]], 0], f1[eqs[[7]], 0], f1[eqs[[8]], 0]}
Normal[%] /∕. ξ → 1 /∕/∕ Simplify
ans = Solve[eqsZ1, {T1n00, T2n00, T3n02, T4n00, T5n00, T6n00, T7n00, T8n00}]
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T1n03 → T3n03, T2n03 → T3n03, T4n03 → T3n03, T5n03 → T3n03,
T6n03 → T3n03, T7n03 → T3n03, T8n03 → T3n03, T1n02 → T3n02,
T2n02 → T3n02, T4n02 → T3n02, T5n02 → T3n02, T6n02 → T3n02,

T7n02 → T3n02, T8n02 → T3n02 -−
T3n03

4 n q (hs + r σ)
, T1n01 → T3n01,

T2n01 → -−-−2 hs -− 2 hs2 T3n01 -− r σ -− 4 hs r T3n01 σ -− 2 r2 T3n01 σ2  2 (hs + r σ)2,
T3n03 → 2 n, T4n01 → T3n01,
T5n01 → -−-−2 hs -− 2 hs2 T3n01 -− r σ -− 4 hs r T3n01 σ -− 2 r2 T3n01 σ2  2 (hs + r σ)2,
T6n01 → -−-−1 + 2 σ + 2 q T3n01 σ -− σ2 -− q T3n01 σ2  (q (-−2 + σ) σ),
T7n01 → -−-−2 hs -− 2 hs2 T3n01 -− r σ -− 4 hs r T3n01 σ -− 2 r2 T3n01 σ2  2 (hs + r σ)2, T8n01 →

-−
1

8 n q2 (hs + r σ)2
-−1 -− 6 hs2 n q -− 8 hs n q2 -− 8 hs2 n q2 T3n01 + 2 hs q T3n02 -− 8 hs n q r σ -−

8 n q2 r σ -− 16 hs n q2 r T3n01 σ + 2 q r T3n02 σ -− 6 n q r2 σ2 -− 8 n q2 r2 T3n01 σ2
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 1 + T1n00 -− T3n00 -−
1

σ
+ O[ξ]1 ⩵ 0, (T2n00 -− T5n00) + O[ξ]1 ⩵ 0,

T3n00 + -−8 hs2 n q -− 2 hs2 T3n02 + 10 hs2 n q σ -− 8 hs n q r σ + hs2 T3n02 σ -− 4 hs r T3n02 σ +

8 hs2 n q T4n00 σ -− 4 hs2 n q σ2 + 16 hs n q r σ2 -− 4 n q r2 σ2 + 2 hs r T3n02 σ2 -−
2 r2 T3n02 σ2 -− 4 hs2 n q T4n00 σ2 + 16 hs n q r T4n00 σ2 -− 8 hs n q r σ3 + 8 n q r2 σ3 +
r2 T3n02 σ3 -− 8 hs n q r T4n00 σ3 + 8 n q r2 T4n00 σ3 -− 4 n q r2 σ4 -− 4 n q r2 T4n00 σ4 

4 n q (-−2 + σ) σ (hs + r σ)2 + O[ξ]1 ⩵ 0,
T4n00 + 1 -− 2 σ + 2 T3n00 σ + σ2 -− T3n00 σ2  ((-−2 + σ) σ) + O[ξ]1 ⩵
0,

T5n00 + -−16 hs3 n q + 16 hs2 n q2 + 16 hs3 n q T3n00 + 8 hs3 n q σ -− 8 hs2 n q2 σ + 2 r σ -−

20 hs2 n q r σ -− 8 hs3 n q T3n00 σ + 32 hs2 n q r T3n00 σ -− 4 hs q r T3n02 σ +
16 hs2 n q r T4n00 σ + 16 hs2 n q2 T7n00 σ -− r σ2 + 6 hs2 n q r σ2 -− 24 hs n q r2 σ2 -−
16 hs2 n q r T3n00 σ2 + 16 hs n q r2 T3n00 σ2 + 2 hs q r T3n02 σ2 -− 4 q r2 T3n02 σ2 -−
8 hs2 n q r T4n00 σ2 + 32 hs n q r2 T4n00 σ2 -− 8 hs2 n q2 T7n00 σ2 +
32 hs n q2 r T7n00 σ2 + 4 hs n q r2 σ3 -− 4 n q r3 σ3 -− 8 hs n q r2 T3n00 σ3 +
2 q r2 T3n02 σ3 -− 16 hs n q r2 T4n00 σ3 + 16 n q r3 T4n00 σ3 -− 16 hs n q2 r T7n00 σ3 +
16 n q2 r2 T7n00 σ3 -− 2 n q r3 σ4 -− 8 n q r3 T4n00 σ4 -− 8 n q2 r2 T7n00 σ4 

8 n q (-−2 + σ) (hs + r σ)2 (hs + q σ + r σ) + O[ξ]1 ⩵ 0,

T6n00 +
1

2 n q (-−2 + σ)2 σ2
-−4 hs n + 8 hs n σ + 2 T3n02 σ -− 4 hs n σ2 -− 2 n q σ2 -−

5 T3n02 σ2 -− 8 n q T4n00 σ2 + 4 n q σ3 -− 4 n q T3n00 σ3 + 4 T3n02 σ3 +

12 n q T4n00 σ3 -− 2 n q σ4 + 2 n q T3n00 σ4 -− T3n02 σ4 -− 4 n q T4n00 σ4 + O[ξ]1 ⩵ 0,

T7n00 + -−r + r σ + 2 q T5n00 σ -− q T5n00 σ2  (q (-−2 + σ) σ) +

O[ξ]1 ⩵ 0,
T8n00 + -−2 -− 24 hs2 n q -− 8 hs n q2 -− 8 hs4 n2 q2 -− 16 hs3 n2 q3 -− 16 hs2 n q2 T3n01 +

4 hs q T3n02 + 24 hs3 n q2 T3n02 -− 16 hs2 n q3 T3n02 + 64 hs3 n2 q3 T5n00 + σ +
12 hs2 n q σ + 4 hs n q2 σ + 4 hs4 n2 q2 σ + 8 hs3 n2 q3 σ -− 32 hs n q r σ -− 16 n q2 r σ -−
32 hs3 n2 q2 r σ -− 64 hs2 n2 q3 r σ + 32 hs n2 q4 r σ -− 16 hs2 n2 q2 r2 σ + 8 hs2 n q2 T3n01 σ -−
32 hs n q2 r T3n01 σ -− 2 hs q T3n02 σ -− 12 hs3 n q2 T3n02 σ + 8 hs2 n q3 T3n02 σ +
4 q r T3n02 σ + 56 hs2 n q2 r T3n02 σ -− 16 hs n q3 r T3n02 σ -− 32 hs3 n2 q3 T5n00 σ +
128 hs2 n2 q3 r T5n00 σ + 64 hs2 n2 q3 r T7n00 σ + 16 hs n q r σ2 + 8 n q2 r σ2 +
16 hs3 n2 q2 r σ2 + 32 hs2 n2 q3 r σ2 -− 16 hs n2 q4 r σ2 -− 24 n q r2 σ2 -− 80 hs2 n2 q2 r2 σ2 +
16 hs n2 q3 r2 σ2 -− 32 hs n2 q2 r3 σ2 + 16 hs n q2 r T3n01 σ2 -− 16 n q2 r2 T3n01 σ2 -−
2 q r T3n02 σ2 -− 28 hs2 n q2 r T3n02 σ2 + 8 hs n q3 r T3n02 σ2 + 56 hs n q2 r2 T3n02 σ2 -−
64 hs2 n2 q3 r T5n00 σ2 + 64 hs n2 q3 r2 T5n00 σ2 -− 32 hs2 n2 q3 r T7n00 σ2 +
128 hs n2 q3 r2 T7n00 σ2 + 12 n q r2 σ3 + 40 hs2 n2 q2 r2 σ3 -− 8 hs n2 q3 r2 σ3 -−
32 hs n2 q2 r3 σ3 -− 16 n2 q2 r4 σ3 + 8 n q2 r2 T3n01 σ3 -− 28 hs n q2 r2 T3n02 σ3 +
24 n q2 r3 T3n02 σ3 -− 32 hs n2 q3 r2 T5n00 σ3 -− 64 hs n2 q3 r2 T7n00 σ3 +
64 n2 q3 r3 T7n00 σ3 + 16 hs n2 q2 r3 σ4 -− 8 n2 q2 r4 σ4 -− 12 n q2 r3 T3n02 σ4 -−
32 n2 q3 r3 T7n00 σ4 + 4 n2 q2 r4 σ5  32 n2 q3 (-−2 + σ) (hs + r σ)3 + O[ξ]1 ⩵ 0
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1 + T1n00 ⩵ T3n00 +
1

σ
, T2n00 ⩵ T5n00,

2 hs r σ T3n02 (-−2 + σ) + 4 n q -−1 + (2 -− 2 T3n00 + 2 T4n00) σ + (-−1 + T3n00 -− T4n00) σ2 +

r2 σ2 T3n02 (-−2 + σ) + 4 n q -−1 + (2 -− 2 T3n00 + 2 T4n00) σ + (-−1 + T3n00 -− T4n00) σ2 +

hs2 T3n02 (-−2 + σ) + 2 n q -−4 + (5 -− 4 T3n00 + 4 T4n00) σ + 2 (-−1 + T3n00 -− T4n00) σ2 
(n q (-−2 + σ) σ (hs + r σ)) ⩵ 0,

T4n00 + 1 + 2 (-−1 + T3n00) σ -− (-−1 + T3n00) σ2  ((-−2 + σ) σ) ⩵ 0,
-−8 hs3 n q (-−1 + T3n00 -− T5n00) (-−2 + σ) -− r σ -−2 + σ + 4 q r T3n02 σ +

2 q r (-−T3n02 + 2 n (r -− 4 r T4n00 + 4 q T5n00 + 4 r T5n00 -− 4 q T7n00)) σ2 +
2 n q r (r + 4 r T4n00 -− 4 q T5n00 -− 4 r T5n00 + 4 q T7n00) σ3 +

2 hs2 n q (r σ (-−10 + 8 T4n00 -− 24 T5n00 -− 8 T3n00 (-−2 + σ) + 3 σ -− 4 T4n00 σ + 12 T5n00 σ) +
4 q (-−2 + σ) (-−1 + T5n00 σ -− T7n00 σ)) +

2 hs q r σ (T3n02 (-−2 + σ) + 2 n σ (4 q (T5n00 -− T7n00) (-−2 + σ) +
r (-−6 + 4 T3n00 + 8 T4n00 -− 12 T5n00 + σ -− 2 T3n00 σ -− 4 T4n00 σ + 6 T5n00 σ))) 

(n q (-−2 + σ) (hs + r σ) (hs + (q + r) σ)) ⩵ 0,
1

n q (-−2 + σ) σ
4 hs n (-−1 + σ)2 + σ T3n02 (-−2 + σ) (-−1 + σ)2 +

2 n q σ 1 -− T6n00 (-−2 + σ)2 -− 2 σ + 2 T3n00 σ + σ2 -− T3n00 σ2 + 2 T4n00 2 -− 3 σ + σ2 ⩵
0, (r -− r σ + q (T5n00 -− T7n00) (-−2 + σ) σ) /∕ (q (-−2 + σ) σ) ⩵
0,

2 -− 4 hs4 n2 q2 (-−2 + σ) + -−1 + 16 n q2 r -− 4 q r T3n02 σ +

2 q r (4 n (3 r + q (-−1 + 2 r T3n01)) + T3n02) σ2 -−
4 n q r2 (3 + 2 q (T3n01 + 3 r T3n02) + 4 n q r (-−r + 4 q (T7n00 -− T8n00))) σ3 +
4 n q2 r3 (3 T3n02 + 2 n (r + 4 q (T7n00 -− T8n00))) σ4 -− 4 n2 q2 r4 σ5 +
4 hs3 n q2 (-−2 + σ) (3 T3n02 + n (q (-−2 + 8 T5n00 -− 8 T8n00) -− 4 r σ)) +
2 hs q T3n02 (-−2 + σ) -− 2 n (-−2 + σ)

q + 4 r σ + 4 q r T3n01 σ + 2 q2 r T3n02 σ -− 7 q r2 T3n02 σ2 + 4 n2 q r σ 2 q2 (-−2 + σ) +

q r (1 + 4 T5n00 + 8 T7n00 -− 12 T8n00) (-−2 + σ) σ -− 2 r2 σ -−2 -− 2 σ + σ2 +

4 hs2 n q 6 -− 3 σ -− 2 q2 (-−2 + σ) (T3n02 -− 4 n r (-−1 + 2 T5n00 + T7n00 -− 3 T8n00) σ) +

q -−2 T3n01 (-−2 + σ) + r σ 7 T3n02 (-−2 + σ) + 2 n r 2 + 10 σ -− 5 σ2 

(n q (-−2 + σ) (hs + r σ)) ⩵ 0

CoalescentWithBackgroundSelectionV6forSupMat.nb     31



T1n00 → -−1 + T3n00 +
1

σ
,

T2n00 → -−
1

8 n q (hs + r σ)4
8 hs4 n q -− 8 hs3 n q2 -− 8 hs4 n q T3n00 -− hs r σ + 22 hs3 n q r σ -−

12 hs2 n q2 r σ -− 32 hs3 n q r T3n00 σ -− r2 σ2 + 34 hs2 n q r2 σ2 -− 48 hs2 n q r2 T3n00 σ2 +
26 hs n q r3 σ3 -− 32 hs n q r3 T3n00 σ3 + 6 n q r4 σ4 -− 8 n q r4 T3n00 σ4,

T3n02 → -−
2 hs2 n q

(hs + r σ)2
, T4n00 → -−1 -− 2 σ + 2 T3n00 σ + σ2 -− T3n00 σ2  ((-−2 + σ) σ),

T5n00 → -−
1

8 n q (hs + r σ)4
8 hs4 n q -− 8 hs3 n q2 -− 8 hs4 n q T3n00 -− hs r σ + 22 hs3 n q r σ -−

12 hs2 n q2 r σ -− 32 hs3 n q r T3n00 σ -− r2 σ2 + 34 hs2 n q r2 σ2 -− 48 hs2 n q r2 T3n00 σ2 +
26 hs n q r3 σ3 -− 32 hs n q r3 T3n00 σ3 + 6 n q r4 σ4 -− 8 n q r4 T3n00 σ4, T6n00 →

-−-−2 hs3 + 4 hs3 σ -− 4 hs2 q σ -− 4 hs2 r σ -− 2 hs3 σ2 + 10 hs2 q σ2 + 8 hs2 r σ2 -− 4 hs q r σ2 -−

2 hs r2 σ2 -− 4 hs2 q T3n00 σ2 -− 8 hs2 q σ3 -− 4 hs2 r σ3 + 10 hs q r σ3 + 4 hs r2 σ3 -− 2 q r2 σ3 +
4 hs2 q T3n00 σ3 -− 8 hs q r T3n00 σ3 + 2 hs2 q σ4 -− 8 hs q r σ4 -− 2 hs r2 σ4 + 5 q r2 σ4 -−
hs2 q T3n00 σ4 + 8 hs q r T3n00 σ4 -− 4 q r2 T3n00 σ4 + 2 hs q r σ5 -− 4 q r2 σ5 -− 2 hs q r
T3n00 σ5 + 4 q r2 T3n00 σ5 + q r2 σ6 -− q r2 T3n00 σ6  q (-−2 + σ)2 σ2 (hs + r σ)2,

T7n00 → -−-−8 hs4 n r -− 16 hs4 n q σ + 16 hs3 n q2 σ + 8 hs4 n r σ -− 32 hs3 n r2 σ +

16 hs4 n q T3n00 σ + 8 hs4 n q σ2 -− 8 hs3 n q2 σ2 + 2 hs r σ2 -− 44 hs3 n q r σ2 +
24 hs2 n q2 r σ2 + 32 hs3 n r2 σ2 -− 48 hs2 n r3 σ2 -− 8 hs4 n q T3n00 σ2 + 64 hs3 n q r
T3n00 σ2 -− hs r σ3 + 22 hs3 n q r σ3 -− 12 hs2 n q2 r σ3 + 2 r2 σ3 -− 68 hs2 n q r2 σ3 +

48 hs2 n r3 σ3 -− 32 hs n r4 σ3 -− 32 hs3 n q r T3n00 σ3 + 96 hs2 n q r2 T3n00 σ3 -− r2 σ4 +
34 hs2 n q r2 σ4 -− 52 hs n q r3 σ4 + 32 hs n r4 σ4 -− 8 n r5 σ4 -− 48 hs2 n q r2 T3n00 σ4 +
64 hs n q r3 T3n00 σ4 + 26 hs n q r3 σ5 -− 12 n q r4 σ5 + 8 n r5 σ5 -− 32 hs n q r3 T3n00 σ5 +
16 n q r4 T3n00 σ5 + 6 n q r4 σ6 -− 8 n q r4 T3n00 σ6  8 n q (-−2 + σ) σ (hs + r σ)4,

T8n00 → -−
1

32 n2 q3 (hs + r σ)4
hs + 12 hs3 n q + 8 hs2 n q2 + 4 hs5 n2 q2 + 64 hs4 n2 q3 -−

48 hs3 n2 q4 + 16 hs3 n2 q2 r2 -− 32 hs4 n2 q3 T3n00 + 8 hs3 n q2 T3n01 + r σ +
28 hs2 n q r σ + 8 hs n q2 r σ + 20 hs4 n2 q2 r σ + 160 hs3 n2 q3 r σ -− 64 hs2 n2 q4 r σ +
48 hs2 n2 q2 r3 σ -− 128 hs3 n2 q3 r T3n00 σ + 24 hs2 n q2 r T3n01 σ + 28 hs n q r2 σ2 +
4 n q2 r2 σ2 + 56 hs3 n2 q2 r2 σ2 + 184 hs2 n2 q3 r2 σ2 -− 16 hs n2 q4 r2 σ2 + 48 hs n2 q2 r4 σ2 -−
192 hs2 n2 q3 r2 T3n00 σ2 + 24 hs n q2 r2 T3n01 σ2 + 12 n q r3 σ3 + 56 hs2 n2 q2 r3 σ3 +
96 hs n2 q3 r3 σ3 + 16 n2 q2 r5 σ3 -− 128 hs n2 q3 r3 T3n00 σ3 + 8 n q2 r3 T3n01 σ3 +
20 hs n2 q2 r4 σ4 + 24 n2 q3 r4 σ4 -− 32 n2 q3 r4 T3n00 σ4 + 4 n2 q2 r5 σ5

SoFar = Join[SoFar, ans[[1]]];
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finalAns = Simplify[
Series[{T1, T2, T3, T4, T5, T6, T7, T8} /∕. subTinBits /∕/∕. SoFar, {ξ, 0, -−2}]];

finalAns
Normal[finalAns] /∕. ξ → 1


2 n

ξ3
-−

2 hs2 n q

(hs + r σ)2 ξ2
+

1

O[ξ]
,
2 n

ξ3
-−

2 hs2 n q

(hs + r σ)2 ξ2
+

1

O[ξ]
,
2 n

ξ3
-−

2 hs2 n q

(hs + r σ)2 ξ2
+

1

O[ξ]
,

2 n

ξ3
-−

2 hs2 n q

(hs + r σ)2 ξ2
+

1

O[ξ]
,
2 n

ξ3
-−

2 hs2 n q

(hs + r σ)2 ξ2
+

1

O[ξ]
,
2 n

ξ3
-−

2 hs2 n q

(hs + r σ)2 ξ2
+

1

O[ξ]
,

2 n

ξ3
-−

2 hs2 n q

(hs + r σ)2 ξ2
+

1

O[ξ]
,
2 n

ξ3
-−
hs + 4 hs2 n q2 + r σ

2 q (hs + r σ)2 ξ2
+

1

O[ξ]


2 n -−
2 hs2 n q

(hs + r σ)2
, 2 n -−

2 hs2 n q

(hs + r σ)2
, 2 n -−

2 hs2 n q

(hs + r σ)2
, 2 n -−

2 hs2 n q

(hs + r σ)2
,

2 n -−
2 hs2 n q

(hs + r σ)2
, 2 n -−

2 hs2 n q

(hs + r σ)2
, 2 n -−

2 hs2 n q

(hs + r σ)2
, 2 n -−

hs + 4 hs2 n q2 + r σ

2 q (hs + r σ)2


As given in equation 4 of the text, the coalescence time for two randomly chosen alleles is

SimplifySeries(1 /∕ n) (F11 T1 + F12 T2) + (1 -− 1 /∕ n)
F11^2 T3 + F11 F12 (T4 + T5) + F12^2 ((1 /∕ 4) T6 + (1 /∕ 2) T7 + (1 /∕ 4) T8) /∕. sub1 /∕.

UseTheseAssumptionsOfSmallness /∕. subTinBits /∕/∕. SoFar, {ξ, 0, -−2}

(*⋆check equivalence with eq. 4 *⋆)

(Normal[%] /∕. ξ → 1) -− 2 n 1 -−
q

1 + r
hs

σ2
/∕/∕ Simplify

2 n

ξ3
-−

2 hs2 n q

(hs + r σ)2 ξ2
+

1

O[ξ]

0

Analysis assuming low sex and high recombination:
σ𝜎 ~ O(ξ𝜉), r ~ O(1), n ~ O(ξ𝜉-−3)
This is where equations [5] and [6] in the text are derived.

See “Analysis assuming high sex and low recombination” for an explanation of how the analysis is 
done. 

subTinBits = {T1 → T1n03 ξ^-−3 + T1n02 ξ^-−2 + T1n01 ξ^-−1 + T1n00 ξ^0 + T1p01 ξ^1,
T2 → T2n03 ξ^-−3 + T2n02 ξ^-−2 + T2n01 ξ^-−1 + T2n00 ξ^0 + T2p01 ξ^1,
T3 → T3n03 ξ^-−3 + T3n02 ξ^-−2 + T3n01 ξ^-−1 + T3n00 ξ^0 + T3p01 ξ^1,
T4 → T4n03 ξ^-−3 + T4n02 ξ^-−2 + T4n01 ξ^-−1 + T4n00 ξ^0 + T4p01 ξ^1,
T5 → T5n03 ξ^-−3 + T5n02 ξ^-−2 + T5n01 ξ^-−1 + T5n00 ξ^0 + T5p01 ξ^1,
T6 → T6n03 ξ^-−3 + T6n02 ξ^-−2 + T6n01 ξ^-−1 + T6n00 ξ^0 + T6p01 ξ^1,
T7 → T7n03 ξ^-−3 + T7n02 ξ^-−2 + T7n01 ξ^-−1 + T7n00 ξ^0 + T7p01 ξ^1,
T8 → T8n03 ξ^-−3 + T8n02 ξ^-−2 + T8n01 ξ^-−1 + T8n00 ξ^0 + T8p01 ξ^1};

Note we are using a different set of assumptions regarding which parameters are small, 
“subsmallLowSexHighRec”, than in the previous section.
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Note we are using a different set of assumptions regarding which parameters are small, 
“subsmallLowSexHighRec”, than in the previous section.

UseTheseAssumptionsOfSmallness = subsmallLowSexHighRec

q → q ξ, hs → hs ξ, σ → ξ σ, n →
n

ξ3


SoFar = {};

f1[x_, toorder_] := Series[x /∕. subTinBits /∕. subTransitions /∕. sub1 /∕.
UseTheseAssumptionsOfSmallness /∕/∕. SoFar, {ξ, 0, toorder}]

eqsZ1 = {f1[eqs[[1]], -−3], f1[eqs[[2]], -−3], f1[eqs[[3]], -−3], f1[eqs[[4]], -−3],
f1[eqs[[5]], -−3], f1[eqs[[6]], -−3], f1[eqs[[7]], -−3], f1[eqs[[8]], -−3]}

Normal[%] /∕. ξ → 1 /∕/∕ Simplify
ans = Solve[eqsZ1, {T1n03, T2n03, T3n03, T4n03, T5n03, T6n03, T7n03, T8n03}]


T1n03 -− T3n03

ξ3
+

1

O[ξ]2
⩵ 0,

1

ξ3
(T2n03 -− (hs T1n03 + r T4n03 σ -− (-−1 + r) T5n03 σ) /∕ (hs + σ)) +

1

O[ξ]2
⩵ 0,

1

ξ3
(T3n03 -− T4n03 + r T4n03 -− r T5n03) +

1

O[ξ]2
⩵ 0,

-−T3n03 + T4n03

ξ3
+

1

O[ξ]2
⩵ 0,

T5n03 -− hs T3n03+r T4n03 σ
hs+r σ

ξ3
+

1

O[ξ]2
⩵ 0,

-−T4n03 + T6n03

ξ3
+

1

O[ξ]2
⩵ 0,

1

ξ3
(T7n03 -− (hs T4n03 + r T6n03 σ + T5n03 (hs + σ)) /∕ (2 hs + σ + r σ)) +

1

O[ξ]2
⩵ 0,

T8n03 + -−hs T5n03-−r T7n03 σ
hs+r σ

ξ3
+

1

O[ξ]2
⩵ 0

T1n03 ⩵ T3n03, T2n03 ⩵
1

hs + σ
(hs T1n03 + (r (T4n03 -− T5n03) + T5n03) σ),

T3n03 + r T4n03 ⩵ T4n03 + r T5n03, T3n03 ⩵ T4n03, T5n03 ⩵
hs T3n03 + r T4n03 σ

hs + r σ
,

T4n03 ⩵ T6n03, T7n03 ⩵ (hs (T4n03 + T5n03) + (T5n03 + r T6n03) σ) /∕ (2 hs + σ + r σ),

T8n03 ⩵
hs T5n03 + r T7n03 σ

hs + r σ


Solve::svars: Equationsmaynotgivesolutionsforall "solve" variables. !

{{T1n03 → T3n03, T2n03 → T3n03, T4n03 → T3n03,
T5n03 → T3n03, T6n03 → T3n03, T7n03 → T3n03, T8n03 → T3n03}}
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SoFar = Join[SoFar, ans[[1]]];
eqsZ1 = {f1[eqs[[1]], -−2], f1[eqs[[2]], -−2], f1[eqs[[3]], -−2], f1[eqs[[4]], -−2],

f1[eqs[[5]], -−2], f1[eqs[[6]], -−2], f1[eqs[[7]], -−2], f1[eqs[[8]], -−2]}
Normal[%] /∕. ξ → 1 /∕/∕ Simplify
ans =
Solve[eqsZ1, {T1n02, T2n02, T3n03, T4n02, T5n02, T6n02, T7n02, T8n02}] /∕/∕ Simplify


T1n02 -− T3n02

ξ2
+

1

O[ξ]
⩵ 0,

1

ξ2
(T2n02 + (-−hs T1n02 -− r T4n02 σ -− T5n02 σ + r T5n02 σ) /∕ (hs + σ)) +

1

O[ξ]
⩵ 0,

1

ξ2
(T3n02 + (-−2 n + T3n03 -− 4 n q T4n02 σ + 4 n q r T4n02 σ -− 4 n q r T5n02 σ) /∕ (4 n q σ)) +

1

O[ξ]
⩵

0,
-−T3n02 + T4n02

ξ2
+

1

O[ξ]
⩵ 0,

T5n02 + -−hs T3n02-−r T4n02 σ
hs+r σ

ξ2
+

1

O[ξ]
⩵ 0,

1

ξ2
(T6n02 + (T3n03 -− 4 hs n q T4n02 -− 4 n q T4n02 σ) /∕ (4 n q (hs + σ))) +

1

O[ξ]
⩵ 0,

1

ξ2
(T7n02 + (-−hs T4n02 -− hs T5n02 -− T5n02 σ -− r T6n02 σ) /∕ (2 hs + σ + r σ)) +

1

O[ξ]
⩵ 0,

1

ξ2
(T8n02 + (T3n03 -− 4 hs n q T5n02 -− 4 n q r T7n02 σ) /∕ (4 n q (hs + r σ))) +

1

O[ξ]
⩵ 0

T1n02 ⩵ T3n02, T2n02 ⩵
1

hs + σ
(hs T1n02 + (r (T4n02 -− T5n02) + T5n02) σ),

1

n q σ
(T3n03 + n (-−2 + 4 q (T3n02 + (-−1 + r) T4n02 -− r T5n02) σ)) ⩵ 0, T3n02 ⩵ T4n02,

T5n02 ⩵
hs T3n02 + r T4n02 σ

hs + r σ
, (-−T3n03 + 4 n q (T4n02 -− T6n02) (hs + σ)) /∕ (n q (hs + σ)) ⩵ 0,

T7n02 ⩵ (hs (T4n02 + T5n02) + (T5n02 + r T6n02) σ) /∕ (2 hs + σ + r σ),
T8n02 + (T3n03 -− 4 hs n q T5n02 -− 4 n q r T7n02 σ) /∕ (4 hs n q + 4 n q r σ) ⩵ 0

T1n02 → T3n02, T2n02 → T3n02, T3n03 → 2 n, T4n02 → T3n02,
T5n02 → T3n02, T6n02 → (-−1 + 2 hs q T3n02 + 2 q T3n02 σ) /∕ (2 q (hs + σ)),
T7n02 → 4 hs2 q T3n02 + 2 hs q (3 + r) T3n02 σ + σ (2 q T3n02 σ + r (-−1 + 2 q T3n02 σ)) 

(2 q (hs + σ) (2 hs + σ + r σ)), T8n02 → 4 hs3 q T3n02 +

hs2 (-−2 + 6 q (1 + r) T3n02 σ) + σ2 -−1 + r (-−1 + 2 q T3n02 σ) + r2 (-−1 + 2 q T3n02 σ) +

hs σ -−3 + 2 q T3n02 σ + 2 q r2 T3n02 σ + r (-−1 + 8 q T3n02 σ) 

(2 q (hs + σ) (hs + r σ) (2 hs + σ + r σ))

SoFar = Join[SoFar, ans[[1]]];
eqsZ1 = {f1[eqs[[1]], -−1], f1[eqs[[2]], -−1], f1[eqs[[3]], -−1], f1[eqs[[4]], -−1],

f1[eqs[[5]], -−1], f1[eqs[[6]], -−1], f1[eqs[[7]], -−1], f1[eqs[[8]], -−1]}
Normal[%] /∕. ξ → 1 /∕/∕ Simplify
ans =
Solve[eqsZ1, {T1n01, T2n01, T3n02, T4n01, T5n01, T6n01, T7n01, T8n01}] /∕/∕ Simplify


T1n01 + -−1-−T3n01 σ

σ

ξ
+ O[ξ]0 ⩵ 0,

1

ξ
T2n01 + -−4 hs2 -− 4 hs3 T1n01 -− 2 hs σ -− 2 hs r σ -− 4 hs r2 σ -− 2 hs2 T1n01 σ -− 6 hs2 r T1n01 σ -−

4 hs2 r T4n01 σ -− 4 hs2 T5n01 σ + 4 hs2 r T5n01 σ -− r σ2 -− 2 r3 σ2 -− 2 hs r T1n01 σ2 -−
-− -− -− -− +
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4 hs2 r T4n01 σ -− 4 hs2 T5n01 σ + 4 hs2 r T5n01 σ -− r σ2 -− 2 r3 σ2 -− 2 hs r T1n01 σ2 -−
2 hs r2 T1n01 σ2 -− 2 hs r T4n01 σ2 -− 6 hs r2 T4n01 σ2 -− 2 hs T5n01 σ2 -− 4 hs r T5n01 σ2 +
6 hs r2 T5n01 σ2 -− 2 r2 T4n01 σ3 -− 2 r3 T4n01 σ3 -− 2 r T5n01 σ3 + 2 r3 T5n01 σ3 

(2 (hs + σ) (hs + r σ) (2 hs + σ + r σ)) + O[ξ]0 ⩵ 0,
1

ξ
(T3n01 + (4 n q + T3n02 -− 4 n q T4n01 σ + 4 n q r T4n01 σ -− 4 n q r T5n01 σ) /∕ (4 n q σ)) +

O[ξ]0 ⩵ 0,
1

ξ
T4n01 + -−4 hs2 -− 4 hs3 T3n01 -− 4 hs σ -− 4 hs r σ -− 10 hs2 T3n01 σ -− 2 hs2 r T3n01 σ -−

σ2 -− 2 r σ2 -− 8 hs T3n01 σ2 -− 4 hs r T3n01 σ2 -− 2 T3n01 σ3 -− 2 r T3n01 σ3 

2 (hs + σ)2 (2 hs + σ + r σ) + O[ξ]0 ⩵ 0,
1

ξ
T5n01 + -−4 hs3 -− 4 hs4 T3n01 -− 6 hs2 σ -− 4 hs2 r σ -− 6 hs3 T3n01 σ -− 6 hs3 r T3n01 σ -−

4 hs3 r T4n01 σ -− 2 hs σ2 -− 4 hs r σ2 -− 2 hs r2 σ2 -− 2 hs2 T3n01 σ2 -− 8 hs2 r T3n01 σ2 -−
2 hs2 r2 T3n01 σ2 -− 6 hs2 r T4n01 σ2 -− 6 hs2 r2 T4n01 σ2 -− r σ3 -− 2 hs r T3n01 σ3 -−
2 hs r2 T3n01 σ3 -− 2 hs r T4n01 σ3 -− 8 hs r2 T4n01 σ3 -− 2 hs r3 T4n01 σ3 -−
2 r2 T4n01 σ4 -− 2 r3 T4n01 σ4  2 (hs + σ) (hs + r σ)2 (2 hs + σ + r σ) + O[ξ]0 ⩵ 0,

1

ξ
T6n01 + -−2 hs -− 12 hs3 n q + 4 hs2 q T3n02 -− 16 hs3 n q2 T4n01 -− σ -− 22 hs2 n q σ -− r σ -−

6 hs2 n q r σ -− 8 hs n q2 r σ + 6 hs q T3n02 σ + 2 hs q r T3n02 σ -− 40 hs2 n q2 T4n01 σ -−
8 hs2 n q2 r T4n01 σ -− 20 hs n q σ2 -− 8 hs n q r σ2 -− 4 n q2 r σ2 + 2 q T3n02 σ2 +
2 q r T3n02 σ2 -− 32 hs n q2 T4n01 σ2 -− 16 hs n q2 r T4n01 σ2 -− 6 n q σ3 -− 6 n q r σ3 -−
8 n q2 T4n01 σ3 -− 8 n q2 r T4n01 σ3  8 n q2 (hs + σ)2 (2 hs + σ + r σ) + O[ξ]0 ⩵ 0,

1

ξ
T7n01 + -−8 hs3 n q2 -− 8 hs4 n q2 T4n01 -− 8 hs4 n q2 T5n01 -− 12 hs2 n q2 σ -− hs r σ +

2 hs3 n q r σ -− 4 hs2 n q2 r σ -− 12 hs3 n q2 T4n01 σ -− 12 hs3 n q2 r T4n01 σ -−
20 hs3 n q2 T5n01 σ -− 12 hs3 n q2 r T5n01 σ -− 8 hs3 n q2 r T6n01 σ -− 4 hs n q2 σ2 +
8 hs2 n q r σ2 -− 8 hs n q2 r σ2 -− r2 σ2 + 6 hs2 n q r2 σ2 -− 4 hs2 n q2 T4n01 σ2 -− 16 hs2 n q2

r T4n01 σ2 -− 4 hs2 n q2 r2 T4n01 σ2 -− 16 hs2 n q2 T5n01 σ2 -− 28 hs2 n q2 r T5n01 σ2 -−
4 hs2 n q2 r2 T5n01 σ2 -− 12 hs2 n q2 r T6n01 σ2 -− 12 hs2 n q2 r2 T6n01 σ2 + 2 hs n q r σ3 -−
2 n q2 r σ3 + 12 hs n q r2 σ3 + 4 hs n q r3 σ3 -− 4 hs n q2 r T4n01 σ3 -− 4 hs n q2 r2 T4n01 σ3 -−
4 hs n q2 T5n01 σ3 -− 20 hs n q2 r T5n01 σ3 -− 8 hs n q2 r2 T5n01 σ3 -− 4 hs n q2 r T6n01 σ3 -−
16 hs n q2 r2 T6n01 σ3 -− 4 hs n q2 r3 T6n01 σ3 + 2 n q r2 σ4 + 4 n q r3 σ4 -−
4 n q2 r T5n01 σ4 -− 4 n q2 r2 T5n01 σ4 -− 4 n q2 r2 T6n01 σ4 -− 4 n q2 r3 T6n01 σ4 

4 n q2 (hs + σ) (hs + r σ) (2 hs + σ + r σ)2 + O[ξ]0 ⩵ 0,
1

ξ
T8n01 + -−2 hs2 -− 12 hs4 n q + 4 hs3 q T3n02 -− 16 hs4 n q2 T5n01 -− 3 hs σ -− 18 hs3 n q σ -− hs r σ -−

22 hs3 n q r σ -− 8 hs2 n q2 r σ + 6 hs2 q T3n02 σ + 6 hs2 q r T3n02 σ -− 24 hs3 n q2 T5n01 σ -−
24 hs3 n q2 r T5n01 σ -− 16 hs3 n q2 r T7n01 σ -− σ2 -− 6 hs2 n q σ2 -− r σ2 -− 30 hs2 n q r σ2 -−
12 hs n q2 r σ2 -− r2 σ2 -− 22 hs2 n q r2 σ2 + 2 hs q T3n02 σ2 + 8 hs q r T3n02 σ2 +
2 hs q r2 T3n02 σ2 -− 8 hs2 n q2 T5n01 σ2 -− 32 hs2 n q2 r T5n01 σ2 -− 8 hs2 n q2 r2 T5n01 σ2 -−
24 hs2 n q2 r T7n01 σ2 -− 24 hs2 n q2 r2 T7n01 σ2 -− 8 hs n q r σ3 -− 4 n q2 r σ3 -−
24 hs n q r2 σ3 -− 4 n q2 r2 σ3 -− 4 hs n q r3 σ3 + 2 q r T3n02 σ3 + 2 q r2 T3n02 σ3 -− 8 hs n
q2 r T5n01 σ3 -− 8 hs n q2 r2 T5n01 σ3 -− 8 hs n q2 r T7n01 σ3 -− 32 hs n q2 r2 T7n01 σ3 -−

8 hs n q2 r3 T7n01 σ3 -− 6 n q r2 σ4 -− 4 n q r3 σ4 -− 8 n q2 r2 T7n01 σ4 -− 8 n q2 r3 T7n01 σ4 

8 n q2 (hs + σ) (hs + r σ)2 (2 hs + σ + r σ) + O[ξ]0 ⩵ 0

36     CoalescentWithBackgroundSelectionV6forSupMat.nb



T1n01 ⩵ T3n01 +
1

σ
, 4 hs3 (T1n01 -− T2n01) +

r σ2 1 -− 2 T2n01 σ + 2 r (-−T2n01 + T4n01) σ + 2 T5n01 σ + 2 r2 (1 + T4n01 σ -− T5n01 σ) +

2 hs2 (-−3 (1 + r) T2n01 σ + T1n01 (σ + 3 r σ) + 2 (1 + r (T4n01 -− T5n01) σ + T5n01 σ)) +
2 hs σ 1 -− T2n01 σ + T5n01 σ + r2 (2 + T1n01 σ -− T2n01 σ + 3 T4n01 σ -− 3 T5n01 σ) +

r (1 + T1n01 σ -− 4 T2n01 σ + T4n01 σ + 2 T5n01 σ) 
((hs + σ) (hs + r σ) (2 hs + σ + r σ)) ⩵ 0, T3n01 + (-−1 + r) T4n01 +

4 + T3n02
n q

4 σ
⩵ r T5n01,

T4n01 ⩵ 4 hs3 T3n01 + 4 hs σ (1 + r + 2 T3n01 σ + r T3n01 σ) + 2 hs2 (2 + (5 + r) T3n01 σ) +

σ2 (1 + 2 T3n01 σ + 2 r (1 + T3n01 σ))  2 (hs + σ)2 (2 hs + σ + r σ),
4 hs4 (T3n01 -− T5n01) + r σ3 1 + 2 r (T4n01 -− T5n01) σ + 2 r2 (T4n01 -− T5n01) σ +

2 hs3 (2 + 3 (1 + r) T3n01 σ + 2 r T4n01 σ -− 3 T5n01 σ -− 5 r T5n01 σ) +
2 hs2 σ 3 + T3n01 σ + r2 (T3n01 + 3 T4n01 -− 4 T5n01) σ -− T5n01 σ +

r (2 + 4 T3n01 σ + 3 T4n01 σ -− 7 T5n01 σ) + 2 hs σ2 1 + r3 (T4n01 -− T5n01) σ +

r2 (1 + T3n01 σ + 4 T4n01 σ -− 5 T5n01 σ) + r (2 + T3n01 σ + T4n01 σ -− 2 T5n01 σ) 

((hs + σ) (hs + r σ) (2 hs + σ + r σ)) ⩵ 0, 4 hs3 n q (3 + 4 q (T4n01 -− T6n01)) +

2 hs2 q (-−2 T3n02 + n (11 + r (3 + 4 q (T4n01 -− T6n01)) + 20 q (T4n01 -− T6n01)) σ) +
2 hs (1 -− q (3 + r) T3n02 σ +

2 n q σ ((5 + 2 r) σ + 2 q (r + 4 T4n01 σ + 2 r T4n01 σ -− 4 T6n01 σ -− 2 r T6n01 σ))) +
σ 1 + 8 n q2 (T4n01 -− T6n01) σ2 -− 2 q σ (T3n02 -− 3 n σ) +

r (1 -− 2 q T3n02 σ + 2 n q σ (3 σ + q (2 + 4 T4n01 σ -− 4 T6n01 σ))) 

(n q (hs + σ) (2 hs + σ + r σ)) ⩵ 0, 8 hs4 n q2 (T4n01 + T5n01 -− 2 T7n01) + 2 hs3 n q (-−r σ +
2 q (2 + 3 (1 + r) T4n01 σ + (5 + 3 r) T5n01 σ + 2 r T6n01 σ -− 8 T7n01 σ -− 8 r T7n01 σ)) +

r σ2 4 n q r2 (-−1 + q (T6n01 -− T7n01)) σ2 + 2 n q2 σ (1 + 2 T5n01 σ -− 2 T7n01 σ) +

r 1 + 2 n q (-−1 + 2 q (T5n01 + T6n01 -− 2 T7n01)) σ2 + 2 hs2 n q σ

-−r (4 + 3 r) σ + 2 q 3 + T4n01 σ + 4 T5n01 σ + r2 (T4n01 + T5n01 + 3 T6n01 -− 5 T7n01) σ -−
5 T7n01 σ + r (1 + 4 T4n01 σ + 7 T5n01 σ + 3 T6n01 σ -− 14 T7n01 σ) +

hs σ 4 n q r2 (-−3 + q (T4n01 + 2 T5n01 + 4 T6n01 -− 7 T7n01)) σ2 +

4 n q r3 (-−1 + q (T6n01 -− T7n01)) σ2 + 4 n q2 σ (1 + T5n01 σ -− T7n01 σ) +
r (1 + 2 n q σ (-−σ + 2 q (2 + T4n01 σ + 5 T5n01 σ + T6n01 σ -− 7 T7n01 σ))) 

(n q (hs + σ) (hs + r σ) (2 hs + σ + r σ)) ⩵ 0,
4 hs4 n q (3 + 4 q (T5n01 -− T8n01)) + 2 hs3 q (-−2 T3n02 +

n (r (11 + 4 q (3 T5n01 + 2 T7n01 -− 5 T8n01)) + 3 (3 + 4 q (T5n01 -− T8n01))) σ) + hs2

2 -− 6 q (1 + r) T3n02 σ + 2 n q σ 3 + 15 r + 11 r2 σ + 4 q r2 (T5n01 + 3 T7n01 -− 4 T8n01)
σ + (T5n01 -− T8n01) σ + r (1 + 4 T5n01 σ + 3 T7n01 σ -− 7 T8n01 σ) +

hs σ 3 -− 2 q T3n02 σ + 4 n q r3 (1 + 2 q (T7n01 -− T8n01)) σ2 +

2 q r2 σ (-−T3n02 + 4 n (3 + q (T5n01 + 4 T7n01 -− 5 T8n01)) σ) +
r (1 -− 8 q T3n02 σ + 4 n q σ (2 σ + q (3 + 2 T5n01 σ + 2 T7n01 σ -− 4 T8n01 σ))) +

σ2 1 + 4 n q r3 (1 + 2 q (T7n01 -− T8n01)) σ2 + r 1 + 4 n q2 σ -− 2 q T3n02 σ +

r2 (1 -− 2 q T3n02 σ + 2 n q σ (3 σ + q (2 + 4 T7n01 σ -− 4 T8n01 σ))) 

(n q (hs + σ) (hs + r σ) (2 hs + σ + r σ)) ⩵ 0

T1n01 → T3n01 +
1

σ
, T2n01 →

4 hs4 (1 + T3n01 σ) + 2 hs3 (3 + 5 r) σ (1 + T3n01 σ) + r (1 + r) σ4 1 + 2 r2 + 2 r T3n01 σ +

hs σ3 2 + 2 r3 (4 + T3n01 σ) + r (5 + 4 T3n01 σ) + 2 r2 (4 + 5 T3n01 σ) +

2 hs2 σ2 3 + T3n01 σ + r2 (6 + 4 T3n01 σ) + r (5 + 7 T3n01 σ) 

2 σ (hs + σ) (hs + r σ)2 (2 hs + σ + r σ),
T3n02 → -−2 hs2 n q 2 hs2 + 1 + 4 r2 σ2 + 2 hs (σ + 2 r σ)  (hs + σ)2 (hs + r σ)2,

,
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T3n02 → -−2 hs2 n q 2 hs2 + 1 + 4 r2 σ2 + 2 hs (σ + 2 r σ)  (hs + σ)2 (hs + r σ)2,
T4n01 → 4 hs3 T3n01 + 4 hs σ (1 + r + 2 T3n01 σ + r T3n01 σ) + 2 hs2 (2 + (5 + r) T3n01 σ) +

σ2 (1 + 2 T3n01 σ + 2 r (1 + T3n01 σ))  2 (hs + σ)2 (2 hs + σ + r σ), T5n01 →

4 hs5 T3n01 + 2 hs4 (2 + 5 (1 + r) T3n01 σ) + r σ4 1 + r + 2 r T3n01 σ + 2 r2 (1 + T3n01 σ) +

2 hs3 σ 5 + 4 T3n01 σ + 4 r2 T3n01 σ + 4 r (1 + 3 T3n01 σ) +

2 hs σ3 1 + 2 r3 (1 + T3n01 σ) + r (3 + 2 T3n01 σ) + r2 (4 + 6 T3n01 σ) +

2 hs2 σ2 4 + T3n01 σ + r3 T3n01 σ + r2 (5 + 9 T3n01 σ) + r (6 + 9 T3n01 σ) 

2 (hs + σ)2 (hs + r σ)2 (2 hs + σ + r σ),
T6n01 → 4 hs6 n q (3 + 4 q T3n01) + 2 hs5 n q ((17 + 15 r) σ + 4 q (4 + (7 + 5 r) T3n01 σ)) +

r2 σ4 (1 + 2 n q σ (2 q + 3 σ + 4 q T3n01 σ) + r (1 + 2 n q σ (6 q + 3 σ + 4 q T3n01 σ))) +
hs3 σ 3 + 2 n q r3 (3 + 4 q T3n01) σ2 + 2 n q σ (18 q + 13 σ + 20 q T3n01 σ) + 2 n q r2 σ

(31 σ + q (56 + 52 T3n01 σ)) + r (5 + 2 n q σ (62 q + 49 σ + 84 q T3n01 σ)) + 2 hs4 1 +

n q σ 21 + 41 r + 12 r2 σ + 4 q 7 + 12 r + 9 T3n01 σ + 17 r T3n01 σ + 4 r2 T3n01 σ +

hs2 σ2 1 + 2 n q σ (4 q + 3 σ + 4 q T3n01 σ) + 2 n q r3 σ (7 σ + 4 q (5 + 3 T3n01 σ)) +
r (7 + 2 n q σ (28 q + 29 σ + 44 q T3n01 σ)) +
2 r2 (2 + 5 n q σ (7 σ + 12 q (1 + T3n01 σ))) + hs r σ3

2 (1 + 2 n q σ (2 q + 3 σ + 4 q T3n01 σ)) + r (5 + 2 n q σ (22 q + 19 σ + 28 q T3n01 σ)) +

r2 (1 + 2 n q σ (7 σ + 6 q (3 + 2 T3n01 σ))) 

8 n q2 (hs + σ)3 (hs + r σ)2 (2 hs + σ + r σ), T7n01 →

32 hs7 n q2 T3n01 + 8 hs6 n q (r σ + 2 q (3 + 8 T3n01 σ + 6 r T3n01 σ)) +

2 hs5 n q σ r (5 + 7 r) σ + 4 q 20 + 17 r + 25 T3n01 σ + 46 r T3n01 σ + 13 r2 T3n01 σ +

r σ5 4 n q2 σ + 8 n q2 r σ (1 + T3n01 σ) + r3 (1 + 2 n q σ (6 q -− σ + 4 q T3n01 σ)) +

r2 (3 + 2 n q σ (6 q + σ + 8 q T3n01 σ)) +

hs3 σ2 2 n q r4 (-−1 + 4 q T3n01) σ2 + 4 n q2 σ (39 + 14 T3n01 σ) +

2 n q r3 σ (-−5 σ + 8 q (9 + 10 T3n01 σ)) + r (7 + 2 n q σ (176 q + σ + 192 q T3n01 σ)) +
r2 (9 + 2 n q σ (174 q -− 3 σ + 256 q T3n01 σ)) +

hs σ4 8 n q2 σ + 4 n q2 r σ (11 + 4 T3n01 σ) + r2 (6 + 4 n q σ (19 q + σ + 22 q T3n01 σ)) + r4

(1 + 2 n q σ (-−5 σ + 6 q (3 + 2 T3n01 σ))) + r3 (9 + 2 n q σ (-−σ + 6 q (7 + 8 T3n01 σ))) +

2 hs4 σ 2 n q r3 (1 + 12 q T3n01) σ2 + 2 n q2 σ (55 + 38 T3n01 σ) +

n q r2 σ (5 σ + 4 q (24 + 47 T3n01 σ)) + r (2 + n q σ (σ + 4 q (43 + 68 T3n01 σ))) +

hs2 σ3 8 n q2 σ (7 + T3n01 σ) + 2 n q r4 σ (-−5 σ + 4 q (5 + 3 T3n01 σ)) +

r (3 + 2 n q σ (90 q + σ + 64 q T3n01 σ)) + 2 r3 (3 + n q σ (92 q -− 9 σ + 96 q T3n01 σ)) +
r2 (15 + 2 n q σ (σ + 2 q (61 + 80 T3n01 σ))) 

8 n q2 (hs + σ)3 (hs + r σ)2 (2 hs + σ + r σ)2, T8n01 →

8 hs8 n q (3 + 4 q T3n01) + 16 hs7 n q ((6 + 5 r) σ + q (4 + 8 (1 + r) T3n01 σ)) +

r σ6 1 + r 2 + 8 n q2 σ + r4 (1 + 2 n q σ (6 q + σ + 4 q T3n01 σ)) +

4 r3 (1 + n q σ (4 q + 3 σ + 4 q T3n01 σ)) + 2 r2 (1 + n q σ (8 q + 3 σ + 4 q T3n01 σ)) +

hs3 σ3 19 + 2 n q r5 (1 + 4 q T3n01) σ2 + 2 n q σ (42 q + 3 σ + 4 q T3n01 σ) +

2 n q r4 σ (49 σ + q (88 + 92 T3n01 σ)) + r2 (29 + 8 n q σ (106 q + 51 σ + 88 q T3n01 σ)) +
r (43 + 2 n q σ (228 q + 55 σ + 92 q T3n01 σ)) +
r3 (13 + 4 n q σ (159 q + 104 σ + 176 q T3n01 σ)) + 2 hs6 2 + n q σ

75 + 154 r + 65 r2 σ + 4 q 28 + 30 r + 25 T3n01 σ + 62 r T3n01 σ + 25 r2 T3n01 σ +

hs σ5 1 + r 9 + 16 n q2 σ + 2 r2 (6 + n q σ (44 q + 7 σ + 12 q T3n01 σ)) +

r4 (11 + 2 n q σ (50 q + 29 σ + 52 q T3n01 σ)) +
2 r3 (7 + n q σ (64 q + 35 σ + 52 q T3n01 σ)) + r5 (1 + 2 n q σ (σ + 6 q (3 + 2 T3n01 σ))) +

hs2 σ4 7 + 12 n q2 σ + 2 n q r5 σ (σ + 4 q (5 + 3 T3n01 σ)) +
r (29 + 2 n q σ (68 q + 7 σ + 12 q T3n01 σ)) +
2 r2 (14 + 3 n q σ (64 q + 21 σ + 36 q T3n01 σ)) + r3 (25 + 4 n q σ

(63 σ + 104 q (1 + T3n01 σ))) + r4 (7 + 2 n q σ (53 σ + 6 q (19 + 18 T3n01 σ))) +

hs4 σ2 25 + 2 n q r4 (19 + 28 q T3n01) σ2 + 2 n q σ (21 σ + 4 q (29 + 7 T3n01 σ)) + 2 n q
r3 σ + +

38     CoalescentWithBackgroundSelectionV6forSupMat.nb



hs4 σ2 25 + 2 n q r4 (19 + 28 q T3n01) σ2 + 2 n q σ (21 σ + 4 q (29 + 7 T3n01 σ)) + 2 n q
r3 σ (169 σ + 4 q (44 + 67 T3n01 σ)) + r (30 + 2 n q σ (163 σ + 4 q (97 + 67 T3n01 σ))) +

r2 (11 + 4 n q σ (155 σ + 3 q (79 + 88 T3n01 σ))) +

2 hs5 σ 8 + n q r3 (55 + 76 q T3n01) σ2 + n q σ (160 q + 57 σ + 76 q T3n01 σ) + n q r2

σ (227 σ + 12 q (17 + 31 T3n01 σ)) + r (4 + n q σ (229 σ + 4 q (85 + 93 T3n01 σ))) 

8 n q2 (hs + σ)3 (hs + r σ)3 (2 hs + σ + r σ)2

SoFar = Join[SoFar, ans[[1]]]

T1n03 → T3n03, T2n03 → T3n03, T4n03 → T3n03, T5n03 → T3n03, T6n03 → T3n03,
T7n03 → T3n03, T8n03 → T3n03, T1n02 → T3n02, T2n02 → T3n02, T3n03 → 2 n,
T4n02 → T3n02, T5n02 → T3n02, T6n02 → (-−1 + 2 hs q T3n02 + 2 q T3n02 σ) /∕ (2 q (hs + σ)),
T7n02 → 4 hs2 q T3n02 + 2 hs q (3 + r) T3n02 σ + σ (2 q T3n02 σ + r (-−1 + 2 q T3n02 σ)) 

(2 q (hs + σ) (2 hs + σ + r σ)), T8n02 → 4 hs3 q T3n02 +

hs2 (-−2 + 6 q (1 + r) T3n02 σ) + σ2 -−1 + r (-−1 + 2 q T3n02 σ) + r2 (-−1 + 2 q T3n02 σ) +

hs σ -−3 + 2 q T3n02 σ + 2 q r2 T3n02 σ + r (-−1 + 8 q T3n02 σ) 

(2 q (hs + σ) (hs + r σ) (2 hs + σ + r σ)), T1n01 → T3n01 +
1

σ
, T2n01 →

4 hs4 (1 + T3n01 σ) + 2 hs3 (3 + 5 r) σ (1 + T3n01 σ) + r (1 + r) σ4 1 + 2 r2 + 2 r T3n01 σ +

hs σ3 2 + 2 r3 (4 + T3n01 σ) + r (5 + 4 T3n01 σ) + 2 r2 (4 + 5 T3n01 σ) +

2 hs2 σ2 3 + T3n01 σ + r2 (6 + 4 T3n01 σ) + r (5 + 7 T3n01 σ) 

2 σ (hs + σ) (hs + r σ)2 (2 hs + σ + r σ),
T3n02 → -−2 hs2 n q 2 hs2 + 1 + 4 r2 σ2 + 2 hs (σ + 2 r σ)  (hs + σ)2 (hs + r σ)2,
T4n01 → 4 hs3 T3n01 + 4 hs σ (1 + r + 2 T3n01 σ + r T3n01 σ) + 2 hs2 (2 + (5 + r) T3n01 σ) +

σ2 (1 + 2 T3n01 σ + 2 r (1 + T3n01 σ))  2 (hs + σ)2 (2 hs + σ + r σ), T5n01 →

4 hs5 T3n01 + 2 hs4 (2 + 5 (1 + r) T3n01 σ) + r σ4 1 + r + 2 r T3n01 σ + 2 r2 (1 + T3n01 σ) +

2 hs3 σ 5 + 4 T3n01 σ + 4 r2 T3n01 σ + 4 r (1 + 3 T3n01 σ) +

2 hs σ3 1 + 2 r3 (1 + T3n01 σ) + r (3 + 2 T3n01 σ) + r2 (4 + 6 T3n01 σ) +

2 hs2 σ2 4 + T3n01 σ + r3 T3n01 σ + r2 (5 + 9 T3n01 σ) + r (6 + 9 T3n01 σ) 

2 (hs + σ)2 (hs + r σ)2 (2 hs + σ + r σ),
T6n01 → 4 hs6 n q (3 + 4 q T3n01) + 2 hs5 n q ((17 + 15 r) σ + 4 q (4 + (7 + 5 r) T3n01 σ)) +

r2 σ4 (1 + 2 n q σ (2 q + 3 σ + 4 q T3n01 σ) + r (1 + 2 n q σ (6 q + 3 σ + 4 q T3n01 σ))) +
hs3 σ 3 + 2 n q r3 (3 + 4 q T3n01) σ2 + 2 n q σ (18 q + 13 σ + 20 q T3n01 σ) + 2 n q r2 σ

(31 σ + q (56 + 52 T3n01 σ)) + r (5 + 2 n q σ (62 q + 49 σ + 84 q T3n01 σ)) + 2 hs4

1 + n q σ 21 + 41 r + 12 r2 σ + 4 q 7 + 12 r + 9 T3n01 σ + 17 r T3n01 σ + 4 r2 T3n01 σ +

hs2 σ2 1 + 2 n q σ (4 q + 3 σ + 4 q T3n01 σ) + 2 n q r3 σ (7 σ + 4 q (5 + 3 T3n01 σ)) + r
(7 + 2 n q σ (28 q + 29 σ + 44 q T3n01 σ)) + 2 r2 (2 + 5 n q σ (7 σ + 12 q (1 + T3n01 σ))) +

hs r σ3 2 (1 + 2 n q σ (2 q + 3 σ + 4 q T3n01 σ)) + r (5 + 2 n q σ (22 q + 19 σ + 28 q T3n01 σ)) +

r2 (1 + 2 n q σ (7 σ + 6 q (3 + 2 T3n01 σ))) 

8 n q2 (hs + σ)3 (hs + r σ)2 (2 hs + σ + r σ), T7n01 →

32 hs7 n q2 T3n01 + 8 hs6 n q (r σ + 2 q (3 + 8 T3n01 σ + 6 r T3n01 σ)) +

2 hs5 n q σ r (5 + 7 r) σ + 4 q 20 + 17 r + 25 T3n01 σ + 46 r T3n01 σ + 13 r2 T3n01 σ +

r σ5 4 n q2 σ + 8 n q2 r σ (1 + T3n01 σ) + r3 (1 + 2 n q σ (6 q -− σ + 4 q T3n01 σ)) +

r2 (3 + 2 n q σ (6 q + σ + 8 q T3n01 σ)) +

hs3 σ2 2 n q r4 (-−1 + 4 q T3n01) σ2 + 4 n q2 σ (39 + 14 T3n01 σ) +

2 n q r3 σ (-−5 σ + 8 q (9 + 10 T3n01 σ)) + r (7 + 2 n q σ (176 q + σ + 192 q T3n01 σ)) +
r2 (9 + 2 n q σ (174 q -− 3 σ + 256 q T3n01 σ)) +

hs σ4 8 n q2 σ + 4 n q2 r σ (11 + 4 T3n01 σ) + r2 (6 + 4 n q σ (19 q + σ + 22 q T3n01 σ)) +

r4 (1 + 2 n q σ (-−5 σ + 6 q (3 + 2 T3n01 σ))) + r3 (9 + 2 n q σ (-−σ + 6 q (7 + 8 T3n01 σ))) +

2 hs4 σ 2 n q r3 (1 + 12 q T3n01) σ2 + 2 n q2 σ (55 + 38 T3n01 σ) +

+  +
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2 hs4 σ 2 n q r3 (1 + 12 q T3n01) σ2 + 2 n q2 σ (55 + 38 T3n01 σ) +

n q r2 σ (5 σ + 4 q (24 + 47 T3n01 σ)) + r (2 + n q σ (σ + 4 q (43 + 68 T3n01 σ))) +

hs2 σ3 8 n q2 σ (7 + T3n01 σ) + 2 n q r4 σ (-−5 σ + 4 q (5 + 3 T3n01 σ)) +

r (3 + 2 n q σ (90 q + σ + 64 q T3n01 σ)) + 2 r3 (3 + n q σ (92 q -− 9 σ + 96 q T3n01 σ)) +
r2 (15 + 2 n q σ (σ + 2 q (61 + 80 T3n01 σ))) 

8 n q2 (hs + σ)3 (hs + r σ)2 (2 hs + σ + r σ)2, T8n01 →

8 hs8 n q (3 + 4 q T3n01) + 16 hs7 n q ((6 + 5 r) σ + q (4 + 8 (1 + r) T3n01 σ)) +

r σ6 1 + r 2 + 8 n q2 σ + r4 (1 + 2 n q σ (6 q + σ + 4 q T3n01 σ)) +

4 r3 (1 + n q σ (4 q + 3 σ + 4 q T3n01 σ)) + 2 r2 (1 + n q σ (8 q + 3 σ + 4 q T3n01 σ)) +

hs3 σ3 19 + 2 n q r5 (1 + 4 q T3n01) σ2 + 2 n q σ (42 q + 3 σ + 4 q T3n01 σ) +

2 n q r4 σ (49 σ + q (88 + 92 T3n01 σ)) + r2 (29 + 8 n q σ (106 q + 51 σ + 88 q T3n01 σ)) +
r (43 + 2 n q σ (228 q + 55 σ + 92 q T3n01 σ)) +
r3 (13 + 4 n q σ (159 q + 104 σ + 176 q T3n01 σ)) + 2 hs6 2 + n q σ

75 + 154 r + 65 r2 σ + 4 q 28 + 30 r + 25 T3n01 σ + 62 r T3n01 σ + 25 r2 T3n01 σ +

hs σ5 1 + r 9 + 16 n q2 σ + 2 r2 (6 + n q σ (44 q + 7 σ + 12 q T3n01 σ)) + r4

(11 + 2 n q σ (50 q + 29 σ + 52 q T3n01 σ)) + 2 r3 (7 + n q σ (64 q + 35 σ + 52 q T3n01 σ)) +
r5 (1 + 2 n q σ (σ + 6 q (3 + 2 T3n01 σ))) + hs2 σ4 7 + 12 n q2 σ +

2 n q r5 σ (σ + 4 q (5 + 3 T3n01 σ)) + r (29 + 2 n q σ (68 q + 7 σ + 12 q T3n01 σ)) +
2 r2 (14 + 3 n q σ (64 q + 21 σ + 36 q T3n01 σ)) + r3 (25 + 4 n q σ

(63 σ + 104 q (1 + T3n01 σ))) + r4 (7 + 2 n q σ (53 σ + 6 q (19 + 18 T3n01 σ))) +

hs4 σ2 25 + 2 n q r4 (19 + 28 q T3n01) σ2 + 2 n q σ (21 σ + 4 q (29 + 7 T3n01 σ)) + 2 n
q r3 σ (169 σ + 4 q (44 + 67 T3n01 σ)) + r (30 + 2 n q σ (163 σ + 4 q (97 + 67 T3n01 σ))) +

r2 (11 + 4 n q σ (155 σ + 3 q (79 + 88 T3n01 σ))) +

2 hs5 σ 8 + n q r3 (55 + 76 q T3n01) σ2 + n q σ (160 q + 57 σ + 76 q T3n01 σ) + n q r2

σ (227 σ + 12 q (17 + 31 T3n01 σ)) + r (4 + n q σ (229 σ + 4 q (85 + 93 T3n01 σ))) 

8 n q2 (hs + σ)3 (hs + r σ)3 (2 hs + σ + r σ)2

finalAns = Simplify[
Series[{T1, T2, T3, T4, T5, T6, T7, T8} /∕. subTinBits /∕/∕. SoFar, {ξ, 0, -−2}]]
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
2 n

ξ3
-− 2 hs2 n q 2 hs2 + 1 + 4 r2 σ2 + 2 hs (σ + 2 r σ)  (hs + σ)2 (hs + r σ)2 ξ2 +

1

O[ξ]
,

2 n

ξ3
-− 2 hs2 n q 2 hs2 + 1 + 4 r2 σ2 + 2 hs (σ + 2 r σ)  (hs + σ)2 (hs + r σ)2 ξ2 +

1

O[ξ]
,

2 n

ξ3
-− 2 hs2 n q 2 hs2 + 1 + 4 r2 σ2 + 2 hs (σ + 2 r σ)  (hs + σ)2 (hs + r σ)2 ξ2 +

1

O[ξ]
,

2 n

ξ3
-− 2 hs2 n q 2 hs2 + 1 + 4 r2 σ2 + 2 hs (σ + 2 r σ)  (hs + σ)2 (hs + r σ)2 ξ2 +

1

O[ξ]
,

2 n

ξ3
-− 2 hs2 n q 2 hs2 + 1 + 4 r2 σ2 + 2 hs (σ + 2 r σ)  (hs + σ)2 (hs + r σ)2 ξ2 +

1

O[ξ]
,

2 n

ξ3
-− 8 hs4 n q2 + hs r (2 + r) σ2 + r2 σ3 + hs2 σ 1 + 2 r + 4 n q2 σ + 16 n q2 r2 σ +

hs3 1 + 8 n q2 (1 + 2 r) σ  2 q (hs + σ)2 (hs + r σ)2 ξ2 +
1

O[ξ]
,

2 n

ξ3
-− 16 hs5 n q2 + 8 hs4 n q2 (3 + 5 r) σ + hs r2 (2 + r) σ3 + r3 σ4 +

hs3 σ r + 16 n q2 σ + 24 n q2 r σ + 48 n q2 r2 σ +

hs2 σ2 r + 4 n q2 σ + 4 n q2 r σ + 16 n q2 r3 σ + 2 r2 1 + 8 n q2 σ 

2 q (hs + σ)2 (hs + r σ)2 (2 hs + σ + r σ) ξ2 +
1

O[ξ]
,

2 n

ξ3
-− 16 hs5 n q2 + hs 1 + 5 r + 3 r2 + r3 σ3 + r 1 + r + r2 σ4 +

hs4 2 + 8 n q2 (3 + 5 r) σ + hs3 σ 5 + 16 n q2 σ + 48 n q2 r2 σ + 3 r 1 + 8 n q2 σ +

hs2 σ2 4 + 4 n q2 σ + 16 n q2 r3 σ + r 7 + 4 n q2 σ + 2 r2 1 + 8 n q2 σ 

2 q (hs + σ)2 (hs + r σ)2 (2 hs + σ + r σ) ξ2 +
1

O[ξ]


This result is equivalent to the prettier form shown in the main text.

Normal[finalAns[[1]]] /∕. ξ → 1 -−

2 n 1 -−
q

1 + r σ
hs

2
2 + (2 + 4 r) ϕ + 1 + 4 r2 ϕ2  (1 + ϕ)2 /∕. ϕ → σ /∕ hs /∕/∕ Simplify

0

As given in equation 5, the coalescence time for two randomly chosen alleles is

SimplifySeries(1 /∕ n) (F11 T1 + F12 T2) + (1 -− 1 /∕ n)
F11^2 T3 + F11 F12 (T4 + T5) + F12^2 ((1 /∕ 4) T6 + (1 /∕ 2) T7 + (1 /∕ 4) T8) /∕. sub1 /∕.

UseTheseAssumptionsOfSmallness /∕. subTinBits /∕/∕. SoFar, {ξ, 0, -−2}

(*⋆check equivalence with equation 5*⋆)
(Normal[%] /∕. ξ → 1) -−

2 n 1 -−
q

1 + r σ
hs

2
2 + (2 + 4 r) ϕ + 1 + 4 r2 ϕ2  (1 + ϕ)2 /∕. ϕ → σ /∕ hs /∕/∕ Simplify

2 n

ξ3
-− 2 hs2 n q 2 hs2 + 1 + 4 r2 σ2 + 2 hs (σ + 2 r σ)  (hs + σ)2 (hs + r σ)2 ξ2 +

1

O[ξ]

0

Analysis assuming low sex and low recombination:
σ𝜎,r ~ O(ξ𝜉),  n ~ O(ξ𝜉-−3)
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Analysis assuming low sex and low recombination:
σ𝜎,r ~ O(ξ𝜉),  n ~ O(ξ𝜉-−3)

See “Analysis assuming high sex and low recombination” for an explanation of how the analysis is 
done. 

subTinBits = {T1 → T1n03 ξ^-−3 + T1n02 ξ^-−2 + T1n01 ξ^-−1 + T1n00 ξ^0 + T1p01 ξ^1,
T2 → T2n03 ξ^-−3 + T2n02 ξ^-−2 + T2n01 ξ^-−1 + T2n00 ξ^0 + T2p01 ξ^1,
T3 → T3n03 ξ^-−3 + T3n02 ξ^-−2 + T3n01 ξ^-−1 + T3n00 ξ^0 + T3p01 ξ^1,
T4 → T4n03 ξ^-−3 + T4n02 ξ^-−2 + T4n01 ξ^-−1 + T4n00 ξ^0 + T4p01 ξ^1,
T5 → T5n03 ξ^-−3 + T5n02 ξ^-−2 + T5n01 ξ^-−1 + T5n00 ξ^0 + T5p01 ξ^1,
T6 → T6n03 ξ^-−3 + T6n02 ξ^-−2 + T6n01 ξ^-−1 + T6n00 ξ^0 + T6p01 ξ^1,
T7 → T7n03 ξ^-−3 + T7n02 ξ^-−2 + T7n01 ξ^-−1 + T7n00 ξ^0 + T7p01 ξ^1,
T8 → T8n03 ξ^-−3 + T8n02 ξ^-−2 + T8n01 ξ^-−1 + T8n00 ξ^0 + T8p01 ξ^1};

Note we are using a different set of assumptions regarding which parameters are small, 
“subsmallLowSexLowRec”, than in the previous section.

UseTheseAssumptionsOfSmallness = subsmallLowSexLowRec

q → q ξ, hs → hs ξ, σ → ξ σ, r → r ξ, n →
n

ξ3


SoFar = {};

f1[x_, toorder_] := Series[x /∕. subTinBits /∕. subTransitions /∕. sub1 /∕.
UseTheseAssumptionsOfSmallness /∕/∕. SoFar, {ξ, 0, toorder}]

eqsZ1 = {f1[eqs[[1]], -−3], f1[eqs[[2]], -−3], f1[eqs[[3]], -−3], f1[eqs[[4]], -−3],
f1[eqs[[5]], -−3], f1[eqs[[6]], -−3], f1[eqs[[7]], -−3], f1[eqs[[8]], -−3]}

Normal[%] /∕. ξ → 1 /∕/∕ Simplify
ans = Solve[eqsZ1, {T1n03, T2n03, T3n03, T4n03, T5n03, T6n03, T7n03, T8n03}]


T1n03 -− T3n03

ξ3
+

1

O[ξ]2
⩵ 0,

T2n03 -− hs T1n03+T5n03 σ
hs+σ

ξ3
+

1

O[ξ]2
⩵ 0,

T3n03 -− T4n03

ξ3
+

1

O[ξ]2
⩵ 0,

-−T3n03 + T4n03

ξ3
+

1

O[ξ]2
⩵ 0,

-−T3n03 + T5n03

ξ3
+

1

O[ξ]2
⩵ 0,

-−T4n03 + T6n03

ξ3
+

1

O[ξ]2
⩵ 0,

T7n03 -− hs T4n03+T5n03 (hs+σ)
2 hs+σ

ξ3
+

1

O[ξ]2
⩵ 0,

-−T5n03 + T8n03

ξ3
+

1

O[ξ]2
⩵ 0

T1n03 ⩵ T3n03, T2n03 ⩵
hs T1n03 + T5n03 σ

hs + σ
, T3n03 ⩵ T4n03, T3n03 ⩵ T4n03, T3n03 ⩵ T5n03,

T4n03 ⩵ T6n03, T7n03 ⩵ (hs (T4n03 + T5n03) + T5n03 σ) /∕ (2 hs + σ), T5n03 ⩵ T8n03

Solve::svars: Equationsmaynotgivesolutionsforall "solve" variables. !

{{T1n03 → T3n03, T2n03 → T3n03, T4n03 → T3n03,
T5n03 → T3n03, T6n03 → T3n03, T7n03 → T3n03, T8n03 → T3n03}}
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SoFar = Join[SoFar, ans[[1]]];
eqsZ1 = {f1[eqs[[1]], -−2], f1[eqs[[2]], -−2], f1[eqs[[3]], -−2], f1[eqs[[4]], -−2],

f1[eqs[[5]], -−2], f1[eqs[[6]], -−2], f1[eqs[[7]], -−2], f1[eqs[[8]], -−2]}
Normal[%] /∕. ξ → 1 /∕/∕ Simplify
ans =
Solve[eqsZ1, {T1n02, T2n02, T3n03, T4n02, T5n02, T6n02, T7n02, T8n02}] /∕/∕ Simplify


T1n02 -− T3n02

ξ2
+

1

O[ξ]
⩵ 0,

T2n02 + -−hs T1n02-−T5n02 σ
hs+σ

ξ2
+

1

O[ξ]
⩵ 0,

T3n02 + -−2 n+T3n03-−4 n q T4n02 σ
4 n q σ

ξ2
+

1

O[ξ]
⩵ 0,

-−T3n02 + T4n02

ξ2
+

1

O[ξ]
⩵ 0,

-−T3n02 + T5n02

ξ2
+

1

O[ξ]
⩵ 0,

1

ξ2
(T6n02 + (T3n03 -− 4 hs n q T4n02 -− 4 n q T4n02 σ) /∕ (4 n q (hs + σ))) +

1

O[ξ]
⩵ 0,

1

ξ2
(T7n02 + (-−hs T4n02 -− hs T5n02 -− T5n02 σ) /∕ (2 hs + σ)) +

1

O[ξ]
⩵ 0,

T3n03-−4 hs n q T5n02
4 hs n q

+ T8n02

ξ2
+

1

O[ξ]
⩵ 0

T1n02 ⩵ T3n02, T2n02 ⩵
hs T1n02 + T5n02 σ

hs + σ
,

1

n q σ
(T3n03 + n (-−2 + 4 q (T3n02 -− T4n02) σ)) ⩵ 0, T3n02 ⩵ T4n02,

T3n02 ⩵ T5n02, (-−T3n03 + 4 n q (T4n02 -− T6n02) (hs + σ)) /∕ (n q (hs + σ)) ⩵ 0,

T7n02 ⩵ (hs (T4n02 + T5n02) + T5n02 σ) /∕ (2 hs + σ),
T3n03

4 hs n q
+ T8n02 ⩵ T5n02

T1n02 → T3n02, T2n02 → T3n02, T3n03 → 2 n, T4n02 → T3n02,
T5n02 → T3n02, T6n02 → (-−1 + 2 hs q T3n02 + 2 q T3n02 σ) /∕ (2 q (hs + σ)),

T7n02 → T3n02, T8n02 → -−
1

2 hs q
+ T3n02

SoFar = Join[SoFar, ans[[1]]];
eqsZ1 = {f1[eqs[[1]], -−1], f1[eqs[[2]], -−1], f1[eqs[[3]], -−1], f1[eqs[[4]], -−1],

f1[eqs[[5]], -−1], f1[eqs[[6]], -−1], f1[eqs[[7]], -−1], f1[eqs[[8]], -−1]}
Normal[%] /∕. ξ → 1 /∕/∕ Simplify
ans =
Solve[eqsZ1, {T1n01, T2n01, T3n02, T4n01, T5n01, T6n01, T7n01, T8n01}] /∕/∕ Simplify
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
T1n01 + -−1-−T3n01 σ

σ

ξ
+ O[ξ]0 ⩵ 0,

T2n01 + -−1-−hs T1n01-−T5n01 σ
hs+σ

ξ
+ O[ξ]0 ⩵ 0,

T3n01 + 4 n q+T3n02-−4 n q T4n01 σ
4 n q σ

ξ
+ O[ξ]0 ⩵ 0,

1

ξ
T4n01 + -−2 hs -− 2 hs2 T3n01 -− σ -− 4 hs T3n01 σ -− 2 T3n01 σ2  2 (hs + σ)2 + O[ξ]0 ⩵ 0,

-−1-−hs T3n01
hs

+ T5n01

ξ
+ O[ξ]0 ⩵ 0,

1

ξ
T6n01 +

1

8 n q2 (hs + σ)2
-−1 -− 6 hs2 n q + 2 hs q T3n02 -− 8 hs2 n q2 T4n01 -− 8 hs n q σ +

2 q T3n02 σ -− 16 hs n q2 T4n01 σ -− 6 n q σ2 -− 8 n q2 T4n01 σ2 + O[ξ]0 ⩵ 0,

1

ξ
T7n01 + -−2 hs q -− 2 hs2 q T4n01 -− 2 hs2 q T5n01 -− 2 q σ + r σ -− 2 hs q T4n01 σ -−

4 hs q T5n01 σ -− 2 q T5n01 σ2  (2 q (hs + σ) (2 hs + σ)) + O[ξ]0 ⩵ 0,
1

ξ
T8n01 + -−1 -− 6 hs2 n q + 2 hs q T3n02 -− 8 hs2 n q2 T5n01 -− 4 n q r σ  8 hs2 n q2 + O[ξ]0 ⩵ 0

T1n01 ⩵ T3n01 +
1

σ
, T2n01 ⩵

1 + hs T1n01 + T5n01 σ

hs + σ
, T3n01 +

4 + T3n02
n q

4 σ
⩵ T4n01,

T4n01 ⩵ 2 hs + 2 hs2 T3n01 + σ + 4 hs T3n01 σ + 2 T3n01 σ2  2 (hs + σ)2,
1

hs
+ T3n01 ⩵ T5n01, T6n01 ⩵

1

8 n q2 (hs + σ)2
1 + 2 hs2 n q (3 + 4 q T4n01) +

8 n q2 T4n01 σ2 -− 2 q σ (T3n02 -− 3 n σ) + 2 hs q (-−T3n02 + 4 n (1 + 2 q T4n01) σ),
1

q (hs + σ) (2 hs + σ)
2 hs2 q (T4n01 + T5n01 -− 2 T7n01) +

2 hs q (1 + T4n01 σ + 2 T5n01 σ -− 3 T7n01 σ) + σ (-−r + 2 q (1 + T5n01 σ -− T7n01 σ)) ⩵ 0,

hs (6 + 8 q (T5n01 -− T8n01)) +

1
n q + 4 r σ

hs
⩵

2 T3n02

n


T1n01 → T3n01 +
1

σ
, T2n01 → σ2 + hs2 (1 + T3n01 σ) + hs σ (1 + T3n01 σ)  (hs σ (hs + σ)),

T3n02 → -−2 n q 2 hs2 + 2 hs σ + σ2  (hs + σ)2, T4n01 →

2 hs + 2 hs2 T3n01 + σ + 4 hs T3n01 σ + 2 T3n01 σ2  2 (hs + σ)2, T5n01 →
1

hs
+ T3n01,

T6n01 →
1

8 n q2 (hs + σ)3
2 hs3 n q (3 + 4 q T3n01) + 2 hs2 n q (7 σ + 4 q (2 + 3 T3n01 σ)) +

σ (1 + 2 n q σ (4 q + 3 σ + 4 q T3n01 σ)) + hs (1 + 2 n q σ (7 σ + 2 q (5 + 6 T3n01 σ))),
T7n01 → 4 hs4 q T3n01 + 2 q σ3 + 2 hs3 q (3 + 5 T3n01 σ) + hs σ2 (-−r + 2 q (4 + T3n01 σ)) +

hs2 σ (-−r + q (11 + 8 T3n01 σ))  2 hs q (hs + σ)2 (2 hs + σ),

T8n01 →
1

8 hs2 n q2 (hs + σ)2
2 hs4 n q (3 + 4 q T3n01) + σ2 (1 + 4 n q r σ) +

2 hs σ (1 + 2 n q (3 q + 2 r) σ) + 4 hs3 n q (3 σ + 4 q (1 + T3n01 σ)) +
hs2 (1 + 2 n q σ (2 r + 3 σ + 4 q (3 + T3n01 σ)))
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SoFar = Join[SoFar, ans[[1]]]

T1n03 → T3n03, T2n03 → T3n03, T4n03 → T3n03, T5n03 → T3n03, T6n03 → T3n03,
T7n03 → T3n03, T8n03 → T3n03, T1n02 → T3n02, T2n02 → T3n02, T3n03 → 2 n,
T4n02 → T3n02, T5n02 → T3n02, T6n02 → (-−1 + 2 hs q T3n02 + 2 q T3n02 σ) /∕ (2 q (hs + σ)),

T7n02 → T3n02, T8n02 → -−
1

2 hs q
+ T3n02, T1n01 → T3n01 +

1

σ
,

T2n01 → σ2 + hs2 (1 + T3n01 σ) + hs σ (1 + T3n01 σ)  (hs σ (hs + σ)),

T3n02 → -−
2 n q 2 hs2 + 2 hs σ + σ2

(hs + σ)2
,

T4n01 → 2 hs + 2 hs2 T3n01 + σ + 4 hs T3n01 σ + 2 T3n01 σ2  2 (hs + σ)2, T5n01 →
1

hs
+ T3n01,

T6n01 →
1

8 n q2 (hs + σ)3
2 hs3 n q (3 + 4 q T3n01) + 2 hs2 n q (7 σ + 4 q (2 + 3 T3n01 σ)) +

σ (1 + 2 n q σ (4 q + 3 σ + 4 q T3n01 σ)) + hs (1 + 2 n q σ (7 σ + 2 q (5 + 6 T3n01 σ))),
T7n01 → 4 hs4 q T3n01 + 2 q σ3 + 2 hs3 q (3 + 5 T3n01 σ) + hs σ2 (-−r + 2 q (4 + T3n01 σ)) + hs2

σ (-−r + q (11 + 8 T3n01 σ))  2 hs q (hs + σ)2 (2 hs + σ), T8n01 →
1

8 hs2 n q2 (hs + σ)2

2 hs4 n q (3 + 4 q T3n01) + σ2 (1 + 4 n q r σ) + 2 hs σ (1 + 2 n q (3 q + 2 r) σ) +

4 hs3 n q (3 σ + 4 q (1 + T3n01 σ)) + hs2 (1 + 2 n q σ (2 r + 3 σ + 4 q (3 + T3n01 σ)))

finalAns = Simplify[
Series[{T1, T2, T3, T4, T5, T6, T7, T8} /∕. subTinBits /∕/∕. SoFar, {ξ, 0, -−2}]]


2 n

ξ3
-− 2 n q 2 hs2 + 2 hs σ + σ2  (hs + σ)2 ξ2 +

1

O[ξ]
,

2 n

ξ3
-− 2 n q 2 hs2 + 2 hs σ + σ2  (hs + σ)2 ξ2 +

1

O[ξ]
,

2 n

ξ3
-− 2 n q 2 hs2 + 2 hs σ + σ2  (hs + σ)2 ξ2 +

1

O[ξ]
,

2 n

ξ3
-− 2 n q 2 hs2 + 2 hs σ + σ2  (hs + σ)2 ξ2 +

1

O[ξ]
,

2 n

ξ3
-− 2 n q 2 hs2 + 2 hs σ + σ2  (hs + σ)2 ξ2 +

1

O[ξ]
,

2 n

ξ3
-− hs + 8 hs2 n q2 + σ + 8 hs n q2 σ + 4 n q2 σ2  2 q (hs + σ)2 ξ2 +

1

O[ξ]
,

2 n

ξ3
-− 2 n q 2 hs2 + 2 hs σ + σ2  (hs + σ)2 ξ2 +

1

O[ξ]
,

2 n

ξ3
+

1

ξ2
-−

1

2 hs q
-−
4 hs2 n q

(hs + σ)2
-−
4 hs n q σ

(hs + σ)2
-−

2 n q σ2

(hs + σ)2
+

1

O[ξ]


Normal[finalAns[[3]]] /∕. ξ → 1 -− 2 n 1 -− q
2 + 2 ϕ + ϕ2

(1 + ϕ)2
/∕. ϕ → σ /∕ hs /∕/∕ Simplify

0

The coalescence time for two randomly chosen alleles is

CoalescentWithBackgroundSelectionV6forSupMat.nb     45



SimplifySeries(1 /∕ n) (F11 T1 + F12 T2) + (1 -− 1 /∕ n)
F11^2 T3 + F11 F12 (T4 + T5) + F12^2 ((1 /∕ 4) T6 + (1 /∕ 2) T7 + (1 /∕ 4) T8) /∕. sub1 /∕.

UseTheseAssumptionsOfSmallness /∕. subTinBits /∕/∕. SoFar, {ξ, 0, -−2}

(*⋆check equivalence*⋆)

(Normal[%] /∕. ξ → 1) -− 2 n 1 -− q
2 + 2 ϕ + ϕ2

(1 + ϕ)2
/∕. ϕ → σ /∕ hs /∕/∕ Simplify

2 n

ξ3
-−
2 n q 2 hs2 + 2 hs σ + σ2

(hs + σ)2 ξ2
+

1

O[ξ]

0

Analysis assuming very low sex and high recombination:
σ𝜎 ~ O(ξ𝜉2), r ~ O(1),  n ~ O(ξ𝜉^-3)
This is where equation [7] in the text is derived.

See “Analysis assuming high sex and low recombination” for an explanation of how the analysis is 
done. 

subTinBits = {T1 → T1n03 ξ^-−3 + T1n02 ξ^-−2 + T1n01 ξ^-−1 + T1n00 ξ^0 + T1p01 ξ^1,
T2 → T2n03 ξ^-−3 + T2n02 ξ^-−2 + T2n01 ξ^-−1 + T2n00 ξ^0 + T2p01 ξ^1,
T3 → T3n03 ξ^-−3 + T3n02 ξ^-−2 + T3n01 ξ^-−1 + T3n00 ξ^0 + T3p01 ξ^1,
T4 → T4n03 ξ^-−3 + T4n02 ξ^-−2 + T4n01 ξ^-−1 + T4n00 ξ^0 + T4p01 ξ^1,
T5 → T5n03 ξ^-−3 + T5n02 ξ^-−2 + T5n01 ξ^-−1 + T5n00 ξ^0 + T5p01 ξ^1,
T6 → T6n03 ξ^-−3 + T6n02 ξ^-−2 + T6n01 ξ^-−1 + T6n00 ξ^0 + T6p01 ξ^1,
T7 → T7n03 ξ^-−3 + T7n02 ξ^-−2 + T7n01 ξ^-−1 + T7n00 ξ^0 + T7p01 ξ^1,
T8 → T8n03 ξ^-−3 + T8n02 ξ^-−2 + T8n01 ξ^-−1 + T8n00 ξ^0 + T8p01 ξ^1};

Note we are using a different set of assumptions regarding which parameters are small, 
“subsmallLowSexLowRec”, than in the previous section.

UseTheseAssumptionsOfSmallness = subsmallLowLowSexHighRec

q → q ξ, hs → hs ξ, σ → ξ2 σ, n →
n

ξ3


SoFar = {};

f1[x_, toorder_] := Series[x /∕. subTinBits /∕. subTransitions /∕. sub1 /∕.
UseTheseAssumptionsOfSmallness /∕/∕. SoFar, {ξ, 0, toorder}]
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eqsZ1 = {f1[eqs[[1]], -−3], f1[eqs[[2]], -−3], f1[eqs[[3]], -−3], f1[eqs[[4]], -−3],
f1[eqs[[5]], -−3], f1[eqs[[6]], -−3], f1[eqs[[7]], -−3], f1[eqs[[8]], -−3]}

Normal[%] /∕. ξ → 1 /∕/∕ Simplify
ans = Solve[eqsZ1, {T1n03, T2n03, T3n03, T4n03, T5n03, T6n03, T7n03, T8n03}]


T1n03 -− T3n03

ξ3
+

1

O[ξ]2
⩵ 0,

-−T1n03 + T2n03

ξ3
+

1

O[ξ]2
⩵ 0,

1

ξ3
T3n03 -− n 1 +

T1n03

2 n
-− 2 q (-−1 + r) T4n03 σ + 2 q r T5n03 σ  (1 + 2 n q σ) +

1

O[ξ]2
⩵ 0,

-−T3n03 + T4n03

ξ3
+

1

O[ξ]2
⩵ 0,

-−T3n03 + T5n03

ξ3
+

1

O[ξ]2
⩵ 0,

-−T4n03 + T6n03

ξ3
+

1

O[ξ]2
⩵ 0,

1
2
(-−T4n03 -− T5n03) + T7n03

ξ3
+

1

O[ξ]2
⩵ 0,

-−T5n03 + T8n03

ξ3
+

1

O[ξ]2
⩵ 0

{T1n03 ⩵ T3n03, T1n03 ⩵ T2n03,
(-−T1n03 + 2 T3n03 + n (-−2 + 4 q (T3n03 + (-−1 + r) T4n03 -− r T5n03) σ)) /∕ (1 + 2 n q σ) ⩵ 0,
T3n03 ⩵ T4n03, T3n03 ⩵ T5n03, T4n03 ⩵ T6n03, T4n03 + T5n03 ⩵ 2 T7n03, T5n03 ⩵ T8n03}

{{T1n03 → 2 n, T2n03 → 2 n, T3n03 → 2 n,
T4n03 → 2 n, T5n03 → 2 n, T6n03 → 2 n, T7n03 → 2 n, T8n03 → 2 n}}
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SoFar = Join[SoFar, ans[[1]]]

eqsZ1 = {f1[eqs[[1]], -−2], f1[eqs[[2]], -−2], f1[eqs[[3]], -−2], f1[eqs[[4]], -−2],
f1[eqs[[5]], -−2], f1[eqs[[6]], -−2], f1[eqs[[7]], -−2], f1[eqs[[8]], -−2]}

Normal[%] /∕. ξ → 1 /∕/∕ Simplify
ans = Solve[eqsZ1, {T1n02, T2n02, T3n02, T4n02, T5n02, T6n02, T7n02, T8n02}]

{T1n03 → 2 n, T2n03 → 2 n, T3n03 → 2 n,
T4n03 → 2 n, T5n03 → 2 n, T6n03 → 2 n, T7n03 → 2 n, T8n03 → 2 n}


T1n02 + -−1-−T3n02 σ

σ

ξ2
+

1

O[ξ]
⩵ 0,

-−T1n02 + T2n02

ξ2
+

1

O[ξ]
⩵ 0,

1

ξ2
(T3n02 + (4 n q -− T1n02 -− 4 n q T4n02 σ + 4 n q r T4n02 σ -− 4 n q r T5n02 σ) /∕ (2 (1 + 2 n q σ))) +

1

O[ξ]
⩵ 0,

-−T3n02 + T4n02

ξ2
+

1

O[ξ]
⩵ 0,

-−T3n02 + T5n02

ξ2
+

1

O[ξ]
⩵ 0,

1-−2 hs q T4n02
2 hs q

+ T6n02

ξ2
+

1

O[ξ]
⩵ 0,

1
2
(-−T4n02 -− T5n02) + T7n02

ξ2
+

1

O[ξ]
⩵ 0,

1-−2 hs q T5n02
2 hs q

+ T8n02

ξ2
+

1

O[ξ]
⩵ 0

T1n02 ⩵ T3n02 +
1

σ
, T1n02 ⩵ T2n02,

(-−T1n02 + 2 T3n02 + 4 n q (1 + T3n02 σ + (-−1 + r) T4n02 σ -− r T5n02 σ)) /∕ (1 + 2 n q σ) ⩵ 0,

T3n02 ⩵ T4n02, T3n02 ⩵ T5n02,
1

2 hs q
+ T6n02 ⩵ T4n02,

T4n02 + T5n02 ⩵ 2 T7n02,
1

2 hs q
+ T8n02 ⩵ T5n02

T1n02 → -−
2 (-−1 + 2 n q σ)

σ
, T2n02 → -−

2 (-−1 + 2 n q σ)

σ
, T3n02 → -−

-−1 + 4 n q σ

σ
,

T4n02 → -−
-−1 + 4 n q σ

σ
, T5n02 → -−

-−1 + 4 n q σ

σ
, T6n02 → -−

-−2 hs q + σ + 8 hs n q2 σ

2 hs q σ
,

T7n02 → -−
-−1 + 4 n q σ

σ
, T8n02 → -−

-−2 hs q + σ + 8 hs n q2 σ

2 hs q σ


SoFar = Join[SoFar, ans[[1]]]

T1n03 → 2 n, T2n03 → 2 n, T3n03 → 2 n, T4n03 → 2 n, T5n03 → 2 n, T6n03 → 2 n,

T7n03 → 2 n, T8n03 → 2 n, T1n02 → -−
2 (-−1 + 2 n q σ)

σ
, T2n02 → -−

2 (-−1 + 2 n q σ)

σ
,

T3n02 → -−
-−1 + 4 n q σ

σ
, T4n02 → -−

-−1 + 4 n q σ

σ
, T5n02 → -−

-−1 + 4 n q σ

σ
,

T6n02 → -−
-−2 hs q + σ + 8 hs n q2 σ

2 hs q σ
, T7n02 → -−

-−1 + 4 n q σ

σ
, T8n02 → -−

-−2 hs q + σ + 8 hs n q2 σ

2 hs q σ

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finalAns = Simplify[
Series[{T1, T2, T3, T4, T5, T6, T7, T8} /∕. subTinBits /∕/∕. SoFar, {ξ, 0, -−2}]]


2 n

ξ3
+
-−4 n q + 2

σ

ξ2
+

1

O[ξ]
,
2 n

ξ3
+
-−4 n q + 2

σ

ξ2
+

1

O[ξ]
,

2 n

ξ3
+
-−4 n q + 1

σ

ξ2
+

1

O[ξ]
,
2 n

ξ3
+
-−4 n q + 1

σ

ξ2
+

1

O[ξ]
,
2 n

ξ3
+
-−4 n q + 1

σ

ξ2
+

1

O[ξ]
,

2 n

ξ3
+
-− 1

2 hs q
-− 4 n q + 1

σ

ξ2
+

1

O[ξ]
,
2 n

ξ3
+
-−4 n q + 1

σ

ξ2
+

1

O[ξ]
,
2 n

ξ3
+
-− 1

2 hs q
-− 4 n q + 1

σ

ξ2
+

1

O[ξ]


Normal[finalAns[[3]]] /∕. ξ → 1 -− 2 n (1 -− 2 q) +
1

σ
/∕/∕ Simplify

0

As given by equation 7, the coalescence time for two randomly chosen alleles is

SimplifySeries(1 /∕ n) (F11 T1 + F12 T2) + (1 -− 1 /∕ n)
F11^2 T3 + F11 F12 (T4 + T5) + F12^2 ((1 /∕ 4) T6 + (1 /∕ 2) T7 + (1 /∕ 4) T8) /∕. sub1 /∕.

UseTheseAssumptionsOfSmallness /∕. subTinBits /∕/∕. SoFar, {ξ, 0, -−2}

(*⋆check equivalence*⋆)

(Normal[%] /∕. ξ → 1) -− 2 n (1 -− 2 q) +
1

σ
/∕/∕ Simplify

2 n

ξ3
+
-−4 n q + 1

σ

ξ2
+

1

O[ξ]

0

Analysis assuming very low sex and low recombination:
σ𝜎 ~ O(ξ𝜉2), r ~ O(ξ𝜉),  n ~ O(ξ𝜉-−3)
(gives same result as above with high recombination, i.e., eq. [7])
See “Analysis assuming high sex and low recombination” for an explanation of how the analysis is 
done. 

subTinBits = {T1 → T1n03 ξ^-−3 + T1n02 ξ^-−2 + T1n01 ξ^-−1 + T1n00 ξ^0 + T1p01 ξ^1,
T2 → T2n03 ξ^-−3 + T2n02 ξ^-−2 + T2n01 ξ^-−1 + T2n00 ξ^0 + T2p01 ξ^1,
T3 → T3n03 ξ^-−3 + T3n02 ξ^-−2 + T3n01 ξ^-−1 + T3n00 ξ^0 + T3p01 ξ^1,
T4 → T4n03 ξ^-−3 + T4n02 ξ^-−2 + T4n01 ξ^-−1 + T4n00 ξ^0 + T4p01 ξ^1,
T5 → T5n03 ξ^-−3 + T5n02 ξ^-−2 + T5n01 ξ^-−1 + T5n00 ξ^0 + T5p01 ξ^1,
T6 → T6n03 ξ^-−3 + T6n02 ξ^-−2 + T6n01 ξ^-−1 + T6n00 ξ^0 + T6p01 ξ^1,
T7 → T7n03 ξ^-−3 + T7n02 ξ^-−2 + T7n01 ξ^-−1 + T7n00 ξ^0 + T7p01 ξ^1,
T8 → T8n03 ξ^-−3 + T8n02 ξ^-−2 + T8n01 ξ^-−1 + T8n00 ξ^0 + T8p01 ξ^1};

Note we are using a different set of assumptions regarding which parameters are small, 
“subsmallLowSexLowRec”, than in the previous section.

UseTheseAssumptionsOfSmallness = subsmallLowLowSexLowRec;
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SoFar = {};

f1[x_, toorder_] := Series[x /∕. subTinBits /∕. subTransitions /∕. sub1 /∕.
UseTheseAssumptionsOfSmallness /∕/∕. SoFar, {ξ, 0, toorder}]

eqsZ1 = {f1[eqs[[1]], -−3], f1[eqs[[2]], -−3], f1[eqs[[3]], -−3], f1[eqs[[4]], -−3],
f1[eqs[[5]], -−3], f1[eqs[[6]], -−3], f1[eqs[[7]], -−3], f1[eqs[[8]], -−3]}

Normal[%] /∕. ξ → 1 /∕/∕ Simplify
ans = Solve[eqsZ1, {T1n03, T2n03, T3n03, T4n03, T5n03, T6n03, T7n03, T8n03}]


T1n03 -− T3n03

ξ3
+

1

O[ξ]2
⩵ 0,

-−T1n03 + T2n03

ξ3
+

1

O[ξ]2
⩵ 0,

T3n03 + -−2 n-−T1n03-−4 n q T4n03 σ
2 (1+2 n q σ)

ξ3
+

1

O[ξ]2
⩵ 0,

-−T3n03 + T4n03

ξ3
+

1

O[ξ]2
⩵ 0,

-−T3n03 + T5n03

ξ3
+

1

O[ξ]2
⩵ 0,

-−T4n03 + T6n03

ξ3
+

1

O[ξ]2
⩵ 0,

1
2
(-−T4n03 -− T5n03) + T7n03

ξ3
+

1

O[ξ]2
⩵ 0,

-−T5n03 + T8n03

ξ3
+

1

O[ξ]2
⩵ 0

T1n03 ⩵ T3n03, T1n03 ⩵ T2n03, T3n03 ⩵
2 n + T1n03 + 4 n q T4n03 σ

2 + 4 n q σ
, T3n03 ⩵ T4n03,

T3n03 ⩵ T5n03, T4n03 ⩵ T6n03, T4n03 + T5n03 ⩵ 2 T7n03, T5n03 ⩵ T8n03

{{T1n03 → 2 n, T2n03 → 2 n, T3n03 → 2 n,
T4n03 → 2 n, T5n03 → 2 n, T6n03 → 2 n, T7n03 → 2 n, T8n03 → 2 n}}
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SoFar = Join[SoFar, ans[[1]]]

eqsZ1 = {f1[eqs[[1]], -−2], f1[eqs[[2]], -−2], f1[eqs[[3]], -−2], f1[eqs[[4]], -−2],
f1[eqs[[5]], -−2], f1[eqs[[6]], -−2], f1[eqs[[7]], -−2], f1[eqs[[8]], -−2]}

Normal[%] /∕. ξ → 1 /∕/∕ Simplify
ans = Solve[eqsZ1, {T1n02, T2n02, T3n02, T4n02, T5n02, T6n02, T7n02, T8n02}]

{T1n03 → 2 n, T2n03 → 2 n, T3n03 → 2 n,
T4n03 → 2 n, T5n03 → 2 n, T6n03 → 2 n, T7n03 → 2 n, T8n03 → 2 n}


T1n02 -− T3n02 -− 1

σ

ξ2
+

1

O[ξ]
⩵ 0,

-−T1n02 + T2n02

ξ2
+

1

O[ξ]
⩵ 0,

T3n02 + 4 n q-−T1n02-−4 n q T4n02 σ
2 (1+2 n q σ)

ξ2
+

1

O[ξ]
⩵ 0,

-−T3n02 + T4n02

ξ2
+

1

O[ξ]
⩵ 0,

-−T3n02 + T5n02

ξ2
+

1

O[ξ]
⩵ 0,

1-−2 hs q T4n02
2 hs q

+ T6n02

ξ2
+

1

O[ξ]
⩵ 0,

1
2
(-−T4n02 -− T5n02) + T7n02

ξ2
+

1

O[ξ]
⩵ 0,

1-−2 hs q T5n02
2 hs q

+ T8n02

ξ2
+

1

O[ξ]
⩵ 0

T1n02 ⩵ T3n02 +
1

σ
, T1n02 ⩵ T2n02,

T3n02 ⩵ (T1n02 + 4 n q (-−1 + T4n02 σ)) /∕ (2 + 4 n q σ), T3n02 ⩵ T4n02, T3n02 ⩵ T5n02,
1

2 hs q
+ T6n02 ⩵ T4n02, T4n02 + T5n02 ⩵ 2 T7n02,

1

2 hs q
+ T8n02 ⩵ T5n02

T1n02 → -−
2 (-−1 + 2 n q σ)

σ
, T2n02 → -−

2 (-−1 + 2 n q σ)

σ
, T3n02 → -−

-−1 + 4 n q σ

σ
,

T4n02 → -−
-−1 + 4 n q σ

σ
, T5n02 → -−

-−1 + 4 n q σ

σ
, T6n02 → -−

-−2 hs q + σ + 8 hs n q2 σ

2 hs q σ
,

T7n02 → -−
-−1 + 4 n q σ

σ
, T8n02 → -−

-−2 hs q + σ + 8 hs n q2 σ

2 hs q σ


SoFar = Join[SoFar, ans[[1]]]

T1n03 → 2 n, T2n03 → 2 n, T3n03 → 2 n, T4n03 → 2 n, T5n03 → 2 n, T6n03 → 2 n,

T7n03 → 2 n, T8n03 → 2 n, T1n02 → -−
2 (-−1 + 2 n q σ)

σ
, T2n02 → -−

2 (-−1 + 2 n q σ)

σ
,

T3n02 → -−
-−1 + 4 n q σ

σ
, T4n02 → -−

-−1 + 4 n q σ

σ
, T5n02 → -−

-−1 + 4 n q σ

σ
,

T6n02 → -−
-−2 hs q + σ + 8 hs n q2 σ

2 hs q σ
, T7n02 → -−

-−1 + 4 n q σ

σ
, T8n02 → -−

-−2 hs q + σ + 8 hs n q2 σ

2 hs q σ


CoalescentWithBackgroundSelectionV6forSupMat.nb     51



finalAns = Simplify[
Series[{T1, T2, T3, T4, T5, T6, T7, T8} /∕. subTinBits /∕/∕. SoFar, {ξ, 0, -−2}]]


2 n

ξ3
+
-−4 n q + 2

σ

ξ2
+

1

O[ξ]
,
2 n

ξ3
+
-−4 n q + 2

σ

ξ2
+

1

O[ξ]
,

2 n

ξ3
+
-−4 n q + 1

σ

ξ2
+

1

O[ξ]
,
2 n

ξ3
+
-−4 n q + 1

σ

ξ2
+

1

O[ξ]
,
2 n

ξ3
+
-−4 n q + 1

σ

ξ2
+

1

O[ξ]
,

2 n

ξ3
+
-− 1

2 hs q
-− 4 n q + 1

σ

ξ2
+

1

O[ξ]
,
2 n

ξ3
+
-−4 n q + 1

σ

ξ2
+

1

O[ξ]
,
2 n

ξ3
+
-− 1

2 hs q
-− 4 n q + 1

σ

ξ2
+

1

O[ξ]


SimplifySeries(1 /∕ n) (F11 T1 + F12 T2) + (1 -− 1 /∕ n)
F11^2 T3 + F11 F12 (T4 + T5) + F12^2 ((1 /∕ 4) T6 + (1 /∕ 2) T7 + (1 /∕ 4) T8) /∕. sub1 /∕.

UseTheseAssumptionsOfSmallness /∕. subTinBits /∕/∕. SoFar, {ξ, 0, -−2}

(*⋆check equivalence*⋆)

(Normal[%] /∕. ξ → 1) -− 2 n (1 -− 2 q) +
1

σ
/∕/∕ Simplify

2 n

ξ3
+
-−4 n q + 1

σ

ξ2
+

1

O[ξ]

0

Results summary (corresponding to the different sets of assumptions above)
[Eq. 4] High sex, low rec: σ𝜎 ~ O(ξ𝜉), r ~ O(1), n ~ O(ξ𝜉-−3)

2 n 1 -−
q

1 + r
hs

σ2

Low sex, low rec: σ𝜎,r ~ O(ξ𝜉),  n ~ O(ξ𝜉-−3)  
(ϕ𝜑 = σ𝜎/hs)

2 n 1 -− q
2 + 2 ϕ + ϕ2

(1 + ϕ)2

[Eq. 5] Low sex, high rec: σ𝜎 ~ O(ξ𝜉2), r ~ O(1),  n ~ O(ξ𝜉-−3)

2 n 1 -−
q

1 + r σ
hs

2
Ψ

where  Ψ = 2+(2+4 r) ϕ+1+4 r2 ϕ2

(1+ϕ)2

[Eq. 7] Very low sex: σ𝜎 ~ O(ξ𝜉2), n ~ O(ξ𝜉-−3)

2 n (1 -− 2 q) +
1

σ

Extension to multiple loci
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Extension to multiple loci
Clear["`*⋆"];
Off[NIntegrate::inumr];

Recombination mapping functions
Mapping functions (recombination as a function of distance x measured in Morgans)

R[x_] := (1 -− Exp[-−2 x]) /∕ 2
R2[x_] := x (*⋆linear function*⋆)

Haldane’s mapping function is approximately linear  for small x (e.g., x < 0.05)

Plot[{R[x], R2[x]}, {x, 0, 0.5}, PlotStyle → {Black, Blue}]
Plot[{R[x], R2[x]}, {x, 0, 0.05}, PlotStyle → {Black, Blue}]
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0.2

0.3
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0.5

0.01 0.02 0.03 0.04 0.05

0.01

0.02

0.03

0.04

0.05

Background selection across the genome 
U is diploid genome-wide mutation rate
Numerical integration based on equation 9 of main text.

The equations below follow from equation 9 in the text, using the result given in equation 5.

As explained in the text, we consider the case where the total map length of the genome is L Morgans.  
The focal site is at the center of a 1 Morgan chromosome.  

Assuming selected sites are evenly distributed throughout the genome, then u = (U/2)/L where U is the 
diploid genome-wide rate of deleterious mutation.

First we consider background selection from “unlinked” sites, i.e., sites on chromosomes other than the 
focal site’s chromosome.  For such sites r = 1/2. 

In the functions below “SubVals” is an argument that is a set of substitutions providing values for the 
relevant parameters.
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The equations below follow from equation 9 in the text, using the result given in equation 5.

As explained in the text, we consider the case where the total map length of the genome is L Morgans.  
The focal site is at the center of a 1 Morgan chromosome.  

Assuming selected sites are evenly distributed throughout the genome, then u = (U/2)/L where U is the 
diploid genome-wide rate of deleterious mutation.

First we consider background selection from “unlinked” sites, i.e., sites on chromosomes other than the 
focal site’s chromosome.  For such sites r = 1/2. 

In the functions below “SubVals” is an argument that is a set of substitutions providing values for the 
relevant parameters.

BackgroundSelectionUnlinked[σ_, SubVals_] := ExpNIntegrate
-−hs 1 + 4 r2 σ2 + 2 hs2 + 2 σ (hs + 2 r hs) (U /∕ 2)  L (σ + hs)2 (r σ + hs)2 /∕.

r → 1 /∕ 2 /∕/∕. SubVals, {x, 1, L /∕. SubVals}

Next we consider “linked” sites (those on the same chromosome as the focal site).

The first function considers all linked sites.
The second funcntion considers only those that are tightly linked (i.e., within a distance of mmax Mor-
gans of the focal neutral site).
The third function considers only those that are loosely linked (i.e., beyond a distance of mmax Mor-
gans).

BackgroundSelectionLinked[σ_, SubVals_] :=
Exp2 *⋆ NIntegrate-−hs 1 + 4 R[x]2 σ2 + 2 hs2 + 2 σ (hs + 2 R[x] hs) (U /∕ 2) 

L (σ + hs)2 (R[x] σ + hs)2 /∕/∕. SubVals, {x, 0, 1 /∕ 2}

BackgroundSelectionTIGHTLYLinked[σ_, SubVals_] :=
Exp2 *⋆ NIntegrate-−hs 1 + 4 R[x]2 σ2 + 2 hs2 + 2 σ (hs + 2 R[x] hs) (U /∕ 2) 

L (σ + hs)2 (R[x] σ + hs)2 /∕/∕. SubVals, {x, 0, mmax /∕. SubVals}
BackgroundSelectionLOOSELYLinked[σ_, SubVals_] :=
Exp2 *⋆ NIntegrate-−hs 1 + 4 R[x]2 σ2 + 2 hs2 + 2 σ (hs + 2 R[x] hs) (U /∕ 2) 

L (σ + hs)2 (R[x] σ + hs)2 /∕/∕. SubVals, {x, mmax /∕. SubVals, 1 /∕ 2}

The total background selection can be obtained by combining the effects from unlinked and linked loci.

BackgroundSelection[σ_, SubVals_] :=
BackgroundSelectionUnlinked[σ, SubVals] *⋆ BackgroundSelectionLinked[σ, SubVals]

Make plots for background selection (this is Figure 3).
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theseVals2a = {hs → 0.01, U → 0.1, L → 20};
theseVals2b = {hs → 0.001, U → 0.1, L → 20};
theseVals2e = {hs → 0.01, U → 0.1, L → 2};
theseVals2f = {hs → 0.001, U → 0.1, L → 2};

LogLinearPlot[{1, BackgroundSelection[σ, theseVals2a],
BackgroundSelection[σ, theseVals2b], BackgroundSelection[σ, theseVals2e],
BackgroundSelection[σ, theseVals2f]}, {σ, 0.001, 1},

PlotStyle → {{Gray, Dotted}, {Black}, {Black, Dashed}, Gray, {Gray, Dashed}},
AxesLabel → {HoldForm[Rate of Sex], HoldForm[Background Selection Coefficient B]},
LabelStyle → {12, GrayLevel[0]}]

theseVals2h = {hs → 0.005, U → 0.1, L → 10, mmax → 0.025}
LogLinearPlot[{1, BackgroundSelection[S, theseVals2h],

BackgroundSelectionTIGHTLYLinked[S, theseVals2h],
BackgroundSelectionLOOSELYLinked[S, theseVals2h],
BackgroundSelectionUnlinked[S, theseVals2h]}, {S, 0.001, 1},

PlotStyle → {{Gray, Dotted}, Black, {Black, Dashing[0.01]},
{Black, Dashing[0.02]}, {Black, Dashing[{0.04, 0.02}]} },

AxesLabel → {HoldForm[Rate of Sex], HoldForm[Background Selection Coefficient B]},
LabelStyle → {12, GrayLevel[0]}]
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{hs → 0.005, U → 0.1, L → 10, Dmax → 0.025}
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L = 2

L = 20

hs = 0.01
hs = 0.0001
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Systems with selfing
Note the selfing results below are based on Nordborg (1997) which assumes tight linkage.  As shown to 
AFA by Denis Roze (and later confirmed by AFA using a different approach), for loosely linked loci, the 
expressions below underestimate the strength of background selection.

A set of expressions for selfing analogous to those given for partial asexuality.
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BackgroundSelectionWithSelfingUnlinked[o_, SubVals_] := Exp
NIntegrate-−((U /∕ 2) s (h + F -− h F))  L ((1 -− F) r + s (h + F -− h F))^2 /∕. r → 1 /∕ 2 /∕.

F →
Self

2 -− Self
/∕. Self → 1 -− o /∕/∕. SubVals, {x, 1, L /∕. SubVals}

BackgroundSelectionWithSelfingLinked[o_, SubVals_] :=
Exp2 NIntegrate-−((U /∕ 2) s (h + F -− h F))  L ((1 -− F) R[x] + s (h + F -− h F))^2 /∕.

F →
Self

2 -− Self
/∕. Self → 1 -− o /∕/∕. SubVals, {x, 0, 1 /∕ 2}

BackgroundSelectionWithSelfingTIGHTLYLinked[o_, SubVals_] :=
Exp2 NIntegrate-−((U /∕ 2) s (h + F -− h F))  L ((1 -− F) R[x] + s (h + F -− h F))^2 /∕.

F →
Self

2 -− Self
/∕. Self → 1 -− o /∕/∕. SubVals, {x, 0, mmax /∕. SubVals}

BackgroundSelectionWithSelfingLOOSELYLinked[o_, SubVals_] :=
Exp2 NIntegrate-−((U /∕ 2) s (h + F -− h F))  L ((1 -− F) R[x] + s (h + F -− h F))^2 /∕.

F →
Self

2 -− Self
/∕. Self → 1 -− o /∕/∕. SubVals, {x, mmax /∕. SubVals, 1 /∕ 2}

BackgroundSelectionWithSelfing[o_, SubVals_] :=
BackgroundSelectionWithSelfingUnlinked[o, SubVals]
BackgroundSelectionWithSelfingLinked[o, SubVals]

Approximations:  Background selection across the genome in 3 components: 
BTightlyLinked, BLooselyLinked, and BUnlinked for with partial asexuality.
This section contains the results give in equations [10] - [13] of the main text.

Note that the values we calculate below are Log[B] (see eq. [9] of main text).

Let us define “tightly linked” to mean within distance mmax (measured in Morgans) of the focal site 
where mmax << 0.5  (e.g., mmax ≤ 0.05).  So here we can use the simple linear mapping function R2[x] 
rather than R[x].

 “UTightlyLinked” is the diploid mutation rate within this region .

In a genome with total map length of L Morgans (and assumign gene density and mutation rates are 
uniformily distributed) and where the focal neutral locus is at the center of a 1 Morgan chromsomsome, 
then UTightlyLinked = U*(1/L)(2*mmax)

Here is Log[BTightlyLinked]
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TheTightlyLinkedRegionOnFocalChromosomeLogBSAns = FullSimplify2 *⋆ Integrate
-−hs 1 + 4 R2[x]2 σ2 + 2 hs2 + 2 σ (hs + 2 R2[x] hs) u   (σ + hs)2 (R2[x] σ + hs)2 +

SecondOrderOfSmallness, {x, 0, mmax},
Assumptions → {hs > 0, hs < 1, σ > 0, σ < 1, U > 0, mmax > 0, mmax < 1 /∕ 2}

2 mmax SecondOrderOfSmallness -−

u mmax σ 6 hs2 + σ2 + 2 hs (σ + 2 mmax σ) + 4 hs2 (hs + mmax σ) Log
hs

hs + mmax σ
 

σ (hs + σ)2 (hs + mmax σ)

Doing a Taylor series approximation, and assuming that selection is weak relative to sex (hs << σ𝜎), we 
find that Log[BTightlyLinked] is given by the result below (as given in eq. [10a])

Series[
TheTightlyLinkedRegionOnFocalChromosomeLogBSAns /∕. u → u *⋆ ξ^2 /∕. mmax → mmax *⋆ ξ /∕.

hs → hs *⋆ ξ /∕. SecondOrderOfSmallness -−>
SecondOrderOfSmallness *⋆ ξ^2, {ξ, 0, 2}] /∕/∕ FullSimplify;

ApproxTheTightlyLinkedRegionOnFocalChromosomeLogBSAnsSEXnotWeakComparedToSel =
Normal% /∕. u → (1 /∕ 2) UTightlyLinked  (2 mmax) /∕/∕ Simplify /∕. ξ → 1

-−
UTightlyLinked

2 (hs + mmax σ)

This is equivalent to Hudson & Kaplan (1995) eq. 8 (when σ𝜎 = 1); note their R is equal to our (2*mmax)

Below, we assume assume sex is low (i.e., not strong relative to selection).  This gives a different 
answer that doesn’t match well with numerical evaluations of the integral when σ𝜎 > hs but is much 
better than the approximation above when σ𝜎 < hs (shown in later section).

This is eq. [10b] of the main text.

Series[TheTightlyLinkedRegionOnFocalChromosomeLogBSAns /∕. u → u *⋆ ξ^2 /∕. σ → σ *⋆ ξ /∕.
mmax → mmax *⋆ ξ /∕. hs → hs *⋆ ξ /∕. SecondOrderOfSmallness -−>

SecondOrderOfSmallness *⋆ ξ^2, {ξ, 0, 2}] /∕/∕ FullSimplify;
ApproxTheTightlyLinkedRegionOnFocalChromosomeLogBSAnsSEXWeakComparedToSel =
Normal% /∕. u → (1 /∕ 2) UTightlyLinked  (2 mmax) /∕. σ → ϕ hs /∕/∕ Simplify /∕. ξ → 1

-−UTightlyLinked 2 + 2 ϕ + ϕ2  2 hs (1 + ϕ)2

Below we calculate Log(B) from loosely linked loci, i.e., mmax < r < 1/2; this covers the region on the 
remainder of the focal chromosome outside the “tightly linked” region.  This caculation assumes that the 
focal neutral site is at the center of a 1 Morgan chromosome.

ULooselyLinked is the diploid mutation rate within this region.
In a genome with total map length of L morgans (and assuming gene density and mutation rates are 
uniformily distributed) where the focal neutral locus is at the center of a 1 Morgan chromosme, then 
ULooselyLinked= U*(1/L)(1 - 2*mmax)

Here is Log[BLooselyLinked]
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Below we calculate Log(B) from loosely linked loci, i.e., mmax < r < 1/2; this covers the region on the 
remainder of the focal chromosome outside the “tightly linked” region.  This caculation assumes that the 
focal neutral site is at the center of a 1 Morgan chromosome.

ULooselyLinked is the diploid mutation rate within this region.
In a genome with total map length of L morgans (and assuming gene density and mutation rates are 
uniformily distributed) where the focal neutral locus is at the center of a 1 Morgan chromosme, then 
ULooselyLinked= U*(1/L)(1 - 2*mmax)

Here is Log[BLooselyLinked]

TheLoosleyLinkedFocalChromosomeLogBSAns =
FullSimplify2 *⋆ Integrate-−hs 1 + 4 R[x]2 σ2 + 2 hs2 + 2 σ (hs + 2 R[x] hs) u 

 (σ + hs)2 (R[x] σ + hs)2, {x, mmax, 1 /∕ 2},
Assumptions → {hs > 0, hs < 1, σ > 0, σ < 1, u > 0, mmax > 0, mmax < 1 /∕ 2}

-−4 hs u 1 -− 2 mmax + σ 2 hs2 + 2 hs σ + σ2  (2 hs + σ)2 (σ -− ⅇ (2 hs + σ)) +

σ 2 hs2 + 2 hs σ + σ2  (2 hs + σ)2 -−σ + ⅇ2 mmax (2 hs + σ) + -−2 hs2 + σ2

Log(2 ⅇ hs + (-−1 + ⅇ) σ)  -−σ + ⅇ2 mmax (2 hs + σ)  (2 hs + σ)2  (hs + σ)2

Below is the Taylor series approximation of Log[BLooselyLinked] assuming low sex.

Series[TheLoosleyLinkedFocalChromosomeLogBSAns /∕. u → u *⋆ ξ^2 /∕. σ → σ *⋆ ξ /∕.
mmax → mmax *⋆ ξ /∕. hs → hs *⋆ ξ, {ξ, 0, 1}] /∕/∕ FullSimplify;

ApproxTheLoosleyLinkedFocalChromosomeLogBSAns =
% /∕. u → (1 /∕ 2) ULooselyLinked  (2 (1 /∕ 2 -− mmax)) /∕/∕ Normal /∕. ξ → 1 /∕/∕ FullSimplify

-− 2 hs ULooselyLinked ξ

1

1 -− ⅇ
+

σ

2 hs
+
hs -− ⅇ hs

2 hs + σ
+ ⅇ + ⅇ3 hs  ((-−1 + ⅇ) (2 ⅇ hs + (-−1 + ⅇ) σ)) +

-−2 hs2 + σ2 Logⅇ +
(-−1 + ⅇ) σ

2 hs
  (2 hs + σ)2  (1 -− 2 mmax) (hs + σ)2

Below is the Taylor series approximation for the Log[BLooselyLinked] assuming high sex.

TheLoosleyLinkedFocalChromosomeLogBSAnsHighSex =

FullSimplify2 *⋆ Integrate-−
hs u

(R[x] σ + hs)2
, {x, mmax, 1 /∕ 2},

Assumptions → {hs > 0, hs < 1, σ > 0, σ < 1, u > 0, mmax > 0, mmax < 1 /∕ 2}

-−4 hs u σ 1 /∕ (σ -− ⅇ (2 hs + σ)) + 1  -−σ + ⅇ2 mmax (2 hs + σ) +

Log[2 ⅇ hs + (-−1 + ⅇ) σ] -− Log-−σ + ⅇ2 mmax (2 hs + σ)  (2 hs + σ)2

Series[TheLoosleyLinkedFocalChromosomeLogBSAnsHighSex /∕. mmax → mmax *⋆ ξ /∕. hs → hs *⋆ ξ,
{ξ, 0, 1}] /∕/∕ FullSimplify

ApproxTheLoosleyLinkedFocalChromosomeLogBSAnsHighSex =
% /∕. u → (1 /∕ 2) ULooselyLinked  (2 (1 /∕ 2 -− mmax)) /∕/∕ FullSimplify

-−
2 (hs u)

σ (hs + mmax σ)
+

1

σ2
2 hs u

1

-−1 + ⅇ
+

ⅇ

-−1 + ⅇ
+
hs (3 hs + 4 mmax σ)

(hs + mmax σ)2
+

2 Log[ξ] -− 2 Log[(-−1 + ⅇ) σ] + 2 Log[2 (hs + mmax σ)] ξ + O[ξ]2

hs ULooselyLinked  ((-−1 + 2 mmax) σ (hs + mmax σ)) +
1

(1 -− 2 mmax) σ2
hs ULooselyLinked

1

-−1 + ⅇ
+

ⅇ

-−1 + ⅇ
+ (hs (3 hs + 4 mmax σ))  (hs + mmax σ)2 +

2 Log[ξ] -− 2 Log[(-−1 + ⅇ) σ] + 2 Log[2 (hs + mmax σ)] ξ + O[ξ]2

Finally we consider sites that are unlinked (r = 1/2).
UUnlinked is the diploid mutation rate to unlinked sites.
In a genome with total map length of L morgans (assuming gene density and mutation rates are uni-
formily distributed) and where the focal neutral locus is at the center of a 1 Morgan, then UUnlinked = 
U*(L-1)/L

Below is Log[BLooselyLinked] (as given by eq. [12] of the main text).
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Finally we consider sites that are unlinked (r = 1/2).
UUnlinked is the diploid mutation rate to unlinked sites.
In a genome with total map length of L morgans (assuming gene density and mutation rates are uni-
formily distributed) and where the focal neutral locus is at the center of a 1 Morgan, then UUnlinked = 
U*(L-1)/L

Below is Log[BLooselyLinked] (as given by eq. [12] of the main text).

LogBfromUnlinked =
-− u (1 /∕ hs) hs2 1 + 4 r2 σ2 + 2 hs2 + 2 σ (hs + 2 r hs)  (σ + hs)2 (r σ + hs)2 /∕.

r → 1 /∕ 2 /∕/∕ Simplify;

LogBfromAllUnlinkedSites =
nUnlinkedSites LogBfromUnlinked /∕. u → (1 /∕ 2) UUnlinked  nUnlinkedSites /∕/∕ Simplify

-−
4 hs UUnlinked

(2 hs + σ)2

Here we check how well the approximations for BTightlyLinked and BUnlinked given 
above and in the main text (eqs. [10] and [12]) match the full integrals.
The approximation for BUnlinked nicely match the intergral.

Dashed red line is analytical approximation (eq. [12] of main text) and black line is the integral (e.g., 
following eq. [9] of main text)

subthis = {s → 0.001, h → 1 /∕ 4, hs → s h, U → 0.1, L → 10, mmax → 0.025}
LogLinearPlot[{1, BackgroundSelectionUnlinked[SO, subthis],

Exp[LogBfromAllUnlinkedSites] /∕. UUnlinked → U (L -− 1) /∕ L /∕. σ → SO /∕/∕. subthis},
{SO, 10^-−3, 1}, PlotStyle → {{Gray, Dotted}, Black, {Red, Dashed}},
AxesLabel → {HoldForm[Rate of sex],

HoldForm[Background Selection Coefficient B for unlinked sites]}]

s → 0.001, h →
1

4
, hs → h s, U → 0.1, L → 10, mmax → 0.025
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Background Selection Coefficient B for unlinked sites

Here we consider BTightlyLinked

The black line is the integral (e.g., following eq. [9] of main text)
The dashed blue line is the approximation given in eq. [10a] of the main text; this approximation works 
well when σ𝜎 > hs.
The dashed red line is the approximation given in eq. [10b] of the main text; this approximation works 
well when σ𝜎 < hs.
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Here we consider BTightlyLinked

The black line is the integral (e.g., following eq. [9] of main text)
The dashed blue line is the approximation given in eq. [10a] of the main text; this approximation works 
well when σ𝜎 > hs.
The dashed red line is the approximation given in eq. [10b] of the main text; this approximation works 
well when σ𝜎 < hs.

subthis = {s → 0.005, h → 1 /∕ 4, hs → s h, U → 0.1, L → 10, mmax → 0.025}
LogLinearPlot1, BackgroundSelectionTIGHTLYLinked[SO, subthis],

Exp-−
UTightlyLinked

2 (mmax σ + hs)
 /∕. UTightlyLinked → U (2 *⋆ mmax) /∕ L /∕. σ → SO /∕/∕. subthis ,

Exp-−σ2 + 2 σ hs + 2 hs2 UTightlyLinked  2 hs (σ + hs)2 /∕.
UTightlyLinked → U (2 *⋆ mmax) /∕ L /∕. σ → SO /∕/∕. subthis, {SO, 10^-−4, 1},

PlotStyle → {{Gray, Dotted}, Black , {Blue, Dashed}, {Red, Dashed}},
AxesLabel → {HoldForm[Rate of sex],

HoldForm[Background Selection Coefficient B for tightly linked sites]}

s → 0.005, h →
1

4
, hs → h s, U → 0.1, L → 10, mmax → 0.025
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Background Selection Coefficient B for tightly linked sites
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Supporting Information File S2
Partial Asexuality with balancing 
selection

For Agrawal & Hartfield “Coalescence with background and balancing selection in systems with bi- and 
uniparental reproduction: contrasting partial asexuality and selfing”

Preliminaries

States
Balancing selection occurs at the A locus.  

Two allelic samples x and y can be found in the following states.
State 1:  Both in single A1/A1 individual:  {x A1 / y A1}
State  2:  Both in single A2/A2 individual:   {x A2 / y A2}
State  3:  Both in single A1/A2 individual:   {x A1 / y A2}
State 4:  Each in a different A1/A1 individual:  {{x A1 / _ A1}, {y A1 / _ A1}}; note the “_” symbol indi-
cates that the allele at the neutral site on this haplotype is not one of our two focal samples (i.e., “_” is a 
place-holder).
State 5:  Each in a different A2/A2 individual:  {{x A2 / _ A2}, {y A2 / _ A2}};
State 6:  One in an A1/A1 individual other on A1 haplotype in an A1/A2 individual:  {{x A1 / _ A1}, {y A1 / 
_ A2}}
State 7:  One in an A1/A1 individual other on A2 haplotype in an A1/A2 individual:  {{x A1 / _ A1}, { _ A1 
/ y A2}}
State 8:  One in an A2/A2 individual other on A1 haplotype in an A1/A2 individual:  {{x A2 / _ A2}, {y A1 / 
_ A2}}
State 9:  One in an A2/A2 individual other on A2 haplotype in an A1/A2 individual:  {{x A2 / _ A2}, { _ A1 
/ y A2}}
State 10:  One on A1 haplotype in A1/A2 individual and other on A1 haplotype in an A1/A2 individual:  
{{x A1 / _ A2}, {y A1 / _ A2}}
State 11:  One on A1 haplotype in A1/A2 individual and other on A2 haplotype in an A1/A2 individual:  
{{x A1 / _ A2}, { _ A1 / y A2}}
State 12:  One on A2 haplotype in A1/A2 individual and other on A2 haplotype in an A1/A2 individual:  {{ 
_ A1 / x A2}, { _ A1 / y A2}}
State 13:  One in an A1/A1 individual; other on A2/A2 individua:   {{x A1 / _ A1}, {y A2 / _ A2}}
State 14:  Coalsced (could be on either A1 or A2 haplotype)
Note: The states are not numbered in the same way as described in the text (or as in the background 
selection model).
States 1-13 are depicted schematically in Fig. S1.
Let p be the frequency of the A1 allele and q = 1 - p be the frequency of the A2 allele. 
Let frequency of A1/A1, A1/A2, and A2/A2 be P11, P12, and P22.

r is the recombination rate between the A locus and the focal neutral site.
n is the population size (we do not use the symbol “N” as in the text because it is a restricted symbol 
within Mathematica). 



Let p be the frequency of the A1 allele and q = 1 - p be the frequency of the A2 allele. 
Let frequency of A1/A1, A1/A2, and A2/A2 be P11, P12, and P22.

r is the recombination rate between the A locus and the focal neutral site.
n is the population size (we do not use the symbol “N” as in the text because it is a restricted symbol 
within Mathematica). 

Gene conversion (this is mitotic gene conversion)
Let gs be the probablilty of a gene conversion that includes only the selected site
Let gf be the probablilty of a gene conversion that includes only the focal site
Let gsf be the probablilty of a gene conversion that includes both the selected site and the focal site
Note:  In the relevant results, gsf is not important.  Later we will assume gs = gf = γ𝛾 but in deriving the 
results these different types of gene conversion events are kept separately for clarity in bulding the 
equations so that they reflect the biology.

Let pNewA1HapCondA1Hap is the probability that an “A1” haplotype is a newly created via gene conver-
sion (conditional on it being an A1 haplotype).
Let pNewA2HapCondA2Hap is the probability that an “A2” haplotype is a newly created via gene conver-
sion (conditional on it being an A2 haplotype).

subpNewGameteBackground =  pNewA1HapCondA1Hap →
P12 gs + gsf  2

2 P11 + P12
,

pNewA2HapCondA2Hap →
P12 gs + gsf  2

2 P22 + P12
;

Explanatory notes on the next several sections.
In the sections that follow we give the transition probabilties for each of the 13 (non-coalesced) states 
described in “Preliminaries”.  We first present transition probabilities that are conditional on the individu-
al(s) in which the sample is found having been produced by a specific reproductive mode (sex or asex).  
For states 4-13 involving two individuals, there is possibility that one individual was created via sex and 
the other via asex. 

We use the notation “Aitojk” to denote the transition probability from State n to State m given reproduc-
tive mode k.  i, j ∈ {1-14} and k ∈ {s, a, ss, aa, sa, as}.  For i ∈ {1-3}, k = s or a (as there is only one 
individual who is either produced via sex [s] or via asex [a]).  For  i = 4-13, k = ss, aa, sa, or as where 
the first and second letters indicates the reproductive mode by which the first and second individual, 
respectively, were produced.  The “first” and “second” individual follow the definitions of the states give 
in “Preliminaries”.

Note that ∑j=1
14 Aito jk = 1, i.e., the transition rates out the current state i (conditional on reproductive 

mode) sum to unity.

Transition probabililities conditional on both samples being in individuals that 
were produced by sex

With sexual reproduction, we are considering the descent of two gametes.  Because the descent of one 
sexual gamete is independent of other sexual gametes, we only need to know the A-locus haplotype of 
our focal sample; the diploid genotype in which the sample is found does not affect the probabilities of 
which diploid genotype the focal haplotype came from.  For example, the transition probabilties “x A1” 
and “y A1” will be the same regardless of whether x and y are in the same individual (State 1) or in 
different individuals (States 4, 6, or 10).  In other words, A1tojs = A4tojss = A6tojss = A10jss.  Similarly, 
A2tojs = A5tojss = A9tojss = A12tojss and A3tojs = A7tojss = A8tojss = A11tojss = A13tojss.
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With sexual reproduction, we are considering the descent of two gametes.  Because the descent of one 
sexual gamete is independent of other sexual gametes, we only need to know the A-locus haplotype of 
our focal sample; the diploid genotype in which the sample is found does not affect the probabilities of 
which diploid genotype the focal haplotype came from.  For example, the transition probabilties “x A1” 
and “y A1” will be the same regardless of whether x and y are in the same individual (State 1) or in 
different individuals (States 4, 6, or 10).  In other words, A1tojs = A4tojss = A6tojss = A10jss.  Similarly, 
A2tojs = A5tojss = A9tojss = A12tojss and A3tojs = A7tojss = A8tojss = A11tojss = A13tojss.

Both samples in gametes of “A1” background type 
We first consider the case where both gametes are of the A1 type.

Let Gamete1and1FromState1 be the probability that two gametes of the first background type (A1) both 
descended from state 1 (i.e., the same A1/A1 individual).

More generally, we use Gamete_i_and_j_FromState_k as the probablity that two gametes of types i and 
j descended from state k.

Gametes1and1FromState1 = (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12

2 1

P11 n
(1 /∕ 2);

Gametes1and1FromState2 = 0;
Gametes1and1FromState3 =

2 (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

2
1 -− r -−

gf

2
r +

gf

2
+

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
*⋆ pNewA1HapCondA1Hap

gs

gs + gsf
+

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
*⋆ pNewA1HapCondA1Hap

gsf

gs + gsf
+

pNewA1HapCondA1Hap2
gs

gs + gsf

gsf

gs + gsf

1

P12 n
;

Gametes1and1FromState4 = (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12

2
1 -−

1

P11 n
;

Gametes1and1FromState5 = 0;

Gametes1and1FromState6 = 2 (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf
;

Gametes1and1FromState7 = 2 (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf
;

Gametes1and1FromState8 = 0;
Gametes1and1FromState9 = 0;

Gametes1and1FromState10 =

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf

2

;
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1 -−
1

P12 n
;

Gametes1and1FromState11 =

2 (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf

1 -−
1

P12 n
;

Gametes1and1FromState12 =

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf

2

1 -−
1

P12 n
;

Gametes1and1FromState13 = 0;

Gametes1and1FromState14 = (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12

2 1

P11 n
(1 /∕ 2) +

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf

2

1

P12 n
+

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf

2

1

P12 n
;

Both samples in gametes of “A2” background type
We next consider the case where both gametes are of the A2 type.

Let Gamete2and2FromState1 be the probability that two gametes of the first background type (A2) both 
descended from state 2 (i.e., the same A2/A2 individual).

More generally, we use Gamete_i_and_j_FromState_k as the probablity that two gametes of types i and 
j descended from state k.

Gametes2and2FromState1 = 0;

Gametes2and2FromState2 = (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12

2 1

P22 n
(1 /∕ 2);

Gametes2and2FromState3 =

2 (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

2
1 -− r -−

gf

2
r +

gf

2
+

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
*⋆ pNewA2HapCondA2Hap

gs

gs + gsf
+

+
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(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
*⋆ pNewA2HapCondA2Hap

gsf

gs + gsf
+

pNewA2HapCondA2Hap2
gs

gs + gsf

gsf

gs + gsf

1

P12 n
;

Gametes2and2FromState4 = 0;

Gametes2and2FromState5 = (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12

2
1 -−

1

P22 n
;

Gametes2and2FromState6 = 0;
Gametes2and2FromState7 = 0;

Gametes2and2FromState8 = 2 (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
;

Gametes2and2FromState9 = 2 (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf
;

Gametes2and2FromState10 =

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf

2

1 -−
1

P12 n
;

Gametes2and2FromState11 =

2 (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf

1 -−
1

P12 n
;

Gametes2and2FromState12 =

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf

2

1 -−
1

P12 n
;

Gametes2and2FromState13 = 0;

Gametes2and2FromState14 = (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12

2 1

P22 n
(1 /∕ 2) +

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf

2

1

P12 n
+
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(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf

2

1

P12 n
;

One sample in gamete of “A1” background type and the other sample in gamete  of 
“A2” type
We next consider the case where both one sample came from an A1 gamete and the other sample 
came from an A2 gamete.

Let Gamete1and2FromState3 be the probability that two gametes, one of which is of A1 type and the 
other which is A2 type,  descended from state 3 (i.e., the same A1/A2 individual).

More generally, we use Gamete_i_and_j_FromState_k as the probablity that two gametes of types i and 
j descended from state k.

Gametes1and2FromState1 = 0;
Gametes1and2FromState2 = 0;
Gametes1and2FromState3 =

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2

2
+ r +

gf

2

2
+

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
*⋆ pNewA2HapCondA2Hap

gsf

gs + gsf
+

r +
gf

2
*⋆ pNewA2HapCondA2Hap

gs

gs + gsf
+

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
*⋆ pNewA1HapCondA1Hap

gsf

gs + gsf
+

r +
gf

2
*⋆ pNewA1HapCondA1Hap

gs

gs + gsf
+

pNewA1HapCondA1Hap pNewA2HapCondA2Hap
gs

gs + gsf

2
+

gsf

gs + gsf

2 1

P12 n
;

Gametes1and2FromState4 = 0;

Gametes1and2FromState5 = 0;

Gametes1and2FromState6 = (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
;

Gametes1and2FromState7 = (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12

;
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(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf
;

Gametes1and2FromState8 = (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf
;

Gametes1and2FromState9 = (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf
;

Gametes1and2FromState10 =

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf

1 -−
1

P12 n
;

Gametes1and2FromState11 =

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
(1 -− pNewA2HapCondA2Hap)

P12

2 P22 + P12

1 -− r -−
gf

2

2
+ r +

gf

2

2
+ (1 -− pNewA1HapCondA1Hap)

P12

2 P11 + P12
1 -− r -−

gf

2
*⋆

pNewA2HapCondA2Hap
gsf

gs + gsf
+ r +

gf

2
*⋆ pNewA2HapCondA2Hap

gs

gs + gsf
+

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
*⋆ pNewA1HapCondA1Hap

gsf

gs + gsf
+

r +
gf

2
*⋆ pNewA1HapCondA1Hap

gs

gs + gsf
+

pNewA1HapCondA1Hap pNewA2HapCondA2Hap
gs

gs + gsf

2
+

gsf

gs + gsf

2
1 -−

1

P12 n
;

Gametes1and2FromState12 =

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf

1 -−
1

P12 n
;

Gametes1and2FromState13 =

(1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
(1 -− pNewA2HapCondA2Hap)

2 P22

2 P22 + P12
;

Gametes1and2FromState14 =
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(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
(1 -− pNewA2HapCondA2Hap)

P12

2 P22 + P12

2 1 -− r -−
gf

2
r +

gf

2
+ (1 -− pNewA1HapCondA1Hap)

P12

2 P11 + P12
r +

gf

2
*⋆

pNewA2HapCondA2Hap
gsf

gs + gsf
+ 1 -− r -−

gf

2
*⋆ pNewA2HapCondA2Hap

gs

gs + gsf
+

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
*⋆ pNewA1HapCondA1Hap

gsf

gs + gsf
+

1 -− r -−
gf

2
*⋆ pNewA1HapCondA1Hap

gs

gs + gsf
+

pNewA1HapCondA1Hap pNewA2HapCondA2Hap 2
gs

gs + gsf

gsf

gs + gsf

1

P12 n
;

Check transitions (conditional on sexual reproduction) sum to unity

Gametes1and1FromState1 + Gametes1and1FromState2 + Gametes1and1FromState3 +
Gametes1and1FromState4 + Gametes1and1FromState5 + Gametes1and1FromState6 +
Gametes1and1FromState7 + Gametes1and1FromState8 + Gametes1and1FromState9 +
Gametes1and1FromState10 + Gametes1and1FromState11 + Gametes1and1FromState12 +
Gametes1and1FromState13 + Gametes1and1FromState14 /∕/∕ Simplify

1

Gametes2and2FromState1 + Gametes2and2FromState2 + Gametes2and2FromState3 +
Gametes2and2FromState4 + Gametes2and2FromState5 + Gametes2and2FromState6 +
Gametes2and2FromState7 + Gametes2and2FromState8 + Gametes2and2FromState9 +
Gametes2and2FromState10 + Gametes2and2FromState11 + Gametes2and2FromState12 +
Gametes2and2FromState13 + Gametes2and2FromState14 /∕/∕ Simplify

1

Gametes1and2FromState1 + Gametes1and2FromState2 + Gametes1and2FromState3 +
Gametes1and2FromState4 + Gametes1and2FromState5 + Gametes1and2FromState6 +
Gametes1and2FromState7 + Gametes1and2FromState8 + Gametes1and2FromState9 +
Gametes1and2FromState10 + Gametes1and2FromState11 + Gametes1and2FromState12 +
Gametes1and2FromState13 + Gametes1and2FromState14 /∕/∕ Simplify

1

Transition probabililities conditional on both samples being in individuals that were 
produced by sex
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Transition probabililities conditional on both samples being in individuals that were 
produced by sex

Below we define “subTransitionsBySex” to be a set of substitutions for the transitions out of states 1, 2, 
and 3  (i.e., states where both samples come from a single individual), conditional on the current individ-
ual having been produced via sex.

subTransitionsBySex =
{A1to1s → Gametes1and1FromState1, A1to2s → Gametes1and1FromState2,
A1to3s → Gametes1and1FromState3, A1to4s → Gametes1and1FromState4,
A1to5s → Gametes1and1FromState5, A1to6s → Gametes1and1FromState6,
A1to7s → Gametes1and1FromState7, A1to8s → Gametes1and1FromState8,
A1to9s → Gametes1and1FromState9, A1to10s → Gametes1and1FromState10,
A1to11s → Gametes1and1FromState11, A1to12s → Gametes1and1FromState12,
A1to13s → Gametes1and1FromState13, A1to14s → Gametes1and1FromState14,
A2to1s → Gametes2and2FromState1, A2to2s → Gametes2and2FromState2,
A2to3s → Gametes2and2FromState3, A2to4s → Gametes2and2FromState4,
A2to5s → Gametes2and2FromState5, A2to6s → Gametes2and2FromState6,
A2to7s → Gametes2and2FromState7, A2to8s → Gametes2and2FromState8,
A2to9s → Gametes2and2FromState9, A2to10s → Gametes2and2FromState10,
A2to11s → Gametes2and2FromState11, A2to12s → Gametes2and2FromState12,
A2to13s → Gametes2and2FromState13, A2to14s → Gametes2and2FromState14,
A3to1s → Gametes1and2FromState1, A3to2s → Gametes1and2FromState2,
A3to3s → Gametes1and2FromState3, A3to4s → Gametes1and2FromState4,
A3to5s → Gametes1and2FromState5, A3to6s → Gametes1and2FromState6,
A3to7s → Gametes1and2FromState7, A3to8s → Gametes1and2FromState8,
A3to9s → Gametes1and2FromState9, A3to10s → Gametes1and2FromState10,
A3to11s → Gametes1and2FromState11, A3to12s → Gametes1and2FromState12,
A3to13s → Gametes1and2FromState13, A3to14s → Gametes1and2FromState14};

Below we define “subTransitionsBySexSex” to be a set of substitutions for the transitions out of states 
4-13 (each sample in a separate individual), conditional on both of the current individuals having been 
produced via sex.

subTransitionsBySexSex =
{A4to1ss → Gametes1and1FromState1, A4to2ss → Gametes1and1FromState2,
A4to3ss → Gametes1and1FromState3, A4to4ss → Gametes1and1FromState4,
A4to5ss → Gametes1and1FromState5, A4to6ss → Gametes1and1FromState6,
A4to7ss → Gametes1and1FromState7, A4to8ss → Gametes1and1FromState8,
A4to9ss → Gametes1and1FromState9, A4to10ss → Gametes1and1FromState10,
A4to11ss → Gametes1and1FromState11, A4to12ss → Gametes1and1FromState12,
A4to13ss → Gametes1and1FromState13, A4to14ss → Gametes1and1FromState14,
A5to1ss → Gametes2and2FromState1, A5to2ss → Gametes2and2FromState2,
A5to3ss → Gametes2and2FromState3, A5to4ss → Gametes2and2FromState4,
A5to5ss → Gametes2and2FromState5, A5to6ss → Gametes2and2FromState6,
A5to7ss → Gametes2and2FromState7, A5to8ss → Gametes2and2FromState8,
A5to9ss → Gametes2and2FromState9, A5to10ss → Gametes2and2FromState10,
A5to11ss → Gametes2and2FromState11, A5to12ss → Gametes2and2FromState12,
A5to13ss → Gametes2and2FromState13, A5to14ss → Gametes2and2FromState14,
A6to1ss → Gametes1and1FromState1, A6to2ss → Gametes1and1FromState2,
A6to3ss → Gametes1and1FromState3, A6to4ss → Gametes1and1FromState4,
A6to5ss → Gametes1and1FromState5, A6to6ss → Gametes1and1FromState6,
A6to7ss → Gametes1and1FromState7, A6to8ss → Gametes1and1FromState8,
A6to9ss → Gametes1and1FromState9, A6to10ss → Gametes1and1FromState10,
A6to11ss → Gametes1and1FromState11, A6to12ss → Gametes1and1FromState12,
A6to13ss → Gametes1and1FromState13, A6to14ss → Gametes1and1FromState14,
A7to1ss → Gametes1and2FromState1, A7to2ss → Gametes1and2FromState2,
A7to3ss → Gametes1and2FromState3, A7to4ss → Gametes1and2FromState4,

, ,
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A7to5ss → Gametes1and2FromState5, A7to6ss → Gametes1and2FromState6,
A7to7ss → Gametes1and2FromState7, A7to8ss → Gametes1and2FromState8,
A7to9ss → Gametes1and2FromState9, A7to10ss → Gametes1and2FromState10,
A7to11ss → Gametes1and2FromState11, A7to12ss → Gametes1and2FromState12,
A7to13ss → Gametes1and2FromState13, A7to14ss → Gametes1and2FromState14,
A8to1ss → Gametes1and2FromState1, A8to2ss → Gametes1and2FromState2,
A8to3ss → Gametes1and2FromState3, A8to4ss → Gametes1and2FromState4,
A8to5ss → Gametes1and2FromState5, A8to6ss → Gametes1and2FromState6,
A8to7ss → Gametes1and2FromState7, A8to8ss → Gametes1and2FromState8,
A8to9ss → Gametes1and2FromState9, A8to10ss → Gametes1and2FromState10,
A8to11ss → Gametes1and2FromState11, A8to12ss → Gametes1and2FromState12,
A8to13ss → Gametes1and2FromState13, A8to14ss → Gametes1and2FromState14,
A9to1ss → Gametes2and2FromState1, A9to2ss → Gametes2and2FromState2,
A9to3ss → Gametes2and2FromState3, A9to4ss → Gametes2and2FromState4,
A9to5ss → Gametes2and2FromState5, A9to6ss → Gametes2and2FromState6,
A9to7ss → Gametes2and2FromState7, A9to8ss → Gametes2and2FromState8,
A9to9ss → Gametes2and2FromState9, A9to10ss → Gametes2and2FromState10,
A9to11ss → Gametes2and2FromState11, A9to12ss → Gametes2and2FromState12,
A9to13ss → Gametes2and2FromState13, A9to14ss → Gametes2and2FromState14,
A10to1ss → Gametes1and1FromState1, A10to2ss → Gametes1and1FromState2,
A10to3ss → Gametes1and1FromState3, A10to4ss → Gametes1and1FromState4,
A10to5ss → Gametes1and1FromState5, A10to6ss → Gametes1and1FromState6,
A10to7ss → Gametes1and1FromState7, A10to8ss → Gametes1and1FromState8,
A10to9ss → Gametes1and1FromState9, A10to10ss → Gametes1and1FromState10,
A10to11ss → Gametes1and1FromState11, A10to12ss → Gametes1and1FromState12,
A10to13ss → Gametes1and1FromState13, A10to14ss → Gametes1and1FromState14,
A11to1ss → Gametes1and2FromState1, A11to2ss → Gametes1and2FromState2,
A11to3ss → Gametes1and2FromState3, A11to4ss → Gametes1and2FromState4,
A11to5ss → Gametes1and2FromState5, A11to6ss → Gametes1and2FromState6,
A11to7ss → Gametes1and2FromState7, A11to8ss → Gametes1and2FromState8,
A11to9ss → Gametes1and2FromState9, A11to10ss → Gametes1and2FromState10,
A11to11ss → Gametes1and2FromState11, A11to12ss → Gametes1and2FromState12,
A11to13ss → Gametes1and2FromState13, A11to14ss → Gametes1and2FromState14,
A12to1ss → Gametes2and2FromState1, A12to2ss → Gametes2and2FromState2,
A12to3ss → Gametes2and2FromState3, A12to4ss → Gametes2and2FromState4,
A12to5ss → Gametes2and2FromState5, A12to6ss → Gametes2and2FromState6,
A12to7ss → Gametes2and2FromState7, A12to8ss → Gametes2and2FromState8,
A12to9ss → Gametes2and2FromState9, A12to10ss → Gametes2and2FromState10,
A12to11ss → Gametes2and2FromState11, A12to12ss → Gametes2and2FromState12,
A12to13ss → Gametes2and2FromState13, A12to14ss → Gametes2and2FromState14,
A13to1ss → Gametes1and2FromState1, A13to2ss → Gametes1and2FromState2,
A13to3ss → Gametes1and2FromState3, A13to4ss → Gametes1and2FromState4,
A13to5ss → Gametes1and2FromState5, A13to6ss → Gametes1and2FromState6,
A13to7ss → Gametes1and2FromState7, A13to8ss → Gametes1and2FromState8,
A13to9ss → Gametes1and2FromState9, A13to10ss → Gametes1and2FromState10,
A13to11ss → Gametes1and2FromState11, A13to12ss → Gametes1and2FromState12,
A13to13ss → Gametes1and2FromState13, A13to14ss → Gametes1and2FromState14 };

Transition probabililities conditional on both samples being in individuals 
produced by asexual reproduction

Conditional on the current individuals having been produced via asexual reproduction, the transitions 
are simple. The only time the state changes is via gene conversion.

Let pNew11given11 be the probability that an A1/A1 was newly created via gene conversion 
(conditional on the individual being A1/A1).
Let pNew22given22 be the probability that an A2/A2 was newly created via gene conversion 
(conditional on the individual being A2/A2).
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Conditional on the current individuals having been produced via asexual reproduction, the transitions 
are simple. The only time the state changes is via gene conversion.

Let pNew11given11 be the probability that an A1/A1 was newly created via gene conversion 
(conditional on the individual being A1/A1).
Let pNew22given22 be the probability that an A2/A2 was newly created via gene conversion 
(conditional on the individual being A2/A2).

subpNewHomozygote =

 pNew11given11 → P12
1

2
gs + gsf  P11, pNew22given22 → P12

1

2
gs + gsf  P22;

We define “subTransitionsByAsex” to be a set of substitutions for the transitions out of states 1-3 (states 
where both samples in a single individual), conditional on the current individual having been produced 
via asex.

subTransitionsByAsex

subTransitionsByAsex = A1to1a → 1 -− pNew11given11 1 -− gf, A1to2a → 0,

A1to3a → pNew11given11
gs

gs + gsf
, A1to4a → 0, A1to5a → 0, A1to6a → 0, A1to7a → 0,

A1to8a → 0, A1to9a → 0, A1to10a → 0, A1to11a → 0, A1to12a → 0, A1to13a → 0,

A1to14a → 1 -− pNew11given11 gf + pNew11given11
gsf

gs + gsf
, A2to1a → 0,

A2to2a → 1 -− pNew22given22 1 -− gf, A2to3a → pNew22given22
gs

gs + gsf
,

A2to4a → 0, A2to5a → 0, A2to6a → 0, A2to7a → 0, A2to8a → 0,
A2to9a → 0, A2to10a → 0, A2to11a → 0, A2to12a → 0, A2to13a → 0,

A2to14a → 1 -− pNew22given22 gf + pNew22given22
gsf

gs + gsf
, A3to1a → 0, A3to2a → 0,

A3to3a → 1 -− gf, A3to4a → 0, A3to5a → 0, A3to6a → 0, A3to7a → 0, A3to8a → 0,
A3to9a → 0, A3to10a → 0, A3to11a → 0, A3to12a → 0, A3to13a → 0, A3to14a → gf;

Check transitions sum to unity

A1to1a + A1to2a + A1to3a + A1to4a + A1to5a + A1to6a + A1to7a + A1to8a + A1to9a + A1to10a +
A1to11a + A1to12a + A1to13a + A1to14a /∕. subTransitionsByAsex /∕/∕ Simplify

A2to1a + A2to2a + A2to3a + A2to4a + A2to5a + A2to6a + A2to7a + A2to8a + A2to9a + A2to10a +
A2to11a + A2to12a + A2to13a + A2to14a /∕. subTransitionsByAsex /∕/∕ Simplify

A3to1a + A3to2a + A3to3a + A3to4a + A3to5a + A3to6a + A3to7a + A3to8a + A3to9a + A3to10a +
A3to11a + A3to12a + A3to13a + A3to14a /∕. subTransitionsByAsex /∕/∕ Simplify

1

1

1

Probability that FOCAL site descended from a particular haplotype background, 
given that descent was asexual
When only one of the two copies of the neutral site is part of our focal sample, we have to consider 
more carefully where that site came from in the previous generation even when reproduction was 
asexual.  (The probabilities defined below are conditional on reproduction having been asexual.)

Let ProbA1HaploInA1A1DescendViaAsexFromA1A1 be the probability that an A1 haplotype in an 
A1/A1 individual descended from an A1/A1, given that reproduction was via asex.
Let ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 be the probability that an A1 haplotype 
in an A1/A1 individual descended from the A1 haplotype in an A1/A2, given that reproduction was via 
asex.
Let ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 be the probability that an A1 haplotype 
in an A1/A1 individual descended from the A2 haplotype in an A1/A2, given that reproduction was via 
asex.

Terms beginning with ProbA2... are defined analogously.
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When only one of the two copies of the neutral site is part of our focal sample, we have to consider 
more carefully where that site came from in the previous generation even when reproduction was 
asexual.  (The probabilities defined below are conditional on reproduction having been asexual.)

Let ProbA1HaploInA1A1DescendViaAsexFromA1A1 be the probability that an A1 haplotype in an 
A1/A1 individual descended from an A1/A1, given that reproduction was via asex.
Let ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 be the probability that an A1 haplotype 
in an A1/A1 individual descended from the A1 haplotype in an A1/A2, given that reproduction was via 
asex.
Let ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 be the probability that an A1 haplotype 
in an A1/A1 individual descended from the A2 haplotype in an A1/A2, given that reproduction was via 
asex.

Terms beginning with ProbA2... are defined analogously.

ProbA1HaploInA1A1DescendViaAsexFromA1A1 = 1 -− pNew11given11;

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 = pNew11given11
1

2
1 +

gsf

gs + gsf
;

ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 = pNew11given11
1

2

gs

gs + gsf
;

ProbA2HaploInA2A2DescendViaAsexFromA2A2 = 1 -− pNew22given22;

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 = pNew22given22
1

2
1 +

gsf

gs + gsf
;

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 = pNew22given22
1

2

gs

gs + gsf
;

subTransitionsByAsexAsex

We define “subTransitionsByAsexAsex” to be a set of substitutions for the transitions out of states 4-13 
(each sample in a different individual), conditional on both of the current individuals having been pro-
duced via asex.

subTransitionsByAsexAsex =

A4to1aa → ProbA1HaploInA1A1DescendViaAsexFromA1A12
1

P11 n
(1 /∕ 2),

A4to2aa → 0, A4to3aa → 2 ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2
1

P12 n
,

A4to4aa → ProbA1HaploInA1A1DescendViaAsexFromA1A12 1 -−
1

P11 n
,

A4to5aa → 0, A4to6aa → 2 ProbA1HaploInA1A1DescendViaAsexFromA1A1 *⋆
ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2,

A4to7aa → 2 ProbA1HaploInA1A1DescendViaAsexFromA1A1 *⋆
ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2, A4to8aa → 0, A4to9aa → 0,

A4to10aa → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A22 1 -−
1

P12 n
,

A4to11aa → 2 ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 1 -−
1

P12 n
,

,
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A4to12aa → ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A22 1 -−
1

P12 n
,

A4to13aa → 0, A4to14aa → ProbA1HaploInA1A1DescendViaAsexFromA1A12
1

P11 n
(1 /∕ 2) +

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A22 +

ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A22
1

P12 n
, A5to1aa → 0,

A5to2aa → ProbA2HaploInA2A2DescendViaAsexFromA2A22
1

P22 n
(1 /∕ 2),

A5to3aa → 2 ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2
1

P12 n
, A5to4aa → 0,

A5to5aa → ProbA2HaploInA2A2DescendViaAsexFromA2A22 1 -−
1

P22 n
, A5to6aa → 0,

A5to7aa → 0, A5to8aa → 2 ProbA2HaploInA2A2DescendViaAsexFromA2A2 *⋆
ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2,

A5to9aa → 2 ProbA2HaploInA2A2DescendViaAsexFromA2A2 *⋆
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2,

A5to10aa → ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A22 1 -−
1

P12 n
,

A5to11aa → 2 ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 1 -−
1

P12 n
,

A5to12aa → ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A22 1 -−
1

P12 n
,

A5to13aa → 0, A5to14aa → ProbA2HaploInA2A2DescendViaAsexFromA2A22
1

P22 n
(1 /∕ 2) +

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A22 +

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A22
1

P12 n
, A6to1aa → 0,

A6to2aa → 0, A6to3aa → ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

1 -−
gf

2
+ ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

gf

2

1

P12 n
,

A6to4aa → 0, A6to5aa → 0, A6to6aa → ProbA1HaploInA1A1DescendViaAsexFromA1A1 *⋆

1 -−
gf

2
, A6to7aa → ProbA1HaploInA1A1DescendViaAsexFromA1A1 *⋆

gf

2
,

A6to8aa → 0, A6to9aa → 0, A6to10aa →

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆ 1 -−
gf

2
1 -−

1

P12 n
,

A6to11aa → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆
gf

2
+

ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆ 1 -−
gf

2
1 -−

1

P12 n
,

A6to12aa → ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆
gf

2
1 -−

1

P12 n
,

A6to13aa → 0, A6to14aa → ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆
gf

2
+

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆ 1 -−
gf

2

, , ,
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1

P12 n
, A7to1aa → 0, A7to2aa → 0, A7to3aa →

ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆
gf

2
+

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆ 1 -−
gf

2

1

P12 n
,

A7to4aa → 0, A7to5aa → 0, A7to6aa → ProbA1HaploInA1A1DescendViaAsexFromA1A1 *⋆
gf

2
, A7to7aa → ProbA1HaploInA1A1DescendViaAsexFromA1A1 *⋆ 1 -−

gf

2
,

A7to8aa → 0, A7to9aa → 0, A7to10aa →

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆
gf

2
1 -−

1

P12 n
,

A7to11aa → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆ 1 -−
gf

2
+

ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆
gf

2
1 -−

1

P12 n
,

A7to12aa → ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

1 -−
gf

2
1 -−

1

P12 n
,

A7to13aa → 0, A7to14aa → ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

1 -−
gf

2
+ ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

gf

2
1

P12 n
, A8to1aa → 0, A8to2aa → 0, A8to3aa →

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆
gf

2
+

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆ 1 -−
gf

2

1

P12 n
,

A8to4aa → 0, A8to5aa → 0, A8to6aa → 0, A8to7aa → 0,

A8to8aa → ProbA2HaploInA2A2DescendViaAsexFromA2A2 *⋆ 1 -−
gf

2
,

A8to9aa → ProbA2HaploInA2A2DescendViaAsexFromA2A2 *⋆
gf

2
, A8to10aa →

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆ 1 -−
gf

2
1 -−

1

P12 n
,

A8to11aa → ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆
gf

2
+

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆ 1 -−
gf

2
1 -−

1

P12 n
,

A8to12aa → ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆
gf

2
1 -−

1

P12 n
,

A8to13aa → 0, A8to14aa →

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆ 1 -−
gf

2
+

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆
gf

2

1

P12 n
, A9to1aa → 0,

,
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A9to2aa → 0, A9to3aa → ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆

1 -−
gf

2
+ ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆

gf

2

1

P12 n
,

A9to4aa → 0, A9to5aa → 0, A9to6aa → 0, A9to7aa → 0,

A9to8aa → ProbA2HaploInA2A2DescendViaAsexFromA2A2 *⋆
gf

2
,

A9to9aa → ProbA2HaploInA2A2DescendViaAsexFromA2A2 *⋆ 1 -−
gf

2
,

A9to10aa → ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆
gf

2
1 -−

1

P12 n
,

A9to11aa → ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆ 1 -−
gf

2
+

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆
gf

2
1 -−

1

P12 n
,

A9to12aa → ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆

1 -−
gf

2
1 -−

1

P12 n
,

A9to13aa → 0, A9to14aa → ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆
gf

2
+

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆ 1 -−
gf

2

1

P12 n
,

A10to1aa → 0, A10to2aa → 0, A10to3aa → 2
gf

2
1 -−

gf

2

1

P12 n
,

A10to4aa → 0, A10to5aa → 0, A10to6aa → 0, A10to7aa → 0,

A10to8aa → 0, A10to9aa → 0, A10to10aa → 1 -−
gf

2

2
1 -−

1

P12 n
,

A10to11aa → 2 1 -−
gf

2
*⋆
gf

2
1 -−

1

P12 n
, A10to12aa →

gf

2

2
1 -−

1

P12 n
,

A10to13aa → 0, A10to14aa → 1 -−
gf

2

2
+

gf

2

2 1

P12 n
, A11to1aa → 0, A11to2aa → 0,

A11to3aa → 1 -−
gf

2

2
+

gf

2

2 1

P12 n
, A11to4aa → 0, A11to5aa → 0, A11to6aa → 0,

A11to7aa → 0, A11to8aa → 0, A11to9aa → 0, A11to10aa → 1 -−
gf

2
*⋆
gf

2
1 -−

1

P12 n
,

A11to11aa → 1 -−
gf

2

2
+

gf

2

2
1 -−

1

P12 n
, A11to12aa → 1 -−

gf

2
*⋆
gf

2
1 -−

1

P12 n
,

A11to13aa → 0, A11to14aa → 2
gf

2
1 -−

gf

2

1

P12 n
, A12to1aa → 0, A12to2aa → 0,

A12to3aa → 2
gf

2
1 -−

gf

2

1

P12 n
, A12to4aa → 0, A12to5aa → 0, A12to6aa → 0,

A12to7aa → 0, A12to8aa → 0, A12to9aa → 0, A12to10aa →
gf

2

2
1 -−

1

P12 n
,

A12to11aa → 2 1 -−
gf

2
*⋆
gf

2
1 -−

1

P12 n
, A12to12aa → 1 -−

gf

2

2
1 -−

1

P12 n
,

A12to13aa → 0, A12to14aa → 1 -−
gf

2

2
+

gf

2

2 1

P12 n
, A13to1aa → 0,

, A13to3aa →
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A13to2aa → 0, A13to3aa → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 +

ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 
1

P12 n
, A13to4aa → 0,

A13to5aa → 0, A13to6aa → ProbA1HaploInA1A1DescendViaAsexFromA1A1 *⋆
ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2,

A13to7aa → ProbA1HaploInA1A1DescendViaAsexFromA1A1 *⋆
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2,

A13to8aa → ProbA2HaploInA2A2DescendViaAsexFromA2A2 *⋆
ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2,

A13to9aa → ProbA2HaploInA2A2DescendViaAsexFromA2A2 *⋆
ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2,

A13to10aa → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 1 -−
1

P12 n
,

A13to11aa → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 +

ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2  1 -−
1

P12 n
,

A13to12aa → ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 1 -−
1

P12 n
,

A13to13aa → ProbA1HaploInA1A1DescendViaAsexFromA1A1 *⋆
ProbA2HaploInA2A2DescendViaAsexFromA2A2,

A13to14aa → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆
ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 +

ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2
1

P12 n
;

Check the transitions sum to unity
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A4to1aa + A4to2aa + A4to3aa + A4to4aa + A4to5aa + A4to6aa + A4to7aa +
A4to8aa + A4to9aa + A4to10aa + A4to11aa + A4to12aa + A4to13aa + A4to14aa /∕.

subTransitionsByAsexAsex /∕/∕ Simplify

A5to1aa + A5to2aa + A5to3aa + A5to4aa + A5to5aa + A5to6aa + A5to7aa +
A5to8aa + A5to9aa + A5to10aa + A5to11aa + A5to12aa + A5to13aa + A5to14aa /∕.

subTransitionsByAsexAsex /∕/∕ Simplify

A6to1aa + A6to2aa + A6to3aa + A6to4aa + A6to5aa + A6to6aa + A6to7aa +
A6to8aa + A6to9aa + A6to10aa + A6to11aa + A6to12aa + A6to13aa + A6to14aa /∕.

subTransitionsByAsexAsex /∕/∕ Simplify

A7to1aa + A7to2aa + A7to3aa + A7to4aa + A7to5aa + A7to6aa + A7to7aa +
A7to8aa + A7to9aa + A7to10aa + A7to11aa + A7to12aa + A7to13aa + A7to14aa /∕.

subTransitionsByAsexAsex /∕/∕ Simplify

A8to1aa + A8to2aa + A8to3aa + A8to4aa + A8to5aa + A8to6aa + A8to7aa +
A8to8aa + A8to9aa + A8to10aa + A8to11aa + A8to12aa + A8to13aa + A8to14aa /∕.

subTransitionsByAsexAsex /∕/∕ Simplify

A9to1aa + A9to2aa + A9to3aa + A9to4aa + A9to5aa + A9to6aa + A9to7aa +
A9to8aa + A9to9aa + A9to10aa + A9to11aa + A9to12aa + A9to13aa + A9to14aa /∕.

subTransitionsByAsexAsex /∕/∕ Simplify

A10to1aa + A10to2aa + A10to3aa + A10to4aa + A10to5aa + A10to6aa +
A10to7aa + A10to8aa + A10to9aa + A10to10aa + A10to11aa + A10to12aa +
A10to13aa + A10to14aa /∕. subTransitionsByAsexAsex /∕/∕ Simplify

A11to1aa + A11to2aa + A11to3aa + A11to4aa + A11to5aa + A11to6aa +
A11to7aa + A11to8aa + A11to9aa + A11to10aa + A11to11aa + A11to12aa +
A11to13aa + A11to14aa /∕. subTransitionsByAsexAsex /∕/∕ Simplify

A12to1aa + A12to2aa + A12to3aa + A12to4aa + A12to5aa + A12to6aa +
A12to7aa + A12to8aa + A12to9aa + A12to10aa + A12to11aa + A12to12aa +
A12to13aa + A12to14aa /∕. subTransitionsByAsexAsex /∕/∕ Simplify

A13to1aa + A13to2aa + A13to3aa + A13to4aa + A13to5aa + A13to6aa +
A13to7aa + A13to8aa + A13to9aa + A13to10aa + A13to11aa + A13to12aa +
A13to13aa + A13to14aa /∕. subTransitionsByAsexAsex /∕/∕ Simplify

1

1

1

1

1

1

1

1

1
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1

Transition probabililities conditional on one sample being in an individual that was 
produced by sex and the other sample being in an individual that was produced 
via asex

We define “subTransitionsBySexAsex” to be a set of substitutions for the transitions out of states 4-13 
(each sample in a different individual), conditional on the first individual having been created via sex and 
the second individual via asex.  (“First” and “second” follow order as given in the description of the 
states in “Preliminaries”; see also Fig. S2.)

We define “subTransitionsByAsexSex” to be a set of substitutions for the transitions out of states 4-13 
(each sample in a different individual), conditional on the first individual having been created via asex 
and the second individual via sex.

subTransitionsBySexAsex

subTransitionsBySexAsex = A4to1sa → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12

ProbA1HaploInA1A1DescendViaAsexFromA1A1
1

P11 n
(1 /∕ 2),

A4to2sa → 0, A4to3sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 + r +

gf

2

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 + pNewA1HapCondA1Hap

gsf

gs + gsf
*⋆ ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 +

gs

gs + gsf
*⋆ ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2

1

P12 n
,

A4to4sa → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12

ProbA1HaploInA1A1DescendViaAsexFromA1A1 1 -−
1

P11 n
,

A4to5sa → 0, A4to6sa → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 +

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
ProbA1HaploInA1A1DescendViaAsexFromA1A1,

A4to7sa → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 +

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf
ProbA1HaploInA1A1DescendViaAsexFromA1A1, A4to8sa → 0, A4to9sa → 0, A4to10sa →
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ProbA1HaploInA1A1DescendViaAsexFromA1A1, A4to8sa → 0, A4to9sa → 0, A4to10sa →

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 1 -−
1

P12 n
, A4to11sa →

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf
ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 +

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 1 -−
1

P12 n
, A4to12sa →

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf

ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 1 -−
1

P12 n
,

A4to13sa → 0, A4to14sa → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12

ProbA1HaploInA1A1DescendViaAsexFromA1A1
1

P11 n
(1 /∕ 2) +

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 + r +

gf

2

ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 + pNewA1HapCondA1Hap

gsf

gs + gsf
*⋆ ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 +

gs

gs + gsf
*⋆ ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2

1

P12 n
,

A5to1sa → 0, A5to2sa → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12

ProbA2HaploInA2A2DescendViaAsexFromA2A2
1

P22 n
(1 /∕ 2),

A5to3sa → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

1 -− r -−
gf

2
ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 + r +

gf

2

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 + pNewA2HapCondA2Hap

gsf

gs + gsf
*⋆ ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 +

gs

gs + gsf
*⋆ ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2

1

P12 n
,

A5to4sa → 0, A5to5sa → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12

ProbA2HaploInA2A2DescendViaAsexFromA2A2 1 -−
1

P22 n
, A5to6sa → 0,

,
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A5to7sa → 0, A5to8sa → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 +

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
ProbA2HaploInA2A2DescendViaAsexFromA2A2,

A5to9sa → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 +

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf
ProbA2HaploInA2A2DescendViaAsexFromA2A2, A5to10sa →

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 1 -−
1

P12 n
, A5to11sa →

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 +

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf
ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 1 -−

1

P12 n
,

A5to12sa → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 1 -−
1

P12 n
,

A5to13sa → 0, A5to14sa → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12

ProbA2HaploInA2A2DescendViaAsexFromA2A2
1

P22 n
(1 /∕ 2) +

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

1 -− r -−
gf

2
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 + r +

gf

2

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 + pNewA2HapCondA2Hap

gsf

gs + gsf
*⋆ ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 +

gs

gs + gsf
*⋆ ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2

1

P12 n
,

A6to1sa → 0, A6to2sa → 0, A6to3sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
*⋆

gf

2
+ r +

gf

2
*⋆ 1 -−

gf

2
+

, ,
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pNewA1HapCondA1Hap
gsf

gs + gsf
*⋆

gf

2
+

gs

gs + gsf
*⋆ 1 -−

gf

2

1

P12 n
, A6to4sa → 0,

A6to5sa → 0, A6to6sa → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
*⋆ 1 -−

gf

2
,

A6to7sa → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
*⋆

gf

2
,

A6to8sa → 0 ,
A6to9sa → 0,

A6to10sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
1 -−

gf

2
1 -−

1

P12 n
,

A6to11sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
*⋆

gf

2
+ r +

gf

2
*⋆ 1 -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
*⋆

gf

2
+

gs

gs + gsf
*⋆ 1 -−

gf

2
1 -−

1

P12 n
,

A6to12sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+

pNewA1HapCondA1Hap
gs

gs + gsf

gf

2
1 -−

1

P12 n
,

A6to13sa → 0, A6to14sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
*⋆ 1 -−

gf

2
+ r +

gf

2
*⋆

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
*⋆ 1 -−

gf

2
+

gs

gs + gsf
*⋆

gf

2

1

P12 n
,

A7to1sa → 0, A7to2sa → 0, A7to3sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
*⋆ 1 -−

gf

2
+ r +

gf

2
*⋆

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
*⋆ 1 -−

gf

2
+

gs

gs + gsf
*⋆

gf

2

1

P12 n
, A7to4sa → 0,

A7to5sa → 0, A7to6sa → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
*⋆

gf

2
,

A7to7sa → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
*⋆ 1 -−

gf

2
,

A7to8sa → 0 ,
A7to9sa → 0,

A7to10sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf

gf

2
1 -−

1

P12 n
,

A7to11sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

+
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1 -− r -−
gf

2
*⋆ 1 -−

gf

2
+ r +

gf

2
*⋆

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
*⋆ 1 -−

gf

2
+

gs

gs + gsf
*⋆

gf

2
1 -−

1

P12 n
,

A7to12sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+

pNewA1HapCondA1Hap
gs

gs + gsf
1 -−

gf

2
1 -−

1

P12 n
,

A7to13sa → 0, A7to14sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
*⋆

gf

2
+ r +

gf

2
*⋆ 1 -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
*⋆

gf

2
+

gs

gs + gsf
*⋆ 1 -−

gf

2

1

P12 n
,

A8to1sa → 0, A8to2sa → 0, A8to3sa → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

1 -− r -−
gf

2
*⋆ 1 -−

gf

2
+ r +

gf

2
*⋆

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
*⋆ 1 -−

gf

2
+

gs

gs + gsf
*⋆

gf

2

1

P12 n
,

A8to4sa → 0, A8to5sa → 0, A8to6sa → 0, A8to7sa → 0,

A8to8sa → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
*⋆ 1 -−

gf

2
,

A8to9sa → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
*⋆

gf

2
,

A8to10sa →

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf

1 -−
gf

2
1 -−

1

P12 n
,

A8to11sa → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

1 -− r -−
gf

2
*⋆ 1 -−

gf

2
+ r +

gf

2
*⋆

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
*⋆ 1 -−

gf

2
+

gs

gs + gsf
*⋆

gf

2
1 -−

1

P12 n
,

A8to12sa → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf

gf

2
1 -−

1

P12 n
,

A8to13sa → 0, A8to14sa → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

1 -− r -−
gf

2
*⋆

gf

2
+ r +

gf

2
*⋆ 1 -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
*⋆

gf

2
+

gs

gs + gsf
*⋆ 1 -−

gf

2

1

P12 n
,

, ,
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A9to1sa → 0, A9to2sa → 0, A9to3sa → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

1 -− r -−
gf

2
*⋆

gf

2
+ r +

gf

2
*⋆ 1 -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
*⋆

gf

2
+

gs

gs + gsf
*⋆ 1 -−

gf

2

1

P12 n
,

A9to4sa → 0, A9to5sa → 0, A9to6sa → 0, A9to7sa → 0,

A9to8sa → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
*⋆

gf

2
,

A9to9sa → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
*⋆ 1 -−

gf

2
,

A9to10sa →

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
gf

2
1 -−

1

P12 n
,

A9to11sa → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

1 -− r -−
gf

2
*⋆

gf

2
+ r +

gf

2
*⋆ 1 -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
*⋆

gf

2
+

gs

gs + gsf
*⋆ 1 -−

gf

2
1 -−

1

P12 n
,

A9to12sa → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
1 -−

gf

2
1 -−

1

P12 n
,

A9to13sa → 0, A9to14sa → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

1 -− r -−
gf

2
*⋆ 1 -−

gf

2
+ r +

gf

2
*⋆

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
*⋆ 1 -−

gf

2
+

gs

gs + gsf
*⋆

gf

2

1

P12 n
,

A10to1sa → 0, A10to2sa → 0, A10to3sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
*⋆

gf

2
+ r +

gf

2
*⋆ 1 -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
*⋆

gf

2
+

gs

gs + gsf
*⋆ 1 -−

gf

2

1

P12 n
, A10to4sa → 0,

A10to5sa → 0, A10to6sa → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
*⋆ 1 -−

gf

2
,

A10to7sa → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
*⋆

gf

2
,

A10to8sa → 0 , A10to9sa → 0,

A10to10sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
1 -−

gf

2
1 -−

1

P12 n
,
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A10to11sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
*⋆

gf

2
+ r +

gf

2
*⋆ 1 -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
*⋆

gf

2
+

gs

gs + gsf
*⋆ 1 -−

gf

2
1 -−

1

P12 n
,

A10to12sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+

pNewA1HapCondA1Hap
gs

gs + gsf

gf

2
1 -−

1

P12 n
,

A10to13sa → 0, A10to14sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
*⋆ 1 -−

gf

2
+ r +

gf

2
*⋆

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
*⋆ 1 -−

gf

2
+

gs

gs + gsf
*⋆

gf

2

1

P12 n
,

A11to1sa → 0, A11to2sa → 0, A11to3sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
*⋆ 1 -−

gf

2
+ r +

gf

2
*⋆

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
*⋆ 1 -−

gf

2
+

gs

gs + gsf
*⋆

gf

2

1

P12 n
, A11to4sa → 0,

A11to5sa → 0, A11to6sa → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
*⋆

gf

2
,

A11to7sa → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
*⋆ 1 -−

gf

2
,

A11to8sa → 0 , A11to9sa → 0,

A11to10sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf

gf

2
1 -−

1

P12 n
,

A11to11sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
*⋆ 1 -−

gf

2
+ r +

gf

2
*⋆

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
*⋆ 1 -−

gf

2
+

gs

gs + gsf
*⋆

gf

2
1 -−

1

P12 n
,

A11to12sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+

pNewA1HapCondA1Hap
gs

gs + gsf
1 -−

gf

2
1 -−

1

P12 n
,

A11to13sa → 0, A11to14sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
*⋆

gf

2
+ r +

gf

2
*⋆ 1 -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
*⋆

gf

2
+

gs

gs + gsf
*⋆ 1 -−

gf

2

1

P12 n
,

, ,
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A12to1sa → 0, A12to2sa → 0, A12to3sa → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

1 -− r -−
gf

2
*⋆

gf

2
+ r +

gf

2
*⋆ 1 -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
*⋆

gf

2
+

gs

gs + gsf
*⋆ 1 -−

gf

2

1

P12 n
,

A12to4sa → 0, A12to5sa → 0, A12to6sa → 0, A12to7sa → 0,

A12to8sa → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
*⋆

gf

2
,

A12to9sa → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
*⋆ 1 -−

gf

2
,

A12to10sa →

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
gf

2
1 -−

1

P12 n
,

A12to11sa → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

1 -− r -−
gf

2
*⋆

gf

2
+ r +

gf

2
*⋆ 1 -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
*⋆

gf

2
+

gs

gs + gsf
*⋆ 1 -−

gf

2
1 -−

1

P12 n
,

A12to12sa → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
1 -−

gf

2
1 -−

1

P12 n
,

A12to13sa → 0, A12to14sa → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

1 -− r -−
gf

2
*⋆ 1 -−

gf

2
+ r +

gf

2
*⋆

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
*⋆ 1 -−

gf

2
+

gs

gs + gsf
*⋆

gf

2

1

P12 n
,

A13to1sa → 0, A13to2sa → 0, A13to3sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
*⋆ ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 + r +

gf

2
*⋆

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 + pNewA1HapCondA1Hap

gsf

gs + gsf
*⋆ ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 +

gs

gs + gsf
*⋆ ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2

1

P12 n
,

A13to4sa → 0, A13to5sa → 0, A13to6sa → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
*⋆

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2,

A13to7sa → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
*⋆

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2, A13to8sa →
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ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2, A13to8sa →

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf
*⋆

ProbA2HaploInA2A2DescendViaAsexFromA2A2, A13to9sa →

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf
*⋆

ProbA2HaploInA2A2DescendViaAsexFromA2A2, A13to10sa →

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf
*⋆

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 1 -−
1

P12 n
, A13to11sa →

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf
*⋆

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 +

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf
*⋆

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 1 -−
1

P12 n
, A13to12sa →

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf
*⋆

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 1 -−
1

P12 n
,

A13to13sa → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
*⋆

ProbA2HaploInA2A2DescendViaAsexFromA2A2,

A13to14sa → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
*⋆

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 +

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf
*⋆

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2
1

P12 n
;

Check these transitions sum to unity
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A4to1sa + A4to2sa + A4to3sa + A4to4sa + A4to5sa + A4to6sa +
A4to7sa + A4to8sa + A4to9sa + A4to10sa + A4to11sa + A4to12sa +
A4to13sa + A4to14sa /∕. subTransitionsBySexAsex /∕/∕ Simplify

A5to1sa + A5to2sa + A5to3sa + A5to4sa + A5to5sa + A5to6sa +
A5to7sa + A5to8sa + A5to9sa + A5to10sa + A5to11sa + A5to12sa +
A5to13sa + A5to14sa /∕. subTransitionsBySexAsex /∕/∕ Simplify

A6to1sa + A6to2sa + A6to3sa + A6to4sa + A6to5sa + A6to6sa +
A6to7sa + A6to8sa + A6to9sa + A6to10sa + A6to11sa + A6to12sa +
A6to13sa + A6to14sa /∕. subTransitionsBySexAsex /∕/∕ Simplify

A7to1sa + A7to2sa + A7to3sa + A7to4sa + A7to5sa + A7to6sa +
A7to7sa + A7to8sa + A7to9sa + A7to10sa + A7to11sa + A7to12sa +
A7to13sa + A7to14sa /∕. subTransitionsBySexAsex /∕/∕ Simplify

A8to1sa + A8to2sa + A8to3sa + A8to4sa + A8to5sa + A8to6sa +
A8to7sa + A8to8sa + A8to9sa + A8to10sa + A8to11sa + A8to12sa +
A8to13sa + A8to14sa /∕. subTransitionsBySexAsex /∕/∕ Simplify

A9to1sa + A9to2sa + A9to3sa + A9to4sa + A9to5sa + A9to6sa +
A9to7sa + A9to8sa + A9to9sa + A9to10sa + A9to11sa + A9to12sa +
A9to13sa + A9to14sa /∕. subTransitionsBySexAsex /∕/∕ Simplify

A10to1sa + A10to2sa + A10to3sa + A10to4sa + A10to5sa + A10to6sa +
A10to7sa + A10to8sa + A10to9sa + A10to10sa + A10to11sa + A10to12sa +
A10to13sa + A10to14sa /∕. subTransitionsBySexAsex /∕/∕ Simplify

A11to1sa + A11to2sa + A11to3sa + A11to4sa + A11to5sa + A11to6sa +
A11to7sa + A11to8sa + A11to9sa + A11to10sa + A11to11sa + A11to12sa +
A11to13sa + A11to14sa /∕. subTransitionsBySexAsex /∕/∕ Simplify

A12to1sa + A12to2sa + A12to3sa + A12to4sa + A12to5sa + A12to6sa +
A12to7sa + A12to8sa + A12to9sa + A12to10sa + A12to11sa + A12to12sa +
A12to13sa + A12to14sa /∕. subTransitionsBySexAsex /∕/∕ Simplify

A13to1sa + A13to2sa + A13to3sa + A13to4sa + A13to5sa + A13to6sa +
A13to7sa + A13to8sa + A13to9sa + A13to10sa + A13to11sa + A13to12sa +
A13to13sa + A13to14sa /∕. subTransitionsBySexAsex /∕/∕ Simplify

1

1

1

1

1

1

1

1

1
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1

subTransitionsByAsexSex

subTransitionsByAsexSex = A4to1as → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12

ProbA1HaploInA1A1DescendViaAsexFromA1A1
1

P11 n
(1 /∕ 2),

A4to2as → 0, A4to3as → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 + r +

gf

2

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 + pNewA1HapCondA1Hap

gsf

gs + gsf
*⋆ ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 +

gs

gs + gsf
*⋆ ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2

1

P12 n
,

A4to4as → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12

ProbA1HaploInA1A1DescendViaAsexFromA1A1 1 -−
1

P11 n
,

A4to5as → 0, A4to6as → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 +

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
ProbA1HaploInA1A1DescendViaAsexFromA1A1,

A4to7as → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 +

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf
ProbA1HaploInA1A1DescendViaAsexFromA1A1, A4to8as → 0, A4to9as → 0, A4to10as →

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 1 -−
1

P12 n
, A4to11as →

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf
ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 +

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 1 -−
1

P12 n
, A4to12as →
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(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf

ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 1 -−
1

P12 n
,

A4to13as → 0, A4to14as → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12

ProbA1HaploInA1A1DescendViaAsexFromA1A1
1

P11 n
(1 /∕ 2) +

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 + r +

gf

2

ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 + pNewA1HapCondA1Hap

gsf

gs + gsf
*⋆ ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 +

gs

gs + gsf
*⋆ ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2

1

P12 n
,

A5to1as → 0, A5to2as → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12

ProbA2HaploInA2A2DescendViaAsexFromA2A2
1

P22 n
(1 /∕ 2),

A5to3as → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

1 -− r -−
gf

2
ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 + r +

gf

2

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 + pNewA2HapCondA2Hap

gsf

gs + gsf
*⋆ ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 +

gs

gs + gsf
*⋆ ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2

1

P12 n
,

A5to4as → 0, A5to5as → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12

ProbA2HaploInA2A2DescendViaAsexFromA2A2 1 -−
1

P22 n
, A5to6as → 0,

A5to7as → 0, A5to8as → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 +

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
ProbA2HaploInA2A2DescendViaAsexFromA2A2,

A5to9as → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 +

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf
ProbA2HaploInA2A2DescendViaAsexFromA2A2, A5to10as →
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ProbA2HaploInA2A2DescendViaAsexFromA2A2, A5to10as →

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 1 -−
1

P12 n
, A5to11as →

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 +

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf
ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 1 -−

1

P12 n
,

A5to12as → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 1 -−
1

P12 n
,

A5to13as → 0, A5to14as → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12

ProbA2HaploInA2A2DescendViaAsexFromA2A2
1

P22 n
(1 /∕ 2) +

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

1 -− r -−
gf

2
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 + r +

gf

2

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 + pNewA2HapCondA2Hap

gsf

gs + gsf
*⋆ ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 +

gs

gs + gsf
*⋆ ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2

1

P12 n
,

A6to1as → ProbA1HaploInA1A1DescendViaAsexFromA1A1 *⋆

(1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12

1

P11 n
(1 /∕ 2), A6to2as → 0, A6to3as →

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf
+ ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf

1

P12 n
,

A6to4as → ProbA1HaploInA1A1DescendViaAsexFromA1A1 *⋆

(1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
1 -−

1

P11 n
,

A6to5as → 0, A6to6as → ProbA1HaploInA1A1DescendViaAsexFromA1A1
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A6to5as → 0, A6to6as → ProbA1HaploInA1A1DescendViaAsexFromA1A1

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
+

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
,

A6to7as → ProbA1HaploInA1A1DescendViaAsexFromA1A1

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf
+

ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
, A6to8as → 0 , A6to9as → 0,

A6to10as → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf

1 -−
1

P12 n
,

A6to11as → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf
+ ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
1 -−

1

P12 n
,

A6to12as → ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf

1 -−
1

P12 n
, A6to13as → 0,

A6to14as → ProbA1HaploInA1A1DescendViaAsexFromA1A1 *⋆

(1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12

1

P11 n
(1 /∕ 2) +

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf
+ ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+

pNewA1HapCondA1Hap
gs

gs + gsf

1

P12 n
, A7to1as → 0, A7to2as → 0, A7to3as →

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆
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(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf
+ ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+

pNewA2HapCondA2Hap
gs

gs + gsf

1

P12 n
, A7to4as → 0,

A7to5as → 0, A7to6as → ProbA1HaploInA1A1DescendViaAsexFromA1A1

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
,

A7to7as → ProbA1HaploInA1A1DescendViaAsexFromA1A1

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf
,

A7to8as → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
,

A7to9as → ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
,

A7to10as → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf

1 -−
1

P12 n
, A7to11as →

ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆ (1 -− pNewA2HapCondA2Hap)

P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
+

ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
1 -−

1

P12 n
,

A7to12as → ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf

1 -−
1

P12 n
, A7to13as →

ProbA1HaploInA1A1DescendViaAsexFromA1A1 *⋆ (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
,

A7to14as → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
+ ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆
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(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf

1

P12 n
, A8to1as → 0, A8to2as → 0, A8to3as →

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf
+ ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+

pNewA1HapCondA1Hap
gs

gs + gsf

1

P12 n
, A8to4as → 0,

A8to5as → 0, A8to6as → ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
,

A8to7as → ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
,

A8to8as → ProbA2HaploInA2A2DescendViaAsexFromA2A2

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf
,

A8to9as → ProbA2HaploInA2A2DescendViaAsexFromA2A2

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf
,

A8to10as → ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf

1 -−
1

P12 n
, A8to11as →

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆ (1 -− pNewA1HapCondA1Hap)

P12

2 P11 + P12
1 -− r -−

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf
+

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+

pNewA1HapCondA1Hap
gs

gs + gsf
1 -−

1

P12 n
,

A8to12as → ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf

1 -−
1

P12 n
, A8to13as →

ProbA2HaploInA2A2DescendViaAsexFromA2A2 *⋆ (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
,
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A8to14as → ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+ pNewA1HapCondA1Hap

gs

gs + gsf
+ ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf

1

P12 n
,

A9to1as → 0, A9to2as → ProbA2HaploInA2A2DescendViaAsexFromA2A2

(1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12

1

P22 n
(1 /∕ 2), A9to3as →

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
+ ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf

1

P12 n
,

A9to4as → 0, A9to5as → ProbA2HaploInA2A2DescendViaAsexFromA2A2 *⋆

(1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
1 -−

1

P22 n
, A9to6as → 0,

A9to7as → 0, A9to8as → ProbA2HaploInA2A2DescendViaAsexFromA2A2

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
+

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
,

A9to9as → ProbA2HaploInA2A2DescendViaAsexFromA2A2 (1 -− pNewA2HapCondA2Hap)

P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf
+

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
,

A9to10as → ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf

1 -−
1

P12 n
, A9to11as →

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆ (1 -− pNewA2HapCondA2Hap)

P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf
+

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆
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1 -− r -− + pNewA2HapCondA2Hap
gs + gsf

+

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+

pNewA2HapCondA2Hap
gs

gs + gsf
1 -−

1

P12 n
,

A9to12as → ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf

1 -−
1

P12 n
, A9to13as → 0,

A9to14as → ProbA2HaploInA2A2DescendViaAsexFromA2A2

(1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12

1

P22 n
(1 /∕ 2) +

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 *⋆ (1 -− pNewA2HapCondA2Hap)

P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf
+

ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+

pNewA2HapCondA2Hap
gs

gs + gsf

1

P12 n
, A10to1as → 0,

A10to2as → 0, A10to3as → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
*⋆

gf

2
+ r +

gf

2
*⋆ 1 -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
*⋆

gf

2
+

gs

gs + gsf
*⋆ 1 -−

gf

2

1

P12 n
, A10to4as → 0,

A10to5as → 0, A10to6as → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
*⋆ 1 -−

gf

2
,

A10to7as → (1 -− pNewA1HapCondA1Hap)
2 P11

2 P11 + P12
*⋆

gf

2
,

A10to8as → 0 ,
A10to9as → 0,

A10to10as → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
1 -− r -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
1 -−

gf

2
1 -−

1

P12 n
,

A10to11as → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
*⋆

gf

2
+ r +

gf

2
*⋆ 1 -−

gf

2
+

pNewA1HapCondA1Hap
gsf

gs + gsf
*⋆

gf

2
+

gs

gs + gsf
*⋆ 1 -−

gf

2
1 -−

1

P12 n
,

A10to12as → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12
r +

gf

2
+

pNewA1HapCondA1Hap
gs

gs + gsf

gf

2
1 -−

1

P12 n
,

,
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A10to13as → 0, A10to14as → (1 -− pNewA1HapCondA1Hap)
P12

2 P11 + P12

1 -− r -−
gf

2
*⋆ 1 -−

gf

2
+ r +

gf

2
*⋆

gf

2
+ pNewA1HapCondA1Hap

gsf

gs + gsf
*⋆ 1 -−

gf

2
+

gs

gs + gsf
*⋆

gf

2

1

P12 n
, A11to1as → 0, A11to2as → 0,

A11to3as → 1 -−
gf

2
(1 -− pNewA2HapCondA2Hap)

P12

2 P22 + P12
1 -− r -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
+

gf

2
(1 -− pNewA2HapCondA2Hap)

P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf

1

P12 n
,

A11to4as → 0, A11to5as → 0, A11to6as → 0, A11to7as → 0,

A11to8as → 1 -−
gf

2
*⋆ (1 -− pNewA2HapCondA2Hap)

2 P22

2 P22 + P12
,

A11to9as →
gf

2
*⋆ (1 -− pNewA2HapCondA2Hap)

2 P22

2 P22 + P12
,

A11to10as → 1 -−
gf

2
(1 -− pNewA2HapCondA2Hap)

P12

2 P22 + P12
r +

gf

2
+

pNewA2HapCondA2Hap
gs

gs + gsf
1 -−

1

P12 n
,

A11to11as → 1 -−
gf

2
(1 -− pNewA2HapCondA2Hap)

P12

2 P22 + P12
1 -− r -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
+

gf

2
(1 -− pNewA2HapCondA2Hap)

P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
1 -−

1

P12 n
,

A11to12as →
gf

2
(1 -− pNewA2HapCondA2Hap)

P12

2 P22 + P12
1 -− r -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
1 -−

1

P12 n
, A11to13as → 0, A11to14as →

1 -−
gf

2
(1 -− pNewA2HapCondA2Hap)

P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
+

gf

2
(1 -− pNewA2HapCondA2Hap)

P12

2 P22 + P12
1 -− r -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf

1

P12 n
, A12to1as → 0,

A12to2as → 0, A12to3as → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

1 -− r -−
gf

2
*⋆

gf

2
+ r +

gf

2
*⋆ 1 -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
*⋆

gf

2
+

gs

gs + gsf
*⋆ 1 -−

gf

2

1

P12 n
,

A12to4as → 0, A12to5as → 0, A12to6as → 0, A12to7as → 0,

A12to8as → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
*⋆

gf

2
,

,
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A12to9as → (1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
*⋆ 1 -−

gf

2
,

A12to10as →

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
gf

2
1 -−

1

P12 n
,

A12to11as → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

1 -− r -−
gf

2
*⋆

gf

2
+ r +

gf

2
*⋆ 1 -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
*⋆

gf

2
+

gs

gs + gsf
*⋆ 1 -−

gf

2
1 -−

1

P12 n
,

A12to12as → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
1 -−

gf

2
1 -−

1

P12 n
,

A12to13as → 0, A12to14as → (1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12

1 -− r -−
gf

2
*⋆ 1 -−

gf

2
+ r +

gf

2
*⋆

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf
*⋆ 1 -−

gf

2
+

gs

gs + gsf
*⋆

gf

2

1

P12 n
, A13to1as → 0,

A13to2as → 0, A13to3as → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf
+ ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+

pNewA2HapCondA2Hap
gs

gs + gsf

1

P12 n
, A13to4as → 0,

A13to5as → 0, A13to6as → ProbA1HaploInA1A1DescendViaAsexFromA1A1 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
,

A13to7as → ProbA1HaploInA1A1DescendViaAsexFromA1A1 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
,

A13to8as → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
,

A13to9as → ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
,

A13to10as → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆
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A13to10as → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf

1 -−
1

P12 n
,

A13to11as → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+ pNewA2HapCondA2Hap

gsf

gs + gsf
+ ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+

pNewA2HapCondA2Hap
gs

gs + gsf
1 -−

1

P12 n
,

A13to12as → ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf
1 -−

1

P12 n
,

A13to13as → ProbA1HaploInA1A1DescendViaAsexFromA1A1 *⋆

(1 -− pNewA2HapCondA2Hap)
2 P22

2 P22 + P12
,

A13to14as → ProbA1HaploInA1A1DescendViaAsexFromA1HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
r +

gf

2
+ pNewA2HapCondA2Hap

gs

gs + gsf
+ ProbA1HaploInA1A1DescendViaAsexFromA2HaploInA1A2 *⋆

(1 -− pNewA2HapCondA2Hap)
P12

2 P22 + P12
1 -− r -−

gf

2
+

pNewA2HapCondA2Hap
gsf

gs + gsf

1

P12 n
;

Check these transitions sum to unity
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A4to1as + A4to2as + A4to3as + A4to4as + A4to5as + A4to6as +
A4to7as + A4to8as + A4to9as + A4to10as + A4to11as + A4to12as +
A4to13as + A4to14as /∕. subTransitionsByAsexSex /∕/∕ Simplify

A5to1as + A5to2as + A5to3as + A5to4as + A5to5as + A5to6as +
A5to7as + A5to8as + A5to9as + A5to10as + A5to11as + A5to12as +
A5to13as + A5to14as /∕. subTransitionsByAsexSex /∕/∕ Simplify

A6to1as + A6to2as + A6to3as + A6to4as + A6to5as + A6to6as + A6to7as + A6to8as +
A6to9as + A6to10as + A6to11as + A6to12as + A6to13as + A6to14as /∕.

subTransitionsByAsexSex /∕/∕ Simplify /∕.
ProbA2HaploInA2A2DescendViaAsexFromA1HaploInA1A2 +

ProbA2HaploInA2A2DescendViaAsexFromA2A2 +
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A2 → 1 /∕/∕ Simplify

A7to1as + A7to2as + A7to3as + A7to4as + A7to5as + A7to6as +
A7to7as + A7to8as + A7to9as + A7to10as + A7to11as + A7to12as +
A7to13as + A7to14as /∕. subTransitionsByAsexSex /∕/∕ Simplify

A8to1as + A8to2as + A8to3as + A8to4as + A8to5as + A8to6as +
A8to7as + A8to8as + A8to9as + A8to10as + A8to11as + A8to12as +
A8to13as + A8to14as /∕. subTransitionsByAsexSex /∕/∕ Simplify

A9to1as + A9to2as + A9to3as + A9to4as + A9to5as + A9to6as +
A9to7as + A9to8as + A9to9as + A9to10as + A9to11as + A9to12as +
A9to13as + A9to14as /∕. subTransitionsByAsexSex /∕/∕ Simplify

A10to1as + A10to2as + A10to3as + A10to4as + A10to5as + A10to6as +
A10to7as + A10to8as + A10to9as + A10to10as + A10to11as + A10to12as +
A10to13as + A10to14as /∕. subTransitionsByAsexSex /∕/∕ Simplify

A11to1as + A11to2as + A11to3as + A11to4as + A11to5as + A11to6as +
A11to7as + A11to8as + A11to9as + A11to10as + A11to11as + A11to12as +
A11to13as + A11to14as /∕. subTransitionsByAsexSex /∕/∕ Simplify

A12to1as + A12to2as + A12to3as + A12to4as + A12to5as + A12to6as +
A12to7as + A12to8as + A12to9as + A12to10as + A12to11as + A12to12as +
A12to13as + A12to14as /∕. subTransitionsByAsexSex /∕/∕ Simplify

A13to1as + A13to2as + A13to3as + A13to4as + A13to5as + A13to6as +
A13to7as + A13to8as + A13to9as + A13to10as + A13to11as + A13to12as +
A13to13as + A13to14as /∕. subTransitionsByAsexSex /∕/∕ Simplify

1

1

1

1

1

1

1
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1

1

1

Full transition probabilities combining across reproductive modes
Here we weight the conditional probabilities defined above via the chance that the focal individuals were 
created via different reproductive modes.

Note that, for book-keeping purposes, we use “aitoj” to denote these non-conditional transition probabili-
ties from state i to state j but later use substitutions where we switch to refering to them as “Aitoj”.

Both samples currently in a single individual (states 1-3)

a1to1 =
σ A1to1s + (1 -− σ) A1to1a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a1to2 =
σ A1to2s + (1 -− σ) A1to2a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a1to3 =
σ A1to3s + (1 -− σ) A1to3a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a1to4 =
σ A1to4s + (1 -− σ) A1to4a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a1to5 =
σ A1to5s + (1 -− σ) A1to5a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a1to6 =
σ A1to6s + (1 -− σ) A1to6a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a1to7 =
σ A1to7s + (1 -− σ) A1to7a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a1to8 =
σ A1to8s + (1 -− σ) A1to8a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a1to9 =
σ A1to9s + (1 -− σ) A1to9a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a1to10 =
σ A1to10s + (1 -− σ) A1to10a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a1to11 =
σ A1to11s + (1 -− σ) A1to11a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a1to12 =
σ A1to12s + (1 -− σ) A1to12a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a1to13 =
σ A1to13s + (1 -− σ) A1to13a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify
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a1to14 =
σ A1to14s + (1 -− σ) A1to14a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a2to1 =
σ A2to1s + (1 -− σ) A2to1a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a2to2 =
σ A2to2s + (1 -− σ) A2to2a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a2to3 =
σ A2to3s + (1 -− σ) A2to3a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a2to4 =
σ A2to4s + (1 -− σ) A2to4a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a2to5 =
σ A2to5s + (1 -− σ) A2to5a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a2to6 =
σ A2to6s + (1 -− σ) A2to6a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a2to7 =
σ A2to7s + (1 -− σ) A2to7a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a2to8 =
σ A2to8s + (1 -− σ) A2to8a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a2to9 =
σ A2to9s + (1 -− σ) A2to9a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a2to10 =
σ A2to10s + (1 -− σ) A2to10a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a2to11 =
σ A2to11s + (1 -− σ) A2to11a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a2to12 =
σ A2to12s + (1 -− σ) A2to12a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a2to13 =
σ A2to13s + (1 -− σ) A2to13a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a2to14 =
σ A2to14s + (1 -− σ) A2to14a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a3to1 =
σ A3to1s + (1 -− σ) A3to1a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a3to2 =
σ A3to2s + (1 -− σ) A3to2a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a3to3 =
σ A3to3s + (1 -− σ) A3to3a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a3to4 =
σ A3to4s + (1 -− σ) A3to4a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify
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a3to5 =
σ A3to5s + (1 -− σ) A3to5a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a3to6 =
σ A3to6s + (1 -− σ) A3to6a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a3to7 =
σ A3to7s + (1 -− σ) A3to7a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a3to8 =
σ A3to8s + (1 -− σ) A3to8a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a3to9 =
σ A3to9s + (1 -− σ) A3to9a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a3to10 =
σ A3to10s + (1 -− σ) A3to10a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a3to11 =
σ A3to11s + (1 -− σ) A3to11a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a3to12 =
σ A3to12s + (1 -− σ) A3to12a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a3to13 =
σ A3to13s + (1 -− σ) A3to13a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

a3to14 =
σ A3to14s + (1 -− σ) A3to14a /∕. subTransitionsBySex /∕. subTransitionsByAsex /∕/∕ Simplify

-−(-−1 + gf) -−1 + pNew11given11 (-−1 + σ) +
2 P11 (-−1 + pNewA1HapCondA1Hap)2 σ

n (2 P11 + P12)2

0

-−
gs pNew11given11 (-−1 + σ)

gs + gsf
+

1

2 n P12

4 gs gsf pNewA1HapCondA1Hap2

(gs + gsf)2
+ (2 gs P12 (-−1 + pNewA1HapCondA1Hap)

pNewA1HapCondA1Hap (-−2 + gf + 2 r)) /∕ ((gs + gsf) (2 P11 + P12)) -−
(2 gsf P12 (-−1 + pNewA1HapCondA1Hap) pNewA1HapCondA1Hap (gf + 2 r)) /∕
((gs + gsf) (2 P11 + P12)) -−

P122 (-−1 + pNewA1HapCondA1Hap)2 (-−2 + gf + 2 r) (gf + 2 r)  (2 P11 + P12)2 σ

4 P11 (-−1 + n P11) (-−1 + pNewA1HapCondA1Hap)2 σ  n (2 P11 + P12)2

0

4 P11 (1 -− pNewA1HapCondA1Hap)
gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) σ  (2 P11 + P12)
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4 P11 (1 -− pNewA1HapCondA1Hap)
gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) σ  (2 P11 + P12)

0

0

1 -−
1

n P12

gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12))
2
σ

2 1 -−
1

n P12

gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12))

gs pNewA1HapCondA1Hap

gs + gsf
-− (P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) σ

1 -−
1

n P12
gs pNewA1HapCondA1Hap

gs + gsf
-− (P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12))

2
σ

0

gf -− gf pNew11given11 +
gsf pNew11given11

gs + gsf
(1 -− σ) +

1

n
2 P11 (-−1 + pNewA1HapCondA1Hap)2  (2 P11 + P12)2 +

1

P12
gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕

(2 (2 P11 + P12))
2
+

1

P12

gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12))
2

σ

0

-−(-−1 + gf) -−1 + pNew22given22 (-−1 + σ) +
2 P22 (-−1 + pNewA2HapCondA2Hap)2 σ

n (P12 + 2 P22)2
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-−
gs pNew22given22 (-−1 + σ)

gs + gsf
+

1

2 n P12

4 gs gsf pNewA2HapCondA2Hap2

(gs + gsf)2
+ (2 gs P12 (-−1 + pNewA2HapCondA2Hap)

pNewA2HapCondA2Hap (-−2 + gf + 2 r)) /∕ ((gs + gsf) (P12 + 2 P22)) -−
(2 gsf P12 (-−1 + pNewA2HapCondA2Hap) pNewA2HapCondA2Hap (gf + 2 r)) /∕
((gs + gsf) (P12 + 2 P22)) -−

P122 (-−1 + pNewA2HapCondA2Hap)2 (-−2 + gf + 2 r) (gf + 2 r)  (P12 + 2 P22)2 σ

0

4 P22 (-−1 + n P22) (-−1 + pNewA2HapCondA2Hap)2 σ  n (P12 + 2 P22)2

0

0

4 P22 (1 -− pNewA2HapCondA2Hap)
gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ  (P12 + 2 P22)

4 P22 (1 -− pNewA2HapCondA2Hap)
gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ  (P12 + 2 P22)

1 -−
1

n P12
gs pNewA2HapCondA2Hap

gs + gsf
-− (P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22))

2
σ

2 1 -−
1

n P12

gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22))

gs pNewA2HapCondA2Hap

gs + gsf
-− (P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ

1 -−
1

n P12

gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22))
2
σ

0
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gf -− gf pNew22given22 +
gsf pNew22given22

gs + gsf
(1 -− σ) +

1

n
2 P22 (-−1 + pNewA2HapCondA2Hap)2  (P12 + 2 P22)2 +

1

P12
gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22))
2
+

1

P12

gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22))
2

σ

0

0

(-−1 + gf) (-−1 + σ) +
1

2 n P12
2 gs2 + gsf2 pNewA1HapCondA1Hap pNewA2HapCondA2Hap  (gs + gsf)2 +

P122 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap)
2 + gf2 -− 4 r + 4 r2 + gf (-−2 + 4 r)  ((2 P11 + P12) (P12 + 2 P22)) -−

(P12 pNewA1HapCondA1Hap (-−1 + pNewA2HapCondA2Hap)
(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (P12 + 2 P22)) -−

(P12 (-−1 + pNewA1HapCondA1Hap) pNewA2HapCondA2Hap
(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (2 P11 + P12)) σ

0

0

2 P11 (1 -− pNewA1HapCondA1Hap)
gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ  (2 P11 + P12)

2 P11 (1 -− pNewA1HapCondA1Hap)
gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ  (2 P11 + P12)

2 P22 (1 -− pNewA2HapCondA2Hap)
gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) σ  (P12 + 2 P22)

2 P22 (1 -− pNewA2HapCondA2Hap)
gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) σ  (P12 + 2 P22)
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1 -−
1

n P12

gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12))

gs pNewA2HapCondA2Hap

gs + gsf
-− (P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ

1

2
1 -−

1

n P12
2 gs2 + gsf2 pNewA1HapCondA1Hap pNewA2HapCondA2Hap  (gs + gsf)2 +

P122 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap)
2 + gf2 -− 4 r + 4 r2 + gf (-−2 + 4 r)  ((2 P11 + P12) (P12 + 2 P22)) -−

(P12 pNewA1HapCondA1Hap (-−1 + pNewA2HapCondA2Hap)
(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (P12 + 2 P22)) -−

(P12 (-−1 + pNewA1HapCondA1Hap) pNewA2HapCondA2Hap
(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (2 P11 + P12)) σ

1 -−
1

n P12

gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22))

gs pNewA1HapCondA1Hap

gs + gsf
-− (P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) σ

(4 P11 P22 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap) σ) /∕
((2 P11 + P12) (P12 + 2 P22))

gf -− gf σ +
1

2 n P12
(4 gs gsf pNewA1HapCondA1Hap pNewA2HapCondA2Hap)  (gs + gsf)2 -−

P122 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r) (gf + 2 r) 
((2 P11 + P12) (P12 + 2 P22)) + (P12 pNewA1HapCondA1Hap (-−1 + pNewA2HapCondA2Hap)

(gs (-−2 + gf + 2 r) -− gsf (gf + 2 r))) /∕ ((gs + gsf) (P12 + 2 P22)) +
(P12 (-−1 + pNewA1HapCondA1Hap) pNewA2HapCondA2Hap

(gs (-−2 + gf + 2 r) -− gsf (gf + 2 r))) /∕ ((gs + gsf) (2 P11 + P12)) σ

Each sample currently in different individuals (states 4-13)

a4to1 = σ^2 A4to1ss + σ (1 -− σ) A4to1sa + (1 -− σ) σ A4to1as + (1 -− σ)^2 A4to1aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a4to2 = σ^2 A4to2ss + σ (1 -− σ) A4to2sa + (1 -− σ) σ A4to2as + (1 -− σ)^2 A4to2aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a4to3 = σ^2 A4to3ss + σ (1 -− σ) A4to3sa + (1 -− σ) σ A4to3as + (1 -− σ)^2 A4to3aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a4to4 = σ^2 A4to4ss + σ (1 -− σ) A4to4sa + (1 -− σ) σ A4to4as + (1 -− σ)^2 A4to4aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a4to5 = σ^2 A4to5ss + σ (1 -− σ) A4to5sa + (1 -− σ) σ A4to5as + (1 -− σ)^2 A4to5aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify
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subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a4to6 = σ^2 A4to6ss + σ (1 -− σ) A4to6sa + (1 -− σ) σ A4to6as + (1 -− σ)^2 A4to6aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a4to7 = σ^2 A4to7ss + σ (1 -− σ) A4to7sa + (1 -− σ) σ A4to7as + (1 -− σ)^2 A4to7aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a4to8 = σ^2 A4to8ss + σ (1 -− σ) A4to8sa + (1 -− σ) σ A4to8as + (1 -− σ)^2 A4to8aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a4to9 = σ^2 A4to9ss + σ (1 -− σ) A4to9sa + (1 -− σ) σ A4to9as + (1 -− σ)^2 A4to9aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a4to10 = σ^2 A4to10ss + σ (1 -− σ) A4to10sa + (1 -− σ) σ A4to10as + (1 -− σ)^2 A4to10aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a4to11 = σ^2 A4to11ss + σ (1 -− σ) A4to11sa + (1 -− σ) σ A4to11as + (1 -− σ)^2 A4to11aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a4to12 = σ^2 A4to12ss + σ (1 -− σ) A4to12sa + (1 -− σ) σ A4to12as + (1 -− σ)^2 A4to12aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a4to13 = σ^2 A4to13ss + σ (1 -− σ) A4to13sa + (1 -− σ) σ A4to13as + (1 -− σ)^2 A4to13aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a4to14 = σ^2 A4to14ss + σ (1 -− σ) A4to14sa + (1 -− σ) σ A4to14as + (1 -− σ)^2 A4to14aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a5to1 = σ^2 A5to1ss + σ (1 -− σ) A5to1sa + (1 -− σ) σ A5to1as + (1 -− σ)^2 A5to1aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a5to2 = σ^2 A5to2ss + σ (1 -− σ) A5to2sa + (1 -− σ) σ A5to2as + (1 -− σ)^2 A5to2aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a5to3 = σ^2 A5to3ss + σ (1 -− σ) A5to3sa + (1 -− σ) σ A5to3as + (1 -− σ)^2 A5to3aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a5to4 = σ^2 A5to4ss + σ (1 -− σ) A5to4sa + (1 -− σ) σ A5to4as + (1 -− σ)^2 A5to4aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a5to5 = σ^2 A5to5ss + σ (1 -− σ) A5to5sa + (1 -− σ) σ A5to5as + (1 -− σ)^2 A5to5aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify
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a5to6 = σ^2 A5to6ss + σ (1 -− σ) A5to6sa + (1 -− σ) σ A5to6as + (1 -− σ)^2 A5to6aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a5to7 = σ^2 A5to7ss + σ (1 -− σ) A5to7sa + (1 -− σ) σ A5to7as + (1 -− σ)^2 A5to7aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a5to8 = σ^2 A5to8ss + σ (1 -− σ) A5to8sa + (1 -− σ) σ A5to8as + (1 -− σ)^2 A5to8aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a5to9 = σ^2 A5to9ss + σ (1 -− σ) A5to9sa + (1 -− σ) σ A5to9as + (1 -− σ)^2 A5to9aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a5to10 = σ^2 A5to10ss + σ (1 -− σ) A5to10sa + (1 -− σ) σ A5to10as + (1 -− σ)^2 A5to10aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a5to11 = σ^2 A5to11ss + σ (1 -− σ) A5to11sa + (1 -− σ) σ A5to11as + (1 -− σ)^2 A5to11aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a5to12 = σ^2 A5to12ss + σ (1 -− σ) A5to12sa + (1 -− σ) σ A5to12as + (1 -− σ)^2 A5to12aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a5to13 = σ^2 A5to13ss + σ (1 -− σ) A5to13sa + (1 -− σ) σ A5to13as + (1 -− σ)^2 A5to13aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a5to14 = σ^2 A5to14ss + σ (1 -− σ) A5to14sa + (1 -− σ) σ A5to14as + (1 -− σ)^2 A5to14aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a6to1 = σ^2 A6to1ss + σ (1 -− σ) A6to1sa + (1 -− σ) σ A6to1as + (1 -− σ)^2 A6to1aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a6to2 = σ^2 A6to2ss + σ (1 -− σ) A6to2sa + (1 -− σ) σ A6to2as + (1 -− σ)^2 A6to2aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a6to3 = σ^2 A6to3ss + σ (1 -− σ) A6to3sa + (1 -− σ) σ A6to3as + (1 -− σ)^2 A6to3aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a6to4 = σ^2 A6to4ss + σ (1 -− σ) A6to4sa + (1 -− σ) σ A6to4as + (1 -− σ)^2 A6to4aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a6to5 = σ^2 A6to5ss + σ (1 -− σ) A6to5sa + (1 -− σ) σ A6to5as + (1 -− σ)^2 A6to5aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify
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a6to6 = σ^2 A6to6ss + σ (1 -− σ) A6to6sa + (1 -− σ) σ A6to6as + (1 -− σ)^2 A6to6aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a6to7 = σ^2 A6to7ss + σ (1 -− σ) A6to7sa + (1 -− σ) σ A6to7as + (1 -− σ)^2 A6to7aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a6to8 = σ^2 A6to8ss + σ (1 -− σ) A6to8sa + (1 -− σ) σ A6to8as + (1 -− σ)^2 A6to8aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a6to9 = σ^2 A6to9ss + σ (1 -− σ) A6to9sa + (1 -− σ) σ A6to9as + (1 -− σ)^2 A6to9aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a6to10 = σ^2 A6to10ss + σ (1 -− σ) A6to10sa + (1 -− σ) σ A6to10as + (1 -− σ)^2 A6to10aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a6to11 = σ^2 A6to11ss + σ (1 -− σ) A6to11sa + (1 -− σ) σ A6to11as + (1 -− σ)^2 A6to11aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a6to12 = σ^2 A6to12ss + σ (1 -− σ) A6to12sa + (1 -− σ) σ A6to12as + (1 -− σ)^2 A6to12aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a6to13 = σ^2 A6to13ss + σ (1 -− σ) A6to13sa + (1 -− σ) σ A6to13as + (1 -− σ)^2 A6to13aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a6to14 = σ^2 A6to14ss + σ (1 -− σ) A6to14sa + (1 -− σ) σ A6to14as + (1 -− σ)^2 A6to14aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a7to1 = σ^2 A7to1ss + σ (1 -− σ) A7to1sa + (1 -− σ) σ A7to1as + (1 -− σ)^2 A7to1aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a7to2 = σ^2 A7to2ss + σ (1 -− σ) A7to2sa + (1 -− σ) σ A7to2as + (1 -− σ)^2 A7to2aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a7to3 = σ^2 A7to3ss + σ (1 -− σ) A7to3sa + (1 -− σ) σ A7to3as + (1 -− σ)^2 A7to3aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a7to4 = σ^2 A7to4ss + σ (1 -− σ) A7to4sa + (1 -− σ) σ A7to4as + (1 -− σ)^2 A7to4aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a7to5 = σ^2 A7to5ss + σ (1 -− σ) A7to5sa + (1 -− σ) σ A7to5as + (1 -− σ)^2 A7to5aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a7to6 = σ^2 A7to6ss + σ (1 -− σ) A7to6sa + (1 -− σ) σ A7to6as + (1 -− σ)^2 A7to6aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.
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subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.
subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a7to7 = σ^2 A7to7ss + σ (1 -− σ) A7to7sa + (1 -− σ) σ A7to7as + (1 -− σ)^2 A7to7aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a7to8 = σ^2 A7to8ss + σ (1 -− σ) A7to8sa + (1 -− σ) σ A7to8as + (1 -− σ)^2 A7to8aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a7to9 = σ^2 A7to9ss + σ (1 -− σ) A7to9sa + (1 -− σ) σ A7to9as + (1 -− σ)^2 A7to9aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a7to10 = σ^2 A7to10ss + σ (1 -− σ) A7to10sa + (1 -− σ) σ A7to10as + (1 -− σ)^2 A7to10aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a7to11 = σ^2 A7to11ss + σ (1 -− σ) A7to11sa + (1 -− σ) σ A7to11as + (1 -− σ)^2 A7to11aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a7to12 = σ^2 A7to12ss + σ (1 -− σ) A7to12sa + (1 -− σ) σ A7to12as + (1 -− σ)^2 A7to12aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a7to13 = σ^2 A7to13ss + σ (1 -− σ) A7to13sa + (1 -− σ) σ A7to13as + (1 -− σ)^2 A7to13aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a7to14 = σ^2 A7to14ss + σ (1 -− σ) A7to14sa + (1 -− σ) σ A7to14as + (1 -− σ)^2 A7to14aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to1 = σ^2 A7to1ss + σ (1 -− σ) A7to1sa + (1 -− σ) σ A7to1as + (1 -− σ)^2 A7to1aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to2 = σ^2 A7to2ss + σ (1 -− σ) A7to2sa + (1 -− σ) σ A7to2as + (1 -− σ)^2 A7to2aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to3 = σ^2 A7to3ss + σ (1 -− σ) A7to3sa + (1 -− σ) σ A7to3as + (1 -− σ)^2 A7to3aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to4 = σ^2 A7to4ss + σ (1 -− σ) A7to4sa + (1 -− σ) σ A7to4as + (1 -− σ)^2 A7to4aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to5 = σ^2 A7to5ss + σ (1 -− σ) A7to5sa + (1 -− σ) σ A7to5as + (1 -− σ)^2 A7to5aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to6 = σ^2 A7to6ss + σ (1 -− σ) A7to6sa + (1 -− σ) σ A7to6as + (1 -− σ)^2 A7to6aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify
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subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to1 = σ^2 A8to1ss + σ (1 -− σ) A8to1sa + (1 -− σ) σ A8to1as + (1 -− σ)^2 A8to1aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to2 = σ^2 A8to2ss + σ (1 -− σ) A8to2sa + (1 -− σ) σ A8to2as + (1 -− σ)^2 A8to2aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to3 = σ^2 A8to3ss + σ (1 -− σ) A8to3sa + (1 -− σ) σ A8to3as + (1 -− σ)^2 A8to3aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to4 = σ^2 A8to4ss + σ (1 -− σ) A8to4sa + (1 -− σ) σ A8to4as + (1 -− σ)^2 A8to4aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to5 = σ^2 A8to5ss + σ (1 -− σ) A8to5sa + (1 -− σ) σ A8to5as + (1 -− σ)^2 A8to5aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to6 = σ^2 A8to6ss + σ (1 -− σ) A8to6sa + (1 -− σ) σ A8to6as + (1 -− σ)^2 A8to6aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to7 = σ^2 A8to7ss + σ (1 -− σ) A8to7sa + (1 -− σ) σ A8to7as + (1 -− σ)^2 A8to7aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to8 = σ^2 A8to8ss + σ (1 -− σ) A8to8sa + (1 -− σ) σ A8to8as + (1 -− σ)^2 A8to8aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to9 = σ^2 A8to9ss + σ (1 -− σ) A8to9sa + (1 -− σ) σ A8to9as + (1 -− σ)^2 A8to9aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to10 = σ^2 A8to10ss + σ (1 -− σ) A8to10sa + (1 -− σ) σ A8to10as + (1 -− σ)^2 A8to10aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to11 = σ^2 A8to11ss + σ (1 -− σ) A8to11sa + (1 -− σ) σ A8to11as + (1 -− σ)^2 A8to11aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to12 = σ^2 A8to12ss + σ (1 -− σ) A8to12sa + (1 -− σ) σ A8to12as + (1 -− σ)^2 A8to12aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to13 = σ^2 A8to13ss + σ (1 -− σ) A8to13sa + (1 -− σ) σ A8to13as + (1 -− σ)^2 A8to13aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a8to14 = σ^2 A8to14ss + σ (1 -− σ) A8to14sa + (1 -− σ) σ A8to14as + (1 -− σ)^2 A8to14aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify
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a9to1 = σ^2 A9to1ss + σ (1 -− σ) A9to1sa + (1 -− σ) σ A9to1as + (1 -− σ)^2 A9to1aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a9to2 = σ^2 A9to2ss + σ (1 -− σ) A9to2sa + (1 -− σ) σ A9to2as + (1 -− σ)^2 A9to2aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a9to3 = σ^2 A9to3ss + σ (1 -− σ) A9to3sa + (1 -− σ) σ A9to3as + (1 -− σ)^2 A9to3aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a9to4 = σ^2 A9to4ss + σ (1 -− σ) A9to4sa + (1 -− σ) σ A9to4as + (1 -− σ)^2 A9to4aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a9to5 = σ^2 A9to5ss + σ (1 -− σ) A9to5sa + (1 -− σ) σ A9to5as + (1 -− σ)^2 A9to5aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a9to6 = σ^2 A9to6ss + σ (1 -− σ) A9to6sa + (1 -− σ) σ A9to6as + (1 -− σ)^2 A9to6aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a9to7 = σ^2 A9to7ss + σ (1 -− σ) A9to7sa + (1 -− σ) σ A9to7as + (1 -− σ)^2 A9to7aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a9to8 = σ^2 A9to8ss + σ (1 -− σ) A9to8sa + (1 -− σ) σ A9to8as + (1 -− σ)^2 A9to8aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a9to9 = σ^2 A9to9ss + σ (1 -− σ) A9to9sa + (1 -− σ) σ A9to9as + (1 -− σ)^2 A9to9aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a9to10 = σ^2 A9to10ss + σ (1 -− σ) A9to10sa + (1 -− σ) σ A9to10as + (1 -− σ)^2 A9to10aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a9to11 = σ^2 A9to11ss + σ (1 -− σ) A9to11sa + (1 -− σ) σ A9to11as + (1 -− σ)^2 A9to11aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a9to12 = σ^2 A9to12ss + σ (1 -− σ) A9to12sa + (1 -− σ) σ A9to12as + (1 -− σ)^2 A9to12aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a9to13 = σ^2 A9to13ss + σ (1 -− σ) A9to13sa + (1 -− σ) σ A9to13as + (1 -− σ)^2 A9to13aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a9to14 = σ^2 A9to14ss + σ (1 -− σ) A9to14sa + (1 -− σ) σ A9to14as + (1 -− σ)^2 A9to14aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify
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a10to1 = σ^2 A10to1ss + σ (1 -− σ) A10to1sa + (1 -− σ) σ A10to1as + (1 -− σ)^2 A10to1aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a10to2 = σ^2 A10to2ss + σ (1 -− σ) A10to2sa + (1 -− σ) σ A10to2as + (1 -− σ)^2 A10to2aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a10to3 = σ^2 A10to3ss + σ (1 -− σ) A10to3sa + (1 -− σ) σ A10to3as + (1 -− σ)^2 A10to3aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a10to4 = σ^2 A10to4ss + σ (1 -− σ) A10to4sa + (1 -− σ) σ A10to4as + (1 -− σ)^2 A10to4aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a10to5 = σ^2 A10to5ss + σ (1 -− σ) A10to5sa + (1 -− σ) σ A10to5as + (1 -− σ)^2 A10to5aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a10to6 = σ^2 A10to6ss + σ (1 -− σ) A10to6sa + (1 -− σ) σ A10to6as + (1 -− σ)^2 A10to6aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a10to7 = σ^2 A10to7ss + σ (1 -− σ) A10to7sa + (1 -− σ) σ A10to7as + (1 -− σ)^2 A10to7aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a10to8 = σ^2 A10to8ss + σ (1 -− σ) A10to8sa + (1 -− σ) σ A10to8as + (1 -− σ)^2 A10to8aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a10to9 = σ^2 A10to9ss + σ (1 -− σ) A10to9sa + (1 -− σ) σ A10to9as + (1 -− σ)^2 A10to9aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a10to10 = σ^2 A10to10ss + σ (1 -− σ) A10to10sa + (1 -− σ) σ A10to10as + (1 -− σ)^2 A10to10aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a10to11 = σ^2 A10to11ss + σ (1 -− σ) A10to11sa + (1 -− σ) σ A10to11as + (1 -− σ)^2 A10to11aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a10to12 = σ^2 A10to12ss + σ (1 -− σ) A10to12sa + (1 -− σ) σ A10to12as + (1 -− σ)^2 A10to12aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a10to13 = σ^2 A10to13ss + σ (1 -− σ) A10to13sa + (1 -− σ) σ A10to13as + (1 -− σ)^2 A10to13aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a10to14 = σ^2 A10to14ss + σ (1 -− σ) A10to14sa + (1 -− σ) σ A10to14as + (1 -− σ)^2 A10to14aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a11to1 = σ^2 A11to1ss + σ (1 -− σ) A11to1sa + (1 -− σ) σ A11to1as + (1 -− σ)^2 A11to1aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

CoalescentWithBalancingSelectionV4forSupMat.nb     53



subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.
subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a11to2 = σ^2 A11to2ss + σ (1 -− σ) A11to2sa + (1 -− σ) σ A11to2as + (1 -− σ)^2 A11to2aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a11to3 = σ^2 A11to3ss + σ (1 -− σ) A11to3sa + (1 -− σ) σ A11to3as + (1 -− σ)^2 A11to3aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a11to4 = σ^2 A11to4ss + σ (1 -− σ) A11to4sa + (1 -− σ) σ A11to4as + (1 -− σ)^2 A11to4aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a11to5 = σ^2 A11to5ss + σ (1 -− σ) A11to5sa + (1 -− σ) σ A11to5as + (1 -− σ)^2 A11to5aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a11to6 = σ^2 A11to6ss + σ (1 -− σ) A11to6sa + (1 -− σ) σ A11to6as + (1 -− σ)^2 A11to6aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a11to7 = σ^2 A11to7ss + σ (1 -− σ) A11to7sa + (1 -− σ) σ A11to7as + (1 -− σ)^2 A11to7aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a11to8 = σ^2 A11to8ss + σ (1 -− σ) A11to8sa + (1 -− σ) σ A11to8as + (1 -− σ)^2 A11to8aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a11to9 = σ^2 A11to9ss + σ (1 -− σ) A11to9sa + (1 -− σ) σ A11to9as + (1 -− σ)^2 A11to9aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a11to10 = σ^2 A11to10ss + σ (1 -− σ) A11to10sa + (1 -− σ) σ A11to10as + (1 -− σ)^2 A11to10aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a11to11 = σ^2 A11to11ss + σ (1 -− σ) A11to11sa + (1 -− σ) σ A11to11as + (1 -− σ)^2 A11to11aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a11to12 = σ^2 A11to12ss + σ (1 -− σ) A11to12sa + (1 -− σ) σ A11to12as + (1 -− σ)^2 A11to12aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a11to13 = σ^2 A11to13ss + σ (1 -− σ) A11to13sa + (1 -− σ) σ A11to13as + (1 -− σ)^2 A11to13aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a11to14 = σ^2 A11to14ss + σ (1 -− σ) A11to14sa + (1 -− σ) σ A11to14as + (1 -− σ)^2 A11to14aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a12to1 = σ^2 A12to1ss + σ (1 -− σ) A12to1sa + (1 -− σ) σ A12to1as + (1 -− σ)^2 A12to1aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify
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subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a12to2 = σ^2 A12to2ss + σ (1 -− σ) A12to2sa + (1 -− σ) σ A12to2as + (1 -− σ)^2 A12to2aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a12to3 = σ^2 A12to3ss + σ (1 -− σ) A12to3sa + (1 -− σ) σ A12to3as + (1 -− σ)^2 A12to3aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a12to4 = σ^2 A12to4ss + σ (1 -− σ) A12to4sa + (1 -− σ) σ A12to4as + (1 -− σ)^2 A12to4aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a12to5 = σ^2 A12to5ss + σ (1 -− σ) A12to5sa + (1 -− σ) σ A12to5as + (1 -− σ)^2 A12to5aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a12to6 = σ^2 A12to6ss + σ (1 -− σ) A12to6sa + (1 -− σ) σ A12to6as + (1 -− σ)^2 A12to6aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a12to7 = σ^2 A12to7ss + σ (1 -− σ) A12to7sa + (1 -− σ) σ A12to7as + (1 -− σ)^2 A12to7aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a12to8 = σ^2 A12to8ss + σ (1 -− σ) A12to8sa + (1 -− σ) σ A12to8as + (1 -− σ)^2 A12to8aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a12to9 = σ^2 A12to9ss + σ (1 -− σ) A12to9sa + (1 -− σ) σ A12to9as + (1 -− σ)^2 A12to9aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a12to10 = σ^2 A12to10ss + σ (1 -− σ) A12to10sa + (1 -− σ) σ A12to10as + (1 -− σ)^2 A12to10aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a12to11 = σ^2 A12to11ss + σ (1 -− σ) A12to11sa + (1 -− σ) σ A12to11as + (1 -− σ)^2 A12to11aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a12to12 = σ^2 A12to12ss + σ (1 -− σ) A12to12sa + (1 -− σ) σ A12to12as + (1 -− σ)^2 A12to12aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a12to13 = σ^2 A12to13ss + σ (1 -− σ) A12to13sa + (1 -− σ) σ A12to13as + (1 -− σ)^2 A12to13aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a12to14 = σ^2 A12to14ss + σ (1 -− σ) A12to14sa + (1 -− σ) σ A12to14as + (1 -− σ)^2 A12to14aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a13to1 = σ^2 A13to1ss + σ (1 -− σ) A13to1sa + (1 -− σ) σ A13to1as + (1 -− σ)^2 A13to1aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify
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a13to2 = σ^2 A13to2ss + σ (1 -− σ) A13to2sa + (1 -− σ) σ A13to2as + (1 -− σ)^2 A13to2aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a13to3 = σ^2 A13to3ss + σ (1 -− σ) A13to3sa + (1 -− σ) σ A13to3as + (1 -− σ)^2 A13to3aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a13to4 = σ^2 A13to4ss + σ (1 -− σ) A13to4sa + (1 -− σ) σ A13to4as + (1 -− σ)^2 A13to4aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a13to5 = σ^2 A13to5ss + σ (1 -− σ) A13to5sa + (1 -− σ) σ A13to5as + (1 -− σ)^2 A13to5aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a13to6 = σ^2 A13to6ss + σ (1 -− σ) A13to6sa + (1 -− σ) σ A13to6as + (1 -− σ)^2 A13to6aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a13to7 = σ^2 A13to7ss + σ (1 -− σ) A13to7sa + (1 -− σ) σ A13to7as + (1 -− σ)^2 A13to7aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a13to8 = σ^2 A13to8ss + σ (1 -− σ) A13to8sa + (1 -− σ) σ A13to8as + (1 -− σ)^2 A13to8aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a13to9 = σ^2 A13to9ss + σ (1 -− σ) A13to9sa + (1 -− σ) σ A13to9as + (1 -− σ)^2 A13to9aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a13to10 = σ^2 A13to10ss + σ (1 -− σ) A13to10sa + (1 -− σ) σ A13to10as + (1 -− σ)^2 A13to10aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a13to11 = σ^2 A13to11ss + σ (1 -− σ) A13to11sa + (1 -− σ) σ A13to11as + (1 -− σ)^2 A13to11aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a13to12 = σ^2 A13to12ss + σ (1 -− σ) A13to12sa + (1 -− σ) σ A13to12as + (1 -− σ)^2 A13to12aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a13to13 = σ^2 A13to13ss + σ (1 -− σ) A13to13sa + (1 -− σ) σ A13to13as + (1 -− σ)^2 A13to13aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify

a13to14 = σ^2 A13to14ss + σ (1 -− σ) A13to14sa + (1 -− σ) σ A13to14as + (1 -− σ)^2 A13to14aa /∕.
subTransitionsBySexSex /∕. subTransitionsBySexAsex /∕.

subTransitionsByAsexSex /∕. subTransitionsByAsexAsex /∕/∕ Simplify
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P12 -−1 + pNew11given11 (-−1 + σ) +

2 P11 1 + pNew11given11 (-−1 + σ) -− pNewA1HapCondA1Hap σ2  2 n P11 (2 P11 + P12)2

0

1

2 n P12
gs (gs + 2 gsf) pNew11given112 (-−1 + σ)2  (gs + gsf)2 -−

1

(gs + gsf)2 (2 P11 + P12)
2 pNew11given11

gs2 (P12 + 2 P11 pNewA1HapCondA1Hap) -− gsf2 P12 (-−1 + pNewA1HapCondA1Hap)
(gf + 2 r) + gs gsf (6 P11 pNewA1HapCondA1Hap + P12 (1 + gf + 2 pNewA1HapCondA1Hap -−

gf pNewA1HapCondA1Hap + 2 r -− 2 pNewA1HapCondA1Hap r)) (-−1 + σ) σ +

4 gs gsf pNewA1HapCondA1Hap2

(gs + gsf)2
+ (2 gs P12 (-−1 + pNewA1HapCondA1Hap)

pNewA1HapCondA1Hap (-−2 + gf + 2 r)) /∕ ((gs + gsf) (2 P11 + P12)) -−
(2 gsf P12 (-−1 + pNewA1HapCondA1Hap) pNewA1HapCondA1Hap (gf + 2 r)) /∕
((gs + gsf) (2 P11 + P12)) -−

P122 (-−1 + pNewA1HapCondA1Hap)2 (-−2 + gf + 2 r) (gf + 2 r)  (2 P11 + P12)2 σ2

1 -−
1

n P11
P12 -−1 + pNew11given11 (-−1 + σ) +

2 P11 1 + pNew11given11 (-−1 + σ) -− pNewA1HapCondA1Hap σ2  (2 P11 + P12)2

0

-−
1

gs + gsf
(gs + 2 gsf) -−1 + pNew11given11 pNew11given11 (-−1 + σ)2 +

2 1 +
gsf

gs + gsf
P11 pNew11given11 (1 -− pNewA1HapCondA1Hap)  (2 P11 + P12) +

1 -− pNew11given11
gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) (1 -− σ) σ +

4 P11 (1 -− pNewA1HapCondA1Hap)
gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) σ2  (2 P11 + P12)

-−
1

(gs + gsf) (2 P11 + P12)2
P12 -−1 + pNew11given11 (-−1 + σ) +

2 P11 1 + pNew11given11 (-−1 + σ) -− pNewA1HapCondA1Hap σ
gsf P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r) σ +

gs 2 P11 pNew11given11 (-−1 + σ) -− 2 pNewA1HapCondA1Hap σ +
P12 pNew11given11 (-−1 + σ) +

(gf (-−1 + pNewA1HapCondA1Hap) + 2 pNewA1HapCondA1Hap (-−1 + r) -− 2 r) σ

0

0
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1

4
1 -−

1

n P12

(gs + 2 gsf)2 pNew11given112 (-−1 + σ)2  (gs + gsf)2 + 4 1 +
gsf

gs + gsf
pNew11given11

gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕

(2 (2 P11 + P12)) (1 -− σ) σ + 4
gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12))
2
σ2

1

2
1 -−

1

n P12
gs (gs + 2 gsf) pNew11given112 (-−1 + σ)2  (gs + gsf)2 -−

1

(gs + gsf)2 (2 P11 + P12)
2 pNew11given11

gs2 (P12 + 2 P11 pNewA1HapCondA1Hap) -− gsf2 P12 (-−1 + pNewA1HapCondA1Hap)
(gf + 2 r) + gs gsf (6 P11 pNewA1HapCondA1Hap + P12 (1 + gf + 2 pNewA1HapCondA1Hap -−

gf pNewA1HapCondA1Hap + 2 r -− 2 pNewA1HapCondA1Hap r)) (-−1 + σ) σ +

4
gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕

(2 (2 P11 + P12))
gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) σ2

1

4 (gs + gsf)2 (2 P11 + P12)2
1 -−

1

n P12
gsf P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r) σ + gs 2 P11 pNew11given11 (-−1 + σ) -−

2 pNewA1HapCondA1Hap σ + P12 pNew11given11 (-−1 + σ) +

(gf (-−1 + pNewA1HapCondA1Hap) + 2 pNewA1HapCondA1Hap (-−1 + r) -− 2 r) σ2

0
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1

2 n

-−1 + pNew11given112

P11
+ gs2 + 2 gs gsf + 2 gsf2 pNew11given112  (gs + gsf)2 P12

(-−1 + σ)2 -−
1

(gs + gsf)2 P12 (2 P11 + P12)
2 gs2 2 P11 pNew11given11 pNewA1HapCondA1Hap +

P12 2 -− 2 pNewA1HapCondA1Hap + pNew11given11 (-−1 + 2 pNewA1HapCondA1Hap) +
gs gsf 2 P11 pNew11given11 pNewA1HapCondA1Hap +

P12 4 -− 4 pNewA1HapCondA1Hap + pNew11given11
(-−1 + gf (-−1 + pNewA1HapCondA1Hap) -− 2 r + 2 pNewA1HapCondA1Hap (1 + r)) +

gsf2 4 P11 pNew11given11 pNewA1HapCondA1Hap +
P12 gf pNew11given11 (-−1 + pNewA1HapCondA1Hap) + 2 1 -− pNew11given11 r +

pNewA1HapCondA1Hap -−1 + pNew11given11 + pNew11given11 r

(-−1 + σ) σ + 2 2 P11 (-−1 + pNewA1HapCondA1Hap)2  (2 P11 + P12)2 +
1

P12
gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕

(2 (2 P11 + P12))
2
+

1

P12

gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12))
2

σ2

0

P12 -−1 + pNew22given22 (-−1 + σ) +

2 P22 1 + pNew22given22 (-−1 + σ) -− pNewA2HapCondA2Hap σ2  2 n P22 (P12 + 2 P22)2

1

2 n P12
gs (gs + 2 gsf) pNew22given222 (-−1 + σ)2  (gs + gsf)2 -−

1

(gs + gsf)2 (P12 + 2 P22)
2 pNew22given22

gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) -− gsf2 P12 (-−1 + pNewA2HapCondA2Hap)
(gf + 2 r) + gs gsf (6 P22 pNewA2HapCondA2Hap + P12 (1 + gf + 2 pNewA2HapCondA2Hap -−

gf pNewA2HapCondA2Hap + 2 r -− 2 pNewA2HapCondA2Hap r)) (-−1 + σ) σ +

4 gs gsf pNewA2HapCondA2Hap2

(gs + gsf)2
+ (2 gs P12 (-−1 + pNewA2HapCondA2Hap)

pNewA2HapCondA2Hap (-−2 + gf + 2 r)) /∕ ((gs + gsf) (P12 + 2 P22)) -−
(2 gsf P12 (-−1 + pNewA2HapCondA2Hap) pNewA2HapCondA2Hap (gf + 2 r)) /∕
((gs + gsf) (P12 + 2 P22)) -−

P122 (-−1 + pNewA2HapCondA2Hap)2 (-−2 + gf + 2 r) (gf + 2 r)  (P12 + 2 P22)2 σ2

0

1 -−
1

n P22
P12 -−1 + pNew22given22 (-−1 + σ) +

2 P22 1 + pNew22given22 (-−1 + σ) -− pNewA2HapCondA2Hap σ2  (P12 + 2 P22)2

0
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0

-−
1

(gs + gsf) (P12 + 2 P22)2
P12 -−1 + pNew22given22 (-−1 + σ) +

2 P22 1 + pNew22given22 (-−1 + σ) -− pNewA2HapCondA2Hap σ
gsf P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r) σ +

gs 2 P22 pNew22given22 (-−1 + σ) -− 2 pNewA2HapCondA2Hap σ +
P12 pNew22given22 (-−1 + σ) +

(gf (-−1 + pNewA2HapCondA2Hap) + 2 pNewA2HapCondA2Hap (-−1 + r) -− 2 r) σ

-−
1

gs + gsf
(gs + 2 gsf) -−1 + pNew22given22 pNew22given22 (-−1 + σ)2 +

2 1 +
gsf

gs + gsf
P22 pNew22given22 (1 -− pNewA2HapCondA2Hap)  (P12 + 2 P22) +

1 -− pNew22given22
gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ +

4 P22 (1 -− pNewA2HapCondA2Hap)
gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ2  (P12 + 2 P22)

1

4 (gs + gsf)2 (P12 + 2 P22)2
1 -−

1

n P12
gsf P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r) σ + gs 2 P22 pNew22given22 (-−1 + σ) -−

2 pNewA2HapCondA2Hap σ + P12 pNew22given22 (-−1 + σ) +

(gf (-−1 + pNewA2HapCondA2Hap) + 2 pNewA2HapCondA2Hap (-−1 + r) -− 2 r) σ2

1

2
1 -−

1

n P12
gs (gs + 2 gsf) pNew22given222 (-−1 + σ)2  (gs + gsf)2 -−

1

(gs + gsf)2 (P12 + 2 P22)
2 pNew22given22

gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) -− gsf2 P12 (-−1 + pNewA2HapCondA2Hap)
(gf + 2 r) + gs gsf (6 P22 pNewA2HapCondA2Hap + P12 (1 + gf + 2 pNewA2HapCondA2Hap -−

gf pNewA2HapCondA2Hap + 2 r -− 2 pNewA2HapCondA2Hap r)) (-−1 + σ) σ +

4
gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22))
gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ2
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1

4
1 -−

1

n P12

(gs + 2 gsf)2 pNew22given222 (-−1 + σ)2  (gs + gsf)2 + 4 1 +
gsf

gs + gsf
pNew22given22

gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22)) (1 -− σ) σ + 4
gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22))
2
σ2

0

1

2 n

-−1 + pNew22given222

P22
+ gs2 + 2 gs gsf + 2 gsf2 pNew22given222  (gs + gsf)2 P12

(-−1 + σ)2 -−
1

(gs + gsf)2 P12 (P12 + 2 P22)
2 gs2 2 P22 pNew22given22 pNewA2HapCondA2Hap +

P12 2 -− 2 pNewA2HapCondA2Hap + pNew22given22 (-−1 + 2 pNewA2HapCondA2Hap) +
gs gsf 2 P22 pNew22given22 pNewA2HapCondA2Hap +

P12 4 -− 4 pNewA2HapCondA2Hap + pNew22given22
(-−1 + gf (-−1 + pNewA2HapCondA2Hap) -− 2 r + 2 pNewA2HapCondA2Hap (1 + r)) +

gsf2 4 P22 pNew22given22 pNewA2HapCondA2Hap +
P12 gf pNew22given22 (-−1 + pNewA2HapCondA2Hap) + 2 1 -− pNew22given22 r +

pNewA2HapCondA2Hap -−1 + pNew22given22 + pNew22given22 r

(-−1 + σ) σ + 2 2 P22 (-−1 + pNewA2HapCondA2Hap)2  (P12 + 2 P22)2 +
1

P12
gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22))
2
+

1

P12

gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22))
2

σ2

1

n (2 P11 + P12)2

(-−1 + pNewA1HapCondA1Hap) σ P12 -−1 + pNew11given11 + σ -− pNew11given11 σ +
2 P11 -−1 + pNew11given11 -− pNew11given11 σ + pNewA1HapCondA1Hap σ

0
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1

2 n P12

1

gs + gsf
(gs + gf gsf) pNew11given11 (-−1 + σ)2 +

1

gs + gsf
(-−(-−2 + gf) gs + gf gsf) pNewA1HapCondA1Hap +

P12 (-−1 + pNewA1HapCondA1Hap) gf2 + 2 gf (-−1 + r) -− 2 r  (2 P11 + P12) (1 -− σ) σ -−

1

(gs + gsf)2 (2 P11 + P12)
pNew11given11 gs2 (P12 + 2 P11 pNewA1HapCondA1Hap) -−

gsf2 P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r) +
gs gsf (6 P11 pNewA1HapCondA1Hap + P12 (1 + gf + 2 pNewA1HapCondA1Hap -−

gf pNewA1HapCondA1Hap + 2 r -− 2 pNewA1HapCondA1Hap r)) (-−1 + σ) σ +

4 gs gsf pNewA1HapCondA1Hap2

(gs + gsf)2
+ (2 gs P12 (-−1 + pNewA1HapCondA1Hap)

pNewA1HapCondA1Hap (-−2 + gf + 2 r)) /∕ ((gs + gsf) (2 P11 + P12)) -−
(2 gsf P12 (-−1 + pNewA1HapCondA1Hap) pNewA1HapCondA1Hap (gf + 2 r)) /∕
((gs + gsf) (2 P11 + P12)) -−

P122 (-−1 + pNewA1HapCondA1Hap)2 (-−2 + gf + 2 r) (gf + 2 r)  (2 P11 + P12)2 σ2

1

n (2 P11 + P12)2
2 (-−1 + n P11) (-−1 + pNewA1HapCondA1Hap)

σ P12 -−1 + pNew11given11 + σ -− pNew11given11 σ +
2 P11 -−1 + pNew11given11 -− pNew11given11 σ + pNewA1HapCondA1Hap σ

0

1

2
(-−2 + gf) -−1 + pNew11given11 (-−1 + σ)2 +

1 +
gsf

gs + gsf
P11 pNew11given11 (1 -− pNewA1HapCondA1Hap)  (2 P11 + P12) +

1 -− pNew11given11
gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) (1 -− σ) σ -−

((-−2 + gf) P11 (-−1 + pNewA1HapCondA1Hap) (-−1 + σ) σ) /∕ (2 P11 + P12) +

4 P11 (1 -− pNewA1HapCondA1Hap)
gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) σ2  (2 P11 + P12)
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-−
1

2
gf -−1 + pNew11given11 (-−1 + σ)2 +

-−gs P11 pNew11given11 (-−1 + pNewA1HapCondA1Hap)  ((gs + gsf) (2 P11 + P12)) +

1 -− pNew11given11
gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) (1 -− σ) σ +

(gf P11 (-−1 + pNewA1HapCondA1Hap) (-−1 + σ) σ) /∕ (2 P11 + P12) +

4 P11 (1 -− pNewA1HapCondA1Hap)
gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) σ2  (2 P11 + P12)

0

0

1

2
1 -−

1

n P12
-−(-−2 + gf) (gs + 2 gsf) pNew11given11 (-−1 + σ)2  (2 (gs + gsf)) +

2 1 -−
gf

2

gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) (1 -− σ) σ +

1 +
gsf

gs + gsf
pNew11given11

gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) (1 -− σ) σ +

2
gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕

(2 (2 P11 + P12))
2
σ2

1

2
1 -−

1

n P12

1

gs + gsf
(gs + gf gsf) pNew11given11 (-−1 + σ)2 +

1

gs + gsf
(-−(-−2 + gf) gs + gf gsf) pNewA1HapCondA1Hap +

P12 (-−1 + pNewA1HapCondA1Hap) gf2 + 2 gf (-−1 + r) -− 2 r  (2 P11 + P12) (1 -− σ) σ -−

1

(gs + gsf)2 (2 P11 + P12)
pNew11given11 gs2 (P12 + 2 P11 pNewA1HapCondA1Hap) -−

gsf2 P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r) +
gs gsf (6 P11 pNewA1HapCondA1Hap + P12 (1 + gf + 2 pNewA1HapCondA1Hap -−

gf pNewA1HapCondA1Hap + 2 r -− 2 pNewA1HapCondA1Hap r)) (-−1 + σ) σ +

4
gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕

(2 (2 P11 + P12))
gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) σ2
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1

4
1 -−

1

n P12

gf gs pNew11given11 (-−1 + σ)2

gs + gsf
+ 2 gf

gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) (1 -− σ) σ +

1

gs + gsf
2 gs pNew11given11

gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) (1 -− σ) σ +

4
gs pNewA1HapCondA1Hap

gs + gsf
-− (P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕

(2 (2 P11 + P12))
2
σ2

0

1

2 n
(gs -− (-−2 + gf) gsf) pNew11given11 (-−1 + σ)2  ((gs + gsf) P12) +

1

P12

1

gs + gsf
(gf (gs -− gsf) + 2 gsf) pNewA1HapCondA1Hap -−

P12 (-−1 + pNewA1HapCondA1Hap) 2 + gf2 + 2 gf (-−1 + r) -− 2 r  (2 P11 + P12) (1 -− σ)

σ -−
1

(gs + gsf)2 P12 (2 P11 + P12)
gs2 2 P11 pNew11given11 pNewA1HapCondA1Hap +

P12 2 -− 2 pNewA1HapCondA1Hap + pNew11given11 (-−1 + 2 pNewA1HapCondA1Hap) +
gs gsf 2 P11 pNew11given11 pNewA1HapCondA1Hap +

P12 4 -− 4 pNewA1HapCondA1Hap + pNew11given11
(-−1 + gf (-−1 + pNewA1HapCondA1Hap) -− 2 r + 2 pNewA1HapCondA1Hap (1 + r)) +

gsf2 4 P11 pNew11given11 pNewA1HapCondA1Hap +
P12 gf pNew11given11 (-−1 + pNewA1HapCondA1Hap) + 2 1 -− pNew11given11 r +

pNewA1HapCondA1Hap -−1 + pNew11given11 + pNew11given11 r

(-−1 + σ) σ + 2 2 P11 (-−1 + pNewA1HapCondA1Hap)2  (2 P11 + P12)2 +
1

P12
gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕

(2 (2 P11 + P12))
2
+

1

P12

gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12))
2

σ2

0

0
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1

2 n P12

1

gs + gsf
(gs -− (-−2 + gf) gsf) pNew11given11 (-−1 + σ)2 +

1

gs + gsf
(gf (gs -− gsf) + 2 gsf) pNewA1HapCondA1Hap -−

P12 (-−1 + pNewA1HapCondA1Hap) 2 + gf2 + 2 gf (-−1 + r) -− 2 r  (2 P11 + P12)

(1 -− σ) σ -−
1

(gs + gsf)2 (P12 + 2 P22)
pNew11given11

gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) + gs gsf (2 P22 pNewA2HapCondA2Hap +
P12 (3 + gf (-−1 + pNewA2HapCondA2Hap) + 2 pNewA2HapCondA2Hap (-−1 + r) -− 2 r)) +

gsf2 (4 P22 pNewA2HapCondA2Hap + P12 (2 + gf (-−1 + pNewA2HapCondA2Hap) +
2 (-−1 + pNewA2HapCondA2Hap) r)) (-−1 + σ) σ +

2 gs2 + gsf2 pNewA1HapCondA1Hap pNewA2HapCondA2Hap  (gs + gsf)2 +
P122 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap)

2 + gf2 -− 4 r + 4 r2 + gf (-−2 + 4 r)  ((2 P11 + P12) (P12 + 2 P22)) -−
(P12 pNewA1HapCondA1Hap (-−1 + pNewA2HapCondA2Hap)

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (P12 + 2 P22)) -−
(P12 (-−1 + pNewA1HapCondA1Hap) pNewA2HapCondA2Hap

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (2 P11 + P12)) σ2

0

0

-−
1

2
gf -−1 + pNew11given11 (-−1 + σ)2 + 1 -− pNew11given11

gs pNewA2HapCondA2Hap

gs + gsf
-− (P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22))

(1 -− σ) σ + (gf P11 (-−1 + pNewA1HapCondA1Hap) (-−1 + σ) σ) /∕ (2 P11 + P12) +

2 P11 (1 -− pNewA1HapCondA1Hap)
gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ2  (2 P11 + P12)

1

2
(-−2 + gf) -−1 + pNew11given11 (-−1 + σ)2 + 1 -− pNew11given11

gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ -−

((-−2 + gf) P11 (-−1 + pNewA1HapCondA1Hap) (-−1 + σ) σ) /∕ (2 P11 + P12) +

2 P11 (1 -− pNewA1HapCondA1Hap)
gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ2  (2 P11 + P12)

1

P12 + 2 P22
P22 (1 -− pNewA2HapCondA2Hap) σ

1 +
gsf

gs + gsf
pNew11given11 (1 -− σ) + 2

gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) σ

CoalescentWithBalancingSelectionV4forSupMat.nb     65



P22 (1 -− pNewA2HapCondA2Hap) σ

-−((P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r) σ) /∕ (2 P11 + P12)) +
1

gs + gsf

gs pNew11given11 -− pNew11given11 σ + 2 pNewA1HapCondA1Hap σ  (P12 + 2 P22)

1

4
1 -−

1

n P12
1

gs + gsf
gf (gs + 2 gsf) pNew11given11 (-−1 + σ)2 + 2 gf

gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) (1 -− σ) σ +

2 1 +
gsf

gs + gsf
pNew11given11

gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ +

4
gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕

(2 (2 P11 + P12))
gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ2

1

2
1 -−

1

n P12

1

gs + gsf
(gs -− (-−2 + gf) gsf) pNew11given11 (-−1 + σ)2 +

1

gs + gsf
(gf (gs -− gsf) + 2 gsf) pNewA1HapCondA1Hap -−

P12 (-−1 + pNewA1HapCondA1Hap) 2 + gf2 + 2 gf (-−1 + r) -− 2 r  (2 P11 + P12)

(1 -− σ) σ -−
1

(gs + gsf)2 (P12 + 2 P22)
pNew11given11

gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) + gs gsf (2 P22 pNewA2HapCondA2Hap +
P12 (3 + gf (-−1 + pNewA2HapCondA2Hap) + 2 pNewA2HapCondA2Hap (-−1 + r) -− 2 r)) +

gsf2 (4 P22 pNewA2HapCondA2Hap + P12 (2 + gf (-−1 + pNewA2HapCondA2Hap) +
2 (-−1 + pNewA2HapCondA2Hap) r)) (-−1 + σ) σ +

2 gs2 + gsf2 pNewA1HapCondA1Hap pNewA2HapCondA2Hap  (gs + gsf)2 +
P122 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap)

2 + gf2 -− 4 r + 4 r2 + gf (-−2 + 4 r)  ((2 P11 + P12) (P12 + 2 P22)) -−
(P12 pNewA1HapCondA1Hap (-−1 + pNewA2HapCondA2Hap)

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (P12 + 2 P22)) -−
(P12 (-−1 + pNewA1HapCondA1Hap) pNewA2HapCondA2Hap

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (2 P11 + P12)) σ2
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1

2
1 -−

1

n P12

-−(-−2 + gf) gs pNew11given11 (-−1 + σ)2  (2 (gs + gsf)) +
1

gs + gsf
gs pNew11given11

gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22)) (1 -− σ) σ + 2 1 -−
gf

2

gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) (1 -− σ) σ +

2
gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22))
gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) σ2

-−
1

(2 P11 + P12) (P12 + 2 P22)
2 P22 (-−1 + pNewA2HapCondA2Hap) σ P12 -−1 + pNew11given11 (-−1 + σ) +

2 P11 1 + pNew11given11 (-−1 + σ) -− pNewA1HapCondA1Hap σ

1

2 n P12

1

gs + gsf
(gs + gf gsf) pNew11given11 (-−1 + σ)2 +

1

gs + gsf
(-−(-−2 + gf) gs + gf gsf) pNewA1HapCondA1Hap +

P12 (-−1 + pNewA1HapCondA1Hap) gf2 + 2 gf (-−1 + r) -− 2 r  (2 P11 + P12) (1 -− σ) σ -−

1

(gs + gsf)2 (P12 + 2 P22)
pNew11given11 gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) -−

gsf2 P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r) +
gs gsf (6 P22 pNewA2HapCondA2Hap + P12 (1 + gf + 2 pNewA2HapCondA2Hap -−

gf pNewA2HapCondA2Hap + 2 r -− 2 pNewA2HapCondA2Hap r)) (-−1 + σ) σ +

(4 gs gsf pNewA1HapCondA1Hap pNewA2HapCondA2Hap)  (gs + gsf)2 -−
P122 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)

(gf + 2 r)  ((2 P11 + P12) (P12 + 2 P22)) + (P12 pNewA1HapCondA1Hap
(-−1 + pNewA2HapCondA2Hap) (gs (-−2 + gf + 2 r) -− gsf (gf + 2 r))) /∕

((gs + gsf) (P12 + 2 P22)) + (P12 (-−1 + pNewA1HapCondA1Hap) pNewA2HapCondA2Hap

(gs (-−2 + gf + 2 r) -− gsf (gf + 2 r))) /∕ ((gs + gsf) (2 P11 + P12)) σ2

0

0
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1

2 n P12

1

gs + gsf
(gs -− (-−2 + gf) gsf) pNew11given11 (-−1 + σ)2 +

1

gs + gsf
(gf (gs -− gsf) + 2 gsf) pNewA1HapCondA1Hap -−

P12 (-−1 + pNewA1HapCondA1Hap) 2 + gf2 + 2 gf (-−1 + r) -− 2 r  (2 P11 + P12)

(1 -− σ) σ -−
1

(gs + gsf)2 (P12 + 2 P22)
pNew11given11

gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) + gs gsf (2 P22 pNewA2HapCondA2Hap +
P12 (3 + gf (-−1 + pNewA2HapCondA2Hap) + 2 pNewA2HapCondA2Hap (-−1 + r) -− 2 r)) +

gsf2 (4 P22 pNewA2HapCondA2Hap + P12 (2 + gf (-−1 + pNewA2HapCondA2Hap) +
2 (-−1 + pNewA2HapCondA2Hap) r)) (-−1 + σ) σ +

2 gs2 + gsf2 pNewA1HapCondA1Hap pNewA2HapCondA2Hap  (gs + gsf)2 +
P122 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap)

2 + gf2 -− 4 r + 4 r2 + gf (-−2 + 4 r)  ((2 P11 + P12) (P12 + 2 P22)) -−
(P12 pNewA1HapCondA1Hap (-−1 + pNewA2HapCondA2Hap)

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (P12 + 2 P22)) -−
(P12 (-−1 + pNewA1HapCondA1Hap) pNewA2HapCondA2Hap

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (2 P11 + P12)) σ2

0

0

-−
1

2
gf -−1 + pNew11given11 (-−1 + σ)2 + 1 -− pNew11given11

gs pNewA2HapCondA2Hap

gs + gsf
-− (P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22))

(1 -− σ) σ + (gf P11 (-−1 + pNewA1HapCondA1Hap) (-−1 + σ) σ) /∕ (2 P11 + P12) +

2 P11 (1 -− pNewA1HapCondA1Hap)
gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ2  (2 P11 + P12)

0

0
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1

2 n P12

1

gs + gsf
(gs -− (-−2 + gf) gsf) pNew22given22 (-−1 + σ)2 +

1

gs + gsf
(gf (gs -− gsf) + 2 gsf) pNewA2HapCondA2Hap -−

P12 (-−1 + pNewA2HapCondA2Hap) 2 + gf2 + 2 gf (-−1 + r) -− 2 r  (P12 + 2 P22)

(1 -− σ) σ -−
1

(gs + gsf)2 (2 P11 + P12)
pNew22given22

gs2 (P12 + 2 P11 pNewA1HapCondA1Hap) + gs gsf (2 P11 pNewA1HapCondA1Hap +
P12 (3 + gf (-−1 + pNewA1HapCondA1Hap) + 2 pNewA1HapCondA1Hap (-−1 + r) -− 2 r)) +

gsf2 (4 P11 pNewA1HapCondA1Hap + P12 (2 + gf (-−1 + pNewA1HapCondA1Hap) +
2 (-−1 + pNewA1HapCondA1Hap) r)) (-−1 + σ) σ +

2 gs2 + gsf2 pNewA1HapCondA1Hap pNewA2HapCondA2Hap  (gs + gsf)2 +
P122 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap)

2 + gf2 -− 4 r + 4 r2 + gf (-−2 + 4 r)  ((2 P11 + P12) (P12 + 2 P22)) -−
(P12 pNewA1HapCondA1Hap (-−1 + pNewA2HapCondA2Hap)

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (P12 + 2 P22)) -−
(P12 (-−1 + pNewA1HapCondA1Hap) pNewA2HapCondA2Hap

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (2 P11 + P12)) σ2

0

0

P11 (1 -− pNewA1HapCondA1Hap) σ

-−((P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r) σ) /∕ (P12 + 2 P22)) +
1

gs + gsf

gs pNew22given22 -− pNew22given22 σ + 2 pNewA2HapCondA2Hap σ  (2 P11 + P12)

1

2 P11 + P12
P11 (1 -− pNewA1HapCondA1Hap) σ

1 +
gsf

gs + gsf
pNew22given22 (1 -− σ) + 2

gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ

1

2
(-−2 + gf) -−1 + pNew22given22 (-−1 + σ)2 + 1 -− pNew22given22

gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) (1 -− σ) σ -−

((-−2 + gf) P22 (-−1 + pNewA2HapCondA2Hap) (-−1 + σ) σ) /∕ (P12 + 2 P22) +

2 P22 (1 -− pNewA2HapCondA2Hap)
gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) σ2  (P12 + 2 P22)
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-−
1

2
gf -−1 + pNew22given22 (-−1 + σ)2 + 1 -− pNew22given22

gs pNewA1HapCondA1Hap

gs + gsf
-− (P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12))

(1 -− σ) σ + (gf P22 (-−1 + pNewA2HapCondA2Hap) (-−1 + σ) σ) /∕ (P12 + 2 P22) +

2 P22 (1 -− pNewA2HapCondA2Hap)
gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) σ2  (P12 + 2 P22)

1

2
1 -−

1

n P12

-−(-−2 + gf) gs pNew22given22 (-−1 + σ)2  (2 (gs + gsf)) +
1

gs + gsf
gs pNew22given22

gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕

(2 (2 P11 + P12)) (1 -− σ) σ + 2 1 -−
gf

2

gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ +

2
gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕

(2 (2 P11 + P12))
gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ2

1

2
1 -−

1

n P12

1

gs + gsf
(gs -− (-−2 + gf) gsf) pNew22given22 (-−1 + σ)2 +

1

gs + gsf
(gf (gs -− gsf) + 2 gsf) pNewA2HapCondA2Hap -−

P12 (-−1 + pNewA2HapCondA2Hap) 2 + gf2 + 2 gf (-−1 + r) -− 2 r  (P12 + 2 P22)

(1 -− σ) σ -−
1

(gs + gsf)2 (2 P11 + P12)
pNew22given22

gs2 (P12 + 2 P11 pNewA1HapCondA1Hap) + gs gsf (2 P11 pNewA1HapCondA1Hap +
P12 (3 + gf (-−1 + pNewA1HapCondA1Hap) + 2 pNewA1HapCondA1Hap (-−1 + r) -− 2 r)) +

gsf2 (4 P11 pNewA1HapCondA1Hap + P12 (2 + gf (-−1 + pNewA1HapCondA1Hap) +
2 (-−1 + pNewA1HapCondA1Hap) r)) (-−1 + σ) σ +

2 gs2 + gsf2 pNewA1HapCondA1Hap pNewA2HapCondA2Hap  (gs + gsf)2 +
P122 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap)

2 + gf2 -− 4 r + 4 r2 + gf (-−2 + 4 r)  ((2 P11 + P12) (P12 + 2 P22)) -−
(P12 pNewA1HapCondA1Hap (-−1 + pNewA2HapCondA2Hap)

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (P12 + 2 P22)) -−
(P12 (-−1 + pNewA1HapCondA1Hap) pNewA2HapCondA2Hap

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (2 P11 + P12)) σ2
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1

4
1 -−

1

n P12
1

gs + gsf
gf (gs + 2 gsf) pNew22given22 (-−1 + σ)2 + 2 gf

gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ +

2 1 +
gsf

gs + gsf
pNew22given22

gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) (1 -− σ) σ +

4
gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22))
gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) σ2

-−
1

(2 P11 + P12) (P12 + 2 P22)
2 P11 (-−1 + pNewA1HapCondA1Hap) σ P12 -−1 + pNew22given22 (-−1 + σ) +

2 P22 1 + pNew22given22 (-−1 + σ) -− pNewA2HapCondA2Hap σ

1

2 n P12

1

gs + gsf
(gs + gf gsf) pNew22given22 (-−1 + σ)2 +

1

gs + gsf
(-−(-−2 + gf) gs + gf gsf) pNewA2HapCondA2Hap +

P12 (-−1 + pNewA2HapCondA2Hap) gf2 + 2 gf (-−1 + r) -− 2 r  (P12 + 2 P22) (1 -− σ) σ -−

1

(gs + gsf)2 (2 P11 + P12)
pNew22given22 gs2 (P12 + 2 P11 pNewA1HapCondA1Hap) -−

gsf2 P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r) +
gs gsf (6 P11 pNewA1HapCondA1Hap + P12 (1 + gf + 2 pNewA1HapCondA1Hap -−

gf pNewA1HapCondA1Hap + 2 r -− 2 pNewA1HapCondA1Hap r)) (-−1 + σ) σ +

(4 gs gsf pNewA1HapCondA1Hap pNewA2HapCondA2Hap)  (gs + gsf)2 -−
P122 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)

(gf + 2 r)  ((2 P11 + P12) (P12 + 2 P22)) + (P12 pNewA1HapCondA1Hap
(-−1 + pNewA2HapCondA2Hap) (gs (-−2 + gf + 2 r) -− gsf (gf + 2 r))) /∕

((gs + gsf) (P12 + 2 P22)) + (P12 (-−1 + pNewA1HapCondA1Hap) pNewA2HapCondA2Hap

(gs (-−2 + gf + 2 r) -− gsf (gf + 2 r))) /∕ ((gs + gsf) (2 P11 + P12)) σ2

0

1

n (P12 + 2 P22)2

(-−1 + pNewA2HapCondA2Hap) σ P12 -−1 + pNew22given22 + σ -− pNew22given22 σ +
2 P22 -−1 + pNew22given22 -− pNew22given22 σ + pNewA2HapCondA2Hap σ
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1

2 n P12

1

gs + gsf
(gs + gf gsf) pNew22given22 (-−1 + σ)2 +

1

gs + gsf
(-−(-−2 + gf) gs + gf gsf) pNewA2HapCondA2Hap +

P12 (-−1 + pNewA2HapCondA2Hap) gf2 + 2 gf (-−1 + r) -− 2 r  (P12 + 2 P22) (1 -− σ) σ -−

1

(gs + gsf)2 (P12 + 2 P22)
pNew22given22 gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) -−

gsf2 P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r) +
gs gsf (6 P22 pNewA2HapCondA2Hap + P12 (1 + gf + 2 pNewA2HapCondA2Hap -−

gf pNewA2HapCondA2Hap + 2 r -− 2 pNewA2HapCondA2Hap r)) (-−1 + σ) σ +

4 gs gsf pNewA2HapCondA2Hap2

(gs + gsf)2
+ (2 gs P12 (-−1 + pNewA2HapCondA2Hap)

pNewA2HapCondA2Hap (-−2 + gf + 2 r)) /∕ ((gs + gsf) (P12 + 2 P22)) -−
(2 gsf P12 (-−1 + pNewA2HapCondA2Hap) pNewA2HapCondA2Hap (gf + 2 r)) /∕
((gs + gsf) (P12 + 2 P22)) -−

P122 (-−1 + pNewA2HapCondA2Hap)2 (-−2 + gf + 2 r) (gf + 2 r)  (P12 + 2 P22)2 σ2

0

1

n (P12 + 2 P22)2
2 (-−1 + n P22) (-−1 + pNewA2HapCondA2Hap)

σ P12 -−1 + pNew22given22 + σ -− pNew22given22 σ +
2 P22 -−1 + pNew22given22 -− pNew22given22 σ + pNewA2HapCondA2Hap σ

0

0

-−
1

2
gf -−1 + pNew22given22 (-−1 + σ)2 +

-−gs P22 pNew22given22 (-−1 + pNewA2HapCondA2Hap)  ((gs + gsf) (P12 + 2 P22)) +

1 -− pNew22given22
gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ +

(gf P22 (-−1 + pNewA2HapCondA2Hap) (-−1 + σ) σ) /∕ (P12 + 2 P22) +

4 P22 (1 -− pNewA2HapCondA2Hap)
gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ2  (P12 + 2 P22)

72     CoalescentWithBalancingSelectionV4forSupMat.nb



1

2
(-−2 + gf) -−1 + pNew22given22 (-−1 + σ)2 +

1 +
gsf

gs + gsf
P22 pNew22given22 (1 -− pNewA2HapCondA2Hap)  (P12 + 2 P22) +

1 -− pNew22given22
gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ -−

((-−2 + gf) P22 (-−1 + pNewA2HapCondA2Hap) (-−1 + σ) σ) /∕ (P12 + 2 P22) +

4 P22 (1 -− pNewA2HapCondA2Hap)
gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ2  (P12 + 2 P22)

1

4
1 -−

1

n P12

gf gs pNew22given22 (-−1 + σ)2

gs + gsf
+ 2 gf

gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ +

1

gs + gsf
2 gs pNew22given22

gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ +

4
gs pNewA2HapCondA2Hap

gs + gsf
-− (P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕

(2 (P12 + 2 P22))
2
σ2

1

2
1 -−

1

n P12

1

gs + gsf
(gs + gf gsf) pNew22given22 (-−1 + σ)2 +

1

gs + gsf
(-−(-−2 + gf) gs + gf gsf) pNewA2HapCondA2Hap +

P12 (-−1 + pNewA2HapCondA2Hap) gf2 + 2 gf (-−1 + r) -− 2 r  (P12 + 2 P22) (1 -− σ) σ -−

1

(gs + gsf)2 (P12 + 2 P22)
pNew22given22 gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) -−

gsf2 P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r) +
gs gsf (6 P22 pNewA2HapCondA2Hap + P12 (1 + gf + 2 pNewA2HapCondA2Hap -−

gf pNewA2HapCondA2Hap + 2 r -− 2 pNewA2HapCondA2Hap r)) (-−1 + σ) σ +

4
gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22))
gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ2
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1

2
1 -−

1

n P12
-−(-−2 + gf) (gs + 2 gsf) pNew22given22 (-−1 + σ)2  (2 (gs + gsf)) +

2 1 -−
gf

2

gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ +

1 +
gsf

gs + gsf
pNew22given22

gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ +

2
gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22))
2
σ2

0

1

2 n
(gs -− (-−2 + gf) gsf) pNew22given22 (-−1 + σ)2  ((gs + gsf) P12) +

1

P12

1

gs + gsf
(gf (gs -− gsf) + 2 gsf) pNewA2HapCondA2Hap -−

P12 (-−1 + pNewA2HapCondA2Hap) 2 + gf2 + 2 gf (-−1 + r) -− 2 r  (P12 + 2 P22) (1 -− σ)

σ -−
1

(gs + gsf)2 P12 (P12 + 2 P22)
gs2 2 P22 pNew22given22 pNewA2HapCondA2Hap +

P12 2 -− 2 pNewA2HapCondA2Hap + pNew22given22 (-−1 + 2 pNewA2HapCondA2Hap) +
gs gsf 2 P22 pNew22given22 pNewA2HapCondA2Hap +

P12 4 -− 4 pNewA2HapCondA2Hap + pNew22given22
(-−1 + gf (-−1 + pNewA2HapCondA2Hap) -− 2 r + 2 pNewA2HapCondA2Hap (1 + r)) +

gsf2 4 P22 pNew22given22 pNewA2HapCondA2Hap +
P12 gf pNew22given22 (-−1 + pNewA2HapCondA2Hap) + 2 1 -− pNew22given22 r +

pNewA2HapCondA2Hap -−1 + pNew22given22 + pNew22given22 r

(-−1 + σ) σ + 2 2 P22 (-−1 + pNewA2HapCondA2Hap)2  (P12 + 2 P22)2 +
1

P12
gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22))
2
+

1

P12

gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22))
2

σ2

2 P11 (-−1 + pNewA1HapCondA1Hap)2 σ2

n (2 P11 + P12)2

0
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1

n P12
-−
1

2
(-−2 + gf) gf (-−1 + σ)2 +

1

gs + gsf
(-−(-−2 + gf) gs + gf gsf) pNewA1HapCondA1Hap +

P12 (-−1 + pNewA1HapCondA1Hap) gf2 + 2 gf (-−1 + r) -− 2 r  (2 P11 + P12) (1 -− σ) σ +

1

2

4 gs gsf pNewA1HapCondA1Hap2

(gs + gsf)2
+ (2 gs P12 (-−1 + pNewA1HapCondA1Hap)

pNewA1HapCondA1Hap (-−2 + gf + 2 r)) /∕ ((gs + gsf) (2 P11 + P12)) -−
(2 gsf P12 (-−1 + pNewA1HapCondA1Hap) pNewA1HapCondA1Hap (gf + 2 r)) /∕
((gs + gsf) (2 P11 + P12)) -−

P122 (-−1 + pNewA1HapCondA1Hap)2 (-−2 + gf + 2 r) (gf + 2 r)  (2 P11 + P12)2 σ2

4 P11 (-−1 + n P11) (-−1 + pNewA1HapCondA1Hap)2 σ2  n (2 P11 + P12)2

0

4 P11 (1 -− pNewA1HapCondA1Hap) σ

1

2
(-−2 + gf) (-−1 + σ) +

gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap)

(-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) σ  (2 P11 + P12)

2 P11 (1 -− pNewA1HapCondA1Hap) σ gf -− gf σ + 2
gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) σ  (2 P11 + P12)

0

0

1 -−
1

n P12

1

4
(-−2 + gf)2 (-−1 + σ)2 +

2 1 -−
gf

2

gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕

(2 (2 P11 + P12)) (1 -− σ) σ +
gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12))
2
σ2
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1 -−
1

n P12

-−
1

2
(-−2 + gf) gf (-−1 + σ)2 +

1

gs + gsf
(-−(-−2 + gf) gs + gf gsf) pNewA1HapCondA1Hap +

P12 (-−1 + pNewA1HapCondA1Hap) gf2 + 2 gf (-−1 + r) -− 2 r  (2 P11 + P12) (1 -− σ) σ +

2
gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕

(2 (2 P11 + P12))
gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) σ2

1

4
1 -−

1

n P12

gf2 (-−1 + σ)2 + 4 gf
gs pNewA1HapCondA1Hap

gs + gsf
-− (P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕

(2 (2 P11 + P12)) (1 -− σ) σ + 4
gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12))
2
σ2

0

1

2 n

2 -− 2 gf + gf2 (-−1 + σ)2

P12
+

1

P12
2

1

gs + gsf
(gf (gs -− gsf) + 2 gsf) pNewA1HapCondA1Hap -−

P12 (-−1 + pNewA1HapCondA1Hap) 2 + gf2 + 2 gf (-−1 + r) -− 2 r  (2 P11 + P12)

(1 -− σ) σ + 2 2 P11 (-−1 + pNewA1HapCondA1Hap)2  (2 P11 + P12)2 +
1

P12
gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕

(2 (2 P11 + P12))
2
+

1

P12

gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12))
2

σ2

0

0
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1

2 n P12

2 -− 2 gf + gf2 (-−1 + σ)2 +
1

gs + gsf
(gf (gs -− gsf) + 2 gsf) pNewA1HapCondA1Hap -− P12

(-−1 + pNewA1HapCondA1Hap) 2 + gf2 + 2 gf (-−1 + r) -− 2 r  (2 P11 + P12) (1 -− σ) σ +

2 1 -−
gf

2

gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22)) +
1

2
gf

gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ +

2 gs2 + gsf2 pNewA1HapCondA1Hap pNewA2HapCondA2Hap  (gs + gsf)2 +
P122 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap)

2 + gf2 -− 4 r + 4 r2 + gf (-−2 + 4 r)  ((2 P11 + P12) (P12 + 2 P22)) -−
(P12 pNewA1HapCondA1Hap (-−1 + pNewA2HapCondA2Hap)

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (P12 + 2 P22)) -−
(P12 (-−1 + pNewA1HapCondA1Hap) pNewA2HapCondA2Hap

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (2 P11 + P12)) σ2

0

0

P11 (1 -− pNewA1HapCondA1Hap) σ gf -− gf σ + 2
gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ  (2 P11 + P12)

2 P11 (1 -− pNewA1HapCondA1Hap) σ

1

2
(-−2 + gf) (-−1 + σ) +

gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap)

(-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ  (2 P11 + P12)

2 P22 (1 -− pNewA2HapCondA2Hap) σ

1

2
(-−2 + gf) (-−1 + σ) +

gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap)

(-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) σ  (P12 + 2 P22)

P22 (1 -− pNewA2HapCondA2Hap) σ gf -− gf σ + 2
gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) σ  (P12 + 2 P22)
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1

2
1 -−

1

n P12
-−
1

2
(-−2 + gf) gf (-−1 + σ)2 +

gf
gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕

(2 (2 P11 + P12)) (1 -− σ) σ + 2 1 -−
gf

2

gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ +

2
gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕

(2 (2 P11 + P12))
gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ2

1

2
1 -−

1

n P12

2 -− 2 gf + gf2 (-−1 + σ)2 +
1

gs + gsf
(gf (gs -− gsf) + 2 gsf) pNewA1HapCondA1Hap -−

P12 (-−1 + pNewA1HapCondA1Hap) 2 + gf2 + 2 gf (-−1 + r) -− 2 r  (2 P11 + P12) (1 -− σ)

σ + 2 1 -−
gf

2

gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap)

(-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) +
1

2
gf

gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ +

2 gs2 + gsf2 pNewA1HapCondA1Hap pNewA2HapCondA2Hap  (gs + gsf)2 +
P122 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap)

2 + gf2 -− 4 r + 4 r2 + gf (-−2 + 4 r)  ((2 P11 + P12) (P12 + 2 P22)) -−
(P12 pNewA1HapCondA1Hap (-−1 + pNewA2HapCondA2Hap)

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (P12 + 2 P22)) -−
(P12 (-−1 + pNewA1HapCondA1Hap) pNewA2HapCondA2Hap

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (2 P11 + P12)) σ2
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1

2
1 -−

1

n P12
-−
1

2
(-−2 + gf) gf (-−1 + σ)2 +

gf
gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22)) (1 -− σ) σ + 2 1 -−
gf

2

gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) (1 -− σ) σ +

2
gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22))
gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) σ2

4 P11 P22 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap) σ2 
((2 P11 + P12) (P12 + 2 P22))

1

2 n P12
-−(-−2 + gf) gf (-−1 + σ)2 +

1

gs + gsf
(-−(-−2 + gf) gs + gf gsf) pNewA1HapCondA1Hap +

P12 (-−1 + pNewA1HapCondA1Hap) gf2 + 2 gf (-−1 + r) -− 2 r  (2 P11 + P12) (1 -− σ) σ +

2
1

2
gf

gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22)) + 1 -−
gf

2

gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ +

(4 gs gsf pNewA1HapCondA1Hap pNewA2HapCondA2Hap)  (gs + gsf)2 -−
P122 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)

(gf + 2 r)  ((2 P11 + P12) (P12 + 2 P22)) + (P12 pNewA1HapCondA1Hap
(-−1 + pNewA2HapCondA2Hap) (gs (-−2 + gf + 2 r) -− gsf (gf + 2 r))) /∕

((gs + gsf) (P12 + 2 P22)) + (P12 (-−1 + pNewA1HapCondA1Hap) pNewA2HapCondA2Hap

(gs (-−2 + gf + 2 r) -− gsf (gf + 2 r))) /∕ ((gs + gsf) (2 P11 + P12)) σ2

0

2 P22 (-−1 + pNewA2HapCondA2Hap)2 σ2

n (P12 + 2 P22)2
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1

n P12
-−
1

2
(-−2 + gf) gf (-−1 + σ)2 +

1

gs + gsf
(-−(-−2 + gf) gs + gf gsf) pNewA2HapCondA2Hap +

P12 (-−1 + pNewA2HapCondA2Hap) gf2 + 2 gf (-−1 + r) -− 2 r  (P12 + 2 P22) (1 -− σ) σ +

1

2

4 gs gsf pNewA2HapCondA2Hap2

(gs + gsf)2
+ (2 gs P12 (-−1 + pNewA2HapCondA2Hap)

pNewA2HapCondA2Hap (-−2 + gf + 2 r)) /∕ ((gs + gsf) (P12 + 2 P22)) -−
(2 gsf P12 (-−1 + pNewA2HapCondA2Hap) pNewA2HapCondA2Hap (gf + 2 r)) /∕
((gs + gsf) (P12 + 2 P22)) -−

P122 (-−1 + pNewA2HapCondA2Hap)2 (-−2 + gf + 2 r) (gf + 2 r)  (P12 + 2 P22)2 σ2

0

4 P22 (-−1 + n P22) (-−1 + pNewA2HapCondA2Hap)2 σ2  n (P12 + 2 P22)2

0

0

2 P22 (1 -− pNewA2HapCondA2Hap) σ gf -− gf σ + 2
gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ  (P12 + 2 P22)

4 P22 (1 -− pNewA2HapCondA2Hap) σ

1

2
(-−2 + gf) (-−1 + σ) +

gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap)

(-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ  (P12 + 2 P22)

1

4
1 -−

1

n P12

gf2 (-−1 + σ)2 + 4 gf
gs pNewA2HapCondA2Hap

gs + gsf
-− (P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕

(2 (P12 + 2 P22)) (1 -− σ) σ + 4
gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22))
2
σ2
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1 -−
1

n P12

-−
1

2
(-−2 + gf) gf (-−1 + σ)2 +

1

gs + gsf
(-−(-−2 + gf) gs + gf gsf) pNewA2HapCondA2Hap +

P12 (-−1 + pNewA2HapCondA2Hap) gf2 + 2 gf (-−1 + r) -− 2 r  (P12 + 2 P22) (1 -− σ) σ +

2
gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22))
gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ2

1 -−
1

n P12

1

4
(-−2 + gf)2 (-−1 + σ)2 +

2 1 -−
gf

2

gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22)) (1 -− σ) σ +
gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22))
2
σ2

0

1

2 n

2 -− 2 gf + gf2 (-−1 + σ)2

P12
+

1

P12
2

1

gs + gsf
(gf (gs -− gsf) + 2 gsf) pNewA2HapCondA2Hap -−

P12 (-−1 + pNewA2HapCondA2Hap) 2 + gf2 + 2 gf (-−1 + r) -− 2 r  (P12 + 2 P22)

(1 -− σ) σ + 2 2 P22 (-−1 + pNewA2HapCondA2Hap)2  (P12 + 2 P22)2 +
1

P12
gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22))
2
+

1

P12

gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22))
2

σ2

0

0
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1

2 n P12
gs2 + 2 gs gsf + 2 gsf2 pNew11given11 pNew22given22 (-−1 + σ)2  (gs + gsf)2 -−

1

(gs + gsf)2 (2 P11 + P12)
pNew22given22

gs2 (P12 + 2 P11 pNewA1HapCondA1Hap) + gs gsf (2 P11 pNewA1HapCondA1Hap +
P12 (3 + gf (-−1 + pNewA1HapCondA1Hap) + 2 pNewA1HapCondA1Hap (-−1 + r) -− 2 r)) +

gsf2 (4 P11 pNewA1HapCondA1Hap + P12 (2 + gf (-−1 + pNewA1HapCondA1Hap) +
2 (-−1 + pNewA1HapCondA1Hap) r)) (-−1 + σ) σ -−
1

(gs + gsf)2 (P12 + 2 P22)
pNew11given11 gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) +

gs gsf (2 P22 pNewA2HapCondA2Hap +
P12 (3 + gf (-−1 + pNewA2HapCondA2Hap) + 2 pNewA2HapCondA2Hap (-−1 + r) -− 2 r)) +

gsf2 (4 P22 pNewA2HapCondA2Hap + P12 (2 + gf (-−1 + pNewA2HapCondA2Hap) +
2 (-−1 + pNewA2HapCondA2Hap) r)) (-−1 + σ) σ +

2 gs2 + gsf2 pNewA1HapCondA1Hap pNewA2HapCondA2Hap  (gs + gsf)2 +
P122 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap)

2 + gf2 -− 4 r + 4 r2 + gf (-−2 + 4 r)  ((2 P11 + P12) (P12 + 2 P22)) -−
(P12 pNewA1HapCondA1Hap (-−1 + pNewA2HapCondA2Hap)

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (P12 + 2 P22)) -−
(P12 (-−1 + pNewA1HapCondA1Hap) pNewA2HapCondA2Hap

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (2 P11 + P12)) σ2

0

0

-−P12 -−1 + pNew11given11 (-−1 + σ) +
2 P11 1 + pNew11given11 (-−1 + σ) -− pNewA1HapCondA1Hap σ

gsf P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r) σ +
gs 2 P22 pNew22given22 (-−1 + σ) -− 2 pNewA2HapCondA2Hap σ +

P12 pNew22given22 (-−1 + σ) +

(gf (-−1 + pNewA2HapCondA2Hap) + 2 pNewA2HapCondA2Hap (-−1 + r) -− 2 r) σ 
(2 (gs + gsf) (2 P11 + P12) (P12 + 2 P22))

-−(gs + 2 gsf) -−1 + pNew11given11 pNew22given22 (-−1 + σ)2  (2 (gs + gsf)) +

1 -− pNew11given11
gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ +

(gs + 2 gsf) P11 pNew22given22 (-−1 + pNewA1HapCondA1Hap) (-−1 + σ) σ 

((gs + gsf) (2 P11 + P12)) + 2 P11 (1 -− pNewA1HapCondA1Hap)
gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ2  (2 P11 + P12)

82     CoalescentWithBalancingSelectionV4forSupMat.nb



-−(gs + 2 gsf) pNew11given11 -−1 + pNew22given22 (-−1 + σ)2  (2 (gs + gsf)) +

1 -− pNew22given22
gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) (1 -− σ) σ +

(gs + 2 gsf) P22 pNew11given11 (-−1 + pNewA2HapCondA2Hap) (-−1 + σ) σ 

((gs + gsf) (P12 + 2 P22)) + 2 P22 (1 -− pNewA2HapCondA2Hap)
gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) σ2  (P12 + 2 P22)

-−P12 -−1 + pNew22given22 (-−1 + σ) +
2 P22 1 + pNew22given22 (-−1 + σ) -− pNewA2HapCondA2Hap σ

gsf P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r) σ +
gs 2 P11 pNew11given11 (-−1 + σ) -− 2 pNewA1HapCondA1Hap σ +

P12 pNew11given11 (-−1 + σ) +

(gf (-−1 + pNewA1HapCondA1Hap) + 2 pNewA1HapCondA1Hap (-−1 + r) -− 2 r) σ 
(2 (gs + gsf) (2 P11 + P12) (P12 + 2 P22))

1

4
1 -−

1

n P12
gs (gs + 2 gsf) pNew11given11 pNew22given22 (-−1 + σ)2  (gs + gsf)2 +

1

gs + gsf
2 gs pNew22given22

gsf pNewA1HapCondA1Hap

gs + gsf
+

(P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕ (2 (2 P11 + P12)) (1 -− σ) σ +

2 1 +
gsf

gs + gsf
pNew11given11

gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ +

4
gsf pNewA1HapCondA1Hap

gs + gsf
+ (P12 (-−1 + pNewA1HapCondA1Hap) (-−2 + gf + 2 r)) /∕

(2 (2 P11 + P12))
gs pNewA2HapCondA2Hap

gs + gsf
-−

(P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r)) /∕ (2 (P12 + 2 P22)) σ2
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1

2
1 -−

1

n P12

gs2 + 2 gs gsf + 2 gsf2 pNew11given11 pNew22given22 (-−1 + σ)2  (gs + gsf)2 -−

1

(gs + gsf)2 (2 P11 + P12)
pNew22given22

gs2 (P12 + 2 P11 pNewA1HapCondA1Hap) + gs gsf (2 P11 pNewA1HapCondA1Hap +
P12 (3 + gf (-−1 + pNewA1HapCondA1Hap) + 2 pNewA1HapCondA1Hap (-−1 + r) -− 2 r)) +

gsf2 (4 P11 pNewA1HapCondA1Hap + P12 (2 + gf (-−1 + pNewA1HapCondA1Hap) +
2 (-−1 + pNewA1HapCondA1Hap) r)) (-−1 + σ) σ -−
1

(gs + gsf)2 (P12 + 2 P22)
pNew11given11 gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) +

gs gsf (2 P22 pNewA2HapCondA2Hap +
P12 (3 + gf (-−1 + pNewA2HapCondA2Hap) + 2 pNewA2HapCondA2Hap (-−1 + r) -− 2 r)) +

gsf2 (4 P22 pNewA2HapCondA2Hap + P12 (2 + gf (-−1 + pNewA2HapCondA2Hap) +
2 (-−1 + pNewA2HapCondA2Hap) r)) (-−1 + σ) σ +

2 gs2 + gsf2 pNewA1HapCondA1Hap pNewA2HapCondA2Hap  (gs + gsf)2 +
P122 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap)

2 + gf2 -− 4 r + 4 r2 + gf (-−2 + 4 r)  ((2 P11 + P12) (P12 + 2 P22)) -−
(P12 pNewA1HapCondA1Hap (-−1 + pNewA2HapCondA2Hap)

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (P12 + 2 P22)) -−
(P12 (-−1 + pNewA1HapCondA1Hap) pNewA2HapCondA2Hap

(gf (gs -− gsf) + 2 (gsf + gs r -− gsf r))) /∕ ((gs + gsf) (2 P11 + P12)) σ2

1

4
1 -−

1

n P12
gs (gs + 2 gsf) pNew11given11 pNew22given22 (-−1 + σ)2  (gs + gsf)2 +

1

gs + gsf
2 gs pNew11given11

gsf pNewA2HapCondA2Hap

gs + gsf
+

(P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕ (2 (P12 + 2 P22)) (1 -− σ) σ +

2 1 +
gsf

gs + gsf
pNew22given22

gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) (1 -− σ) σ +

4
gsf pNewA2HapCondA2Hap

gs + gsf
+ (P12 (-−1 + pNewA2HapCondA2Hap) (-−2 + gf + 2 r)) /∕

(2 (P12 + 2 P22))
gs pNewA1HapCondA1Hap

gs + gsf
-−

(P12 (-−1 + pNewA1HapCondA1Hap) (gf + 2 r)) /∕ (2 (2 P11 + P12)) σ2

1

(2 P11 + P12) (P12 + 2 P22)
P12 -−1 + pNew11given11 (-−1 + σ) +

2 P11 1 + pNew11given11 (-−1 + σ) -− pNewA1HapCondA1Hap σ
P12 -−1 + pNew22given22 (-−1 + σ) +

2 P22 1 + pNew22given22 (-−1 + σ) -− pNewA2HapCondA2Hap σ
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1

2 n P12
gs (gs + 2 gsf) pNew11given11 pNew22given22 (-−1 + σ)2  (gs + gsf)2 -−

1

(gs + gsf)2 (2 P11 + P12)
pNew22given22

gs2 (P12 + 2 P11 pNewA1HapCondA1Hap) -− gsf2 P12 (-−1 + pNewA1HapCondA1Hap)
(gf + 2 r) + gs gsf (6 P11 pNewA1HapCondA1Hap + P12 (1 + gf + 2 pNewA1HapCondA1Hap -−

gf pNewA1HapCondA1Hap + 2 r -− 2 pNewA1HapCondA1Hap r)) (-−1 + σ) σ -−
1

(gs + gsf)2 (P12 + 2 P22)
pNew11given11 gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) -−

gsf2 P12 (-−1 + pNewA2HapCondA2Hap) (gf + 2 r) +
gs gsf (6 P22 pNewA2HapCondA2Hap + P12 (1 + gf + 2 pNewA2HapCondA2Hap -−

gf pNewA2HapCondA2Hap + 2 r -− 2 pNewA2HapCondA2Hap r)) (-−1 + σ) σ +

(4 gs gsf pNewA1HapCondA1Hap pNewA2HapCondA2Hap)  (gs + gsf)2 -−
P122 (-−1 + pNewA1HapCondA1Hap) (-−1 + pNewA2HapCondA2Hap)

(-−2 + gf + 2 r) (gf + 2 r)  ((2 P11 + P12) (P12 + 2 P22)) +
(P12 pNewA1HapCondA1Hap (-−1 + pNewA2HapCondA2Hap)

(gs (-−2 + gf + 2 r) -− gsf (gf + 2 r))) /∕ ((gs + gsf) (P12 + 2 P22)) +
(P12 (-−1 + pNewA1HapCondA1Hap) pNewA2HapCondA2Hap

(gs (-−2 + gf + 2 r) -− gsf (gf + 2 r))) /∕ ((gs + gsf) (2 P11 + P12)) σ2
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First-Step analysis:  Equations for expected coalescent times based on “time to 
leave current state” approach

eqs =

T1 -−
1

1 -− a1to1
(1 + a1to2 T2 + a1to3 T3 + a1to4 T4 + a1to5 T5 + a1to6 T6 + a1to7 T7 + a1to8

T8 + a1to9 T9 + a1to10 T10 + a1to11 T11 + a1to12 T12 + a1to13 T13) ⩵ 0,

T2 -−
1

1 -− a2to2
(1 + a2to1 T1 + a2to3 T3 + a2to4 T4 + a2to5 T5 + a2to6 T6 + a2to7 T7 +

a2to8 T8 + a2to9 T9 + a2to10 T10 + a2to11 T11 + a2to12 T12 + a2to13 T13) ⩵ 0,

T3 -−
1

1 -− a3to3
(1 + a3to1 T1 + a3to2 T2 + a3to4 T4 + a3to5 T5 + a3to6 T6 + a3to7 T7 +

a3to8 T8 + a3to9 T9 + a3to10 T10 + a3to11 T11 + a3to12 T12 + a3to13 T13) ⩵ 0,

T4 -−
1

1 -− a4to4
(1 + a4to1 T1 + a4to2 T2 + a4to3 T3 + a4to5 T5 + a4to6 T6 + a4to7 T7 +

a4to8 T8 + a4to9 T9 + a4to10 T10 + a4to11 T11 + a4to12 T12 + a4to13 T13) ⩵ 0,

T5 -−
1

1 -− a5to5
(1 + a5to1 T1 + a5to2 T2 + a5to3 T3 + a5to4 T4 + a5to6 T6 + a5to7 T7 +

a5to8 T8 + a5to9 T9 + a5to10 T10 + a5to11 T11 + a5to12 T12 + a5to13 T13) ⩵ 0,

T6 -−
1

1 -− a6to6
(1 + a6to1 T1 + a6to2 T2 + a6to3 T3 + a6to4 T4 + a6to5 T5 + a6to7 T7 +

a6to8 T8 + a6to9 T9 + a6to10 T10 + a6to11 T11 + a6to12 T12 + a6to13 T13) ⩵ 0,

T7 -−
1

1 -− a7to7
(1 + a7to1 T1 + a7to2 T2 + a7to3 T3 + a7to4 T4 + a7to5 T5 + a7to6 T6 +

a7to8 T8 + a7to9 T9 + a7to10 T10 + a7to11 T11 + a7to12 T12 + a7to13 T13) ⩵ 0,

T8 -−
1

1 -− a8to8
(1 + a8to1 T1 + a8to2 T2 + a8to3 T3 + a8to4 T4 + a8to5 T5 + a8to6 T6 +

a8to7 T7 + a8to9 T9 + a8to10 T10 + a8to11 T11 + a8to12 T12 + a8to13 T13) ⩵ 0,

T9 -−
1

1 -− a9to9
(1 + a9to1 T1 + a9to2 T2 + a9to3 T3 + a9to4 T4 + a9to5 T5 + a9to6 T6 +

a9to7 T7 + a9to8 T8 + a9to10 T10 + a9to11 T11 + a9to12 T12 + a9to13 T13) ⩵ 0, T10 -−
1

1 -− a10to10
(1 + a10to1 T1 + a10to2 T2 + a10to3 T3 + a10to4 T4 + a10to5 T5 + a10to6 T6 +

a10to7 T7 + a10to8 T8 + a10to9 T9 + a10to11 T11 + a10to12 T12 + a10to13 T13) ⩵ 0,

T11 -−
1

1 -− a11to11
(1 + a11to1 T1 + a11to2 T2 + a11to3 T3 + a11to4 T4 + a11to5 T5 + a11to6

T6 + a11to7 T7 + a11to8 T8 + a11to9 T9 + a11to10 T10 + a11to12 T12 + a11to13 T13) ⩵

0, T12 -−
1

1 -− a12to12
(1 + a12to1 T1 + a12to2 T2 + a12to3 T3 + a12to4 T4 +

a12to5 T5 + a12to6 T6 + a12to7 T7 + a12to8 T8 + a12to9 T9 +
a12to10 T10 + a12to11 T11 + a12to13 T13) ⩵ 0, T13 -−
1

1 -− a13to13
(1 + a13to1 T1 + a13to2 T2 + a13to3 T3 + a13to4 T4 + a13to5 T5 + a13to6 T6 +

a13to7 T7 + a13to8 T8 + a13to9 T9 + a13to10 T10 + a13to11 T11 + a13to12 T12) ⩵ 0;

Approximations
We now perform Taylor series approximations where we make assumptions about the smallness of 
certain parameters.  We assume that ξ𝜉 << 1 and the other parameters are scaled to powers of ξ𝜉.

Here we define some sets of substitutions about parameters that are assumed to be small.  We assume 
that ξ𝜉 << 1 and the other parameters are scaled to powers of ξ𝜉
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We now perform Taylor series approximations where we make assumptions about the smallness of 
certain parameters.  We assume that ξ𝜉 << 1 and the other parameters are scaled to powers of ξ𝜉.

Here we define some sets of substitutions about parameters that are assumed to be small.  We assume 
that ξ𝜉 << 1 and the other parameters are scaled to powers of ξ𝜉

Analysis to recover the classic result (full sex, no gene conversion, i.e., σ𝜎 = 1, gf = 
gs = gsf =0) 
First we create a substitution where we decompose “Ti” into components of different magnitudes of ξ𝜉.

For example T1 = T1n01 ξ𝜉-−1 + T1n00 + T1np01 ξ𝜉1

so “T1n01” represents a coefficient of ξ𝜉 raised to the negative (“n”) 1. 

subTinBits = {T1 → T1n01 ξ^-−1 + T1n00 ξ^0 + T1p01 ξ^1,
T2 → T2n01 ξ^-−1 + T2n00 ξ^0 + T2p01 ξ^1, T3 → T3n01 ξ^-−1 + T3n00 ξ^0 + T3p01 ξ^1,
T4 → T4n01 ξ^-−1 + T4n00 ξ^0 + T4p01 ξ^1, T5 → T5n01 ξ^-−1 + T5n00 ξ^0 + T5p01 ξ^1,
T6 → T6n01 ξ^-−1 + T6n00 ξ^0 + T6p01 ξ^1, T7 → T7n01 ξ^-−1 + T7n00 ξ^0 + T7p01 ξ^1,
T8 → T8n01 ξ^-−1 + T8n00 ξ^0 + T8p01 ξ^1, T9 → T9n01 ξ^-−1 + T9n00 ξ^0 + T9p01 ξ^1,
T10 → T10n01 ξ^-−1 + T10n00 ξ^0 + T10p01 ξ^1,
T11 → T11n01 ξ^-−1 + T11n00 ξ^0 + T11p01 ξ^1,
T12 → T12n01 ξ^-−1 + T12n00 ξ^0 + T12p01 ξ^1,
T13 → T13n01 ξ^-−1 + T13n00 ξ^0 + T13p01 ξ^1};

UseTheseAssumptionsOfSmallness = gf → 0, σ → 1, r → r *⋆ ξ, n →
n

ξ


gf → 0, σ → 1, r → r ξ, n →
n

ξ


The vector “SoFar” contains what we have learned about the “Ti” as we move through the approxima-
tion procedure.

The function “f1” performs a Taylor series approximation to a specified order of ξ𝜉.
Note that in the function f1 we use the substitutions below because we are assuming no gene conver-
sion.
{pNew11given11→0,pNew22given22→0}/.{pNewA1HapCondA1Hap→0,pNewA2HapCondA2Hap→0}

SoFar = {};

f1[xx_, toorder_] :=
Series[xx /∕. subTinBits /∕. {pNew11given11 → 0, pNew22given22 → 0} /∕.

{pNewA1HapCondA1Hap → 0, pNewA2HapCondA2Hap → 0} /∕. {P11 → p^2, P22 → q^2,
P12 → 2 p q} /∕. UseTheseAssumptionsOfSmallness /∕/∕. SoFar, {ξ, 0, toorder}]

Here we apply the Taylor series approximation to the system of equations described in “First-Step 
analysis”.

We begin by doing a Taylor series to O(ξ𝜉-−1), solve the system (and update “SoFar” with what we have 
learned), and then repeat with higher orders of accuracy as needed.
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Print["Here1 ", Date[]]
eqsZ1 = {f1[eqs[[1]], -−1], f1[eqs[[2]], -−1], f1[eqs[[3]], -−1],

f1[eqs[[4]], -−1], f1[eqs[[5]], -−1], f1[eqs[[6]], -−1], f1[eqs[[7]], -−1],
f1[eqs[[8]], -−1], f1[eqs[[9]], -−1], f1[eqs[[10]], -−1],
f1[eqs[[11]], -−1], f1[eqs[[12]], -−1], f1[eqs[[13]], -−1]};

Print["Here2 ", Date[]]
Normal[%] /∕. ξ → 1 /∕/∕ Simplify
Print["Here3 ", Date[]]
ans = Solve[eqsZ1 /∕. p → 1 -− q, {T1n01, T2n01, T3n01, T4n01,

T5n01, T6n01, T7n01, T8n01, T9n01, T10n01, T11n01, T12n01, T13n01}]

Here1 {2015, 10, 14, 17, 29, 0.546308}

Here2 {2015, 10, 14, 17, 29, 1.481170}

Here3 {2015, 10, 14, 17, 29, 1.481624}

{{T1n01 → T4n01, T2n01 → T12n01, T3n01 → T7n01, T5n01 → T12n01, T6n01 → T4n01,
T8n01 → T7n01, T9n01 → T12n01, T10n01 → T4n01, T11n01 → T7n01, T13n01 → T7n01}}

SoFar = Join[SoFar, ans[[1]]]
Print["Here1 ", Date[]]
eqsZ1 = {f1[eqs[[1]], 0], f1[eqs[[2]], 0],

f1[eqs[[3]], 0], f1[eqs[[4]], 0], f1[eqs[[5]], 0], f1[eqs[[6]], 0],
f1[eqs[[7]], 0], f1[eqs[[8]], 0], f1[eqs[[9]], 0], f1[eqs[[10]], 0],
f1[eqs[[11]], 0], f1[eqs[[12]], 0], f1[eqs[[13]], 0]};

Print["Here2 ", Date[]]
Normal[%] /∕. ξ → 1 /∕/∕ Simplify;
Print["Here3 ", Date[]]
ans = Simplify[Solve[eqsZ1, {T1n00, T2n00, T3n00, T4n01, T5n00, T6n00,

T7n01, T8n00, T9n00, T10n00, T11n00, T12n01, T13n00}]] /∕. p + q → 1

{T1n01 → T4n01, T2n01 → T12n01, T3n01 → T7n01, T5n01 → T12n01, T6n01 → T4n01,
T8n01 → T7n01, T9n01 → T12n01, T10n01 → T4n01, T11n01 → T7n01, T13n01 → T7n01}

Here1 {2015, 10, 14, 17, 29, 1.539638}

Here2 {2015, 10, 14, 17, 29, 2.241351}

Here3 {2015, 10, 14, 17, 29, 2.241832}

T1n00 → T4n00, T2n00 → T12n00, T3n00 → T7n00,
T4n01 → 2 n p p + 3 q + 4 n p2 q r + 8 n p q2 r + 4 n q3 r  (1 + 4 n p q r),

T5n00 → T12n00, T6n00 → T4n00, T7n01 →
1 + 2 n r

r
,

T8n00 → T7n00, T9n00 → T12n00, T10n00 → T4n00, T11n00 → T7n00,
T12n01 → 2 n q q + 4 n p3 r + 8 n p2 q r + p 3 + 4 n q2 r  (1 + 4 n p q r), T13n00 → T7n00

SoFar = Join[SoFar, ans[[1]]];
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finalAns = Simplify[
Series[{T1, T2, T3, T4, T5, T6, T7, T8, T9, T10, T11, T12, T13} /∕. subTinBits /∕/∕.

SoFar, {ξ, 0, -−1}]]

2 n p p + 3 q + 4 n p2 q r + 8 n p q2 r + 4 n q3 r  ((1 + 4 n p q r) ξ) + O[ξ]0,
2 n q q + 4 n p3 r + 8 n p2 q r + p 3 + 4 n q2 r  ((1 + 4 n p q r) ξ) + O[ξ]0,

2 n + 1
r

ξ
+ O[ξ]0, 2 n p p + 3 q + 4 n p2 q r + 8 n p q2 r + 4 n q3 r  ((1 + 4 n p q r) ξ) + O[ξ]0,

2 n q q + 4 n p3 r + 8 n p2 q r + p 3 + 4 n q2 r  ((1 + 4 n p q r) ξ) + O[ξ]0,

2 n p p + 3 q + 4 n p2 q r + 8 n p q2 r + 4 n q3 r  ((1 + 4 n p q r) ξ) + O[ξ]0,
2 n + 1

r

ξ
+ O[ξ]0,

2 n + 1
r

ξ
+ O[ξ]0, 2 n q q + 4 n p3 r + 8 n p2 q r + p 3 + 4 n q2 r  ((1 + 4 n p q r) ξ) + O[ξ]0,

2 n p p + 3 q + 4 n p2 q r + 8 n p q2 r + 4 n q3 r  ((1 + 4 n p q r) ξ) + O[ξ]0,
2 n + 1

r

ξ
+ O[ξ]0,

2 n q q + 4 n p3 r + 8 n p2 q r + p 3 + 4 n q2 r  ((1 + 4 n p q r) ξ) + O[ξ]0,
2 n + 1

r

ξ
+ O[ξ]0

Note that coalescent times are the same based on backgrounds (it doesn’t matter if alleles are taken 
from the same individual or not (e.g., T1 = T4; T2 = T5; T3 = T7). This is because the rate of sex is high.

AnsAvgOverAllBackgrounds =
FullSimplify[Normal[p^2 finalAns[[1]] + 2 p q finalAns[[3]] + q^2 finalAns[[2]]] /∕.

ξ → 1] /∕. (p + q) → 1 /∕. p4 + 2 p3 q + 2 p2 q2 + q4 + 2 p q + q3 →

Simplifyp4 + 2 p3 q + 2 p2 q2 + q4 + 2 p q + q3 /∕. q → 1 -− p

2 n +
p q

r
+
n p (p -− q)2 q

1 + 4 n p q r

Here is the classic answer (taken from Nordborg (1997, eq A4) but can be obtained from Hudson & 
Kaplan 1988, Kaplan et al 1988, Hey 1991.

ClassicAns = 2 n 1 +
2 p q

R
+
(p -− q)2 p q

1 + 2 p q R
/∕. R → 2 n r;

Check equivalence.

AnsAvgOverAllBackgrounds -− ClassicAns /∕. q → 1 -− p /∕/∕ Simplify

0

Analysis assuming high (but not necessarily full) sex with gene conversion 
σ𝜎 ~ O(1), r, gf, gs gsf ~ O(ξ𝜉), n ~ O(ξ𝜉-−1)
First we create a substitution where we decompose “Ti” into components of different magnitudes of ξ𝜉.

For example T1 = T1n01 ξ𝜉-−1 + T1n00 + T1np01 ξ𝜉1

so “T1n01” represents a coefficient of ξ𝜉 raised to the negative (“n”) 1. 
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subTinBits = {T1 → T1n01 ξ^-−1 + T1n00 ξ^0 + T1p01 ξ^1,
T2 → T2n01 ξ^-−1 + T2n00 ξ^0 + T2p01 ξ^1, T3 → T3n01 ξ^-−1 + T3n00 ξ^0 + T3p01 ξ^1,
T4 → T4n01 ξ^-−1 + T4n00 ξ^0 + T4p01 ξ^1, T5 → T5n01 ξ^-−1 + T5n00 ξ^0 + T5p01 ξ^1,
T6 → T6n01 ξ^-−1 + T6n00 ξ^0 + T6p01 ξ^1, T7 → T7n01 ξ^-−1 + T7n00 ξ^0 + T7p01 ξ^1,
T8 → T8n01 ξ^-−1 + T8n00 ξ^0 + T8p01 ξ^1, T9 → T9n01 ξ^-−1 + T9n00 ξ^0 + T9p01 ξ^1,
T10 → T10n01 ξ^-−1 + T10n00 ξ^0 + T10p01 ξ^1,
T11 → T11n01 ξ^-−1 + T11n00 ξ^0 + T11p01 ξ^1,
T12 → T12n01 ξ^-−1 + T12n00 ξ^0 + T12p01 ξ^1,
T13 → T13n01 ξ^-−1 + T13n00 ξ^0 + T13p01 ξ^1};

UseTheseAssumptionsOfSmallness = r → r *⋆ ξ, gs → gs *⋆ ξ, gsf → gsf *⋆ ξ, gf → gf *⋆ ξ, n →
n

ξ


r → r ξ, gs → gs ξ, gsf → gsf ξ, gf → gf ξ, n →
n

ξ


The vector “SoFar” contains what we have learned about the “Ti” as we move through the approxima-
tion procedure.

The function “f1” performs a Taylor series approximation to a specified order of ξ𝜉.

SoFar = {};

f1[xx_, toorder_] :=
Series[xx /∕. subTinBits /∕. subpNewHomozygote /∕. subpNewGameteBackground /∕.

{P11 → p^2 + CAA, P22 → q^2 + CAA, P12 → 2 (p q -− CAA)} /∕.
UseTheseAssumptionsOfSmallness /∕/∕. SoFar, {ξ, 0, toorder}]

Here we apply the Taylor series approximation to the system of equations described in “First-Step 
analysis”.

We begin by doing a Taylor series to O(ξ𝜉-−1), solve the system (and update “SoFar” with what we have 
learned), and then repeat with higher orders of accuracy as needed.

eqsZ1 = {f1[eqs[[1]], -−1], f1[eqs[[2]], -−1], f1[eqs[[3]], -−1],
f1[eqs[[4]], -−1], f1[eqs[[5]], -−1], f1[eqs[[6]], -−1], f1[eqs[[7]], -−1],
f1[eqs[[8]], -−1], f1[eqs[[9]], -−1], f1[eqs[[10]], -−1],
f1[eqs[[11]], -−1], f1[eqs[[12]], -−1], f1[eqs[[13]], -−1]};

Print["Here2 ", Date[]]

ans = Solve[eqsZ1, {T1n01, T2n01, T3n01, T4n01, T5n01,
T6n01, T7n01, T8n01, T9n01, T10n01, T11n01, T12n01, T13n01}]

Print["Here3 ", Date[]]
ans = Simplify[ans]
Print["Here4 ", Date[]]

Here2 {2015, 10, 15, 9, 55, 24.554606}

T1n01 → T6n01, T2n01 → T9n01, T3n01 → T7n01,
T4n01 → -−T6n01 1 -− (-−CAA + p q) -−p2 σ -− p q σ + CAA σ2 + p2 σ2 2 p2  -−2 p2 -− 2 p q +

CAA σ + p2 σ + (2 p q)  -−2 p2 -− 2 p q + CAA σ + p2 σ -− (2 CAA σ) 

-−2 p2 -− 2 p q + CAA σ + p2 σ -− 2 p2 σ  -−2 p2 -− 2 p q + CAA σ + p2 σ 

σ p4 + 2 p3 q + p2 q2 + 2 CAA2 σ + 2 CAA p2 σ -− 2 CAA p q σ -− 2 p3 q σ 

-−CAA + p2 p2 + p q + CAA σ -− p q σ  p4 + 2 p3 q + p2 q2 + 2 CAA2 σ + 2 CAA p2 σ -−

-−  -−
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-−CAA + p2 p2 + p q + CAA σ -− p q σ  p4 + 2 p3 q + p2 q2 + 2 CAA2 σ + 2 CAA p2 σ -−

2 CAA p q σ -− 2 p3 q σ -− (-−CAA + p q) -−p2 σ -− p q σ + CAA σ2 + p2 σ2
(CAA σ)  -−2 p2 -− 2 p q + CAA σ + p2 σ + p2 σ  -−2 p2 -− 2 p q + CAA σ + p2 σ 

σ p4 + 2 p3 q + p2 q2 + 2 CAA2 σ + 2 CAA p2 σ -− 2 CAA p q σ -− 2 p3 q σ,
T5n01 → -−T9n01 1 -− (-−CAA + p q) -−p q σ -− q2 σ + CAA σ2 + q2 σ2 (2 p q)  -−2 p q -−

2 q2 + CAA σ + q2 σ + 2 q2  -−2 p q -− 2 q2 + CAA σ + q2 σ -− (2 CAA σ) 

-−2 p q -− 2 q2 + CAA σ + q2 σ -− 2 q2 σ  -−2 p q -− 2 q2 + CAA σ + q2 σ 

σ p2 q2 + 2 p q3 + q4 + 2 CAA2 σ -− 2 CAA p q σ + 2 CAA q2 σ -− 2 p q3 σ 

-−CAA + q2 p q + q2 + CAA σ -− p q σ  p2 q2 + 2 p q3 + q4 + 2 CAA2 σ -−

2 CAA p q σ + 2 CAA q2 σ -− 2 p q3 σ -− (-−CAA + p q) -−p q σ -− q2 σ + CAA σ2 + q2 σ2
(CAA σ)  -−2 p q -− 2 q2 + CAA σ + q2 σ + q2 σ  -−2 p q -− 2 q2 + CAA σ + q2 σ 

σ p2 q2 + 2 p q3 + q4 + 2 CAA2 σ -− 2 CAA p q σ + 2 CAA q2 σ -− 2 p q3 σ,

T8n01 → -− T7n01 -−-−CAA + p2 (CAA -− p q) σ  CAA p2 -− 2 p3 q -− CAA q2 -−

2 p2 q2 -− CAA2 σ -− CAA p2 σ + CAA p q σ + p3 q σ -−

CAA + p2 p q + q2 + CAA σ -− p q σ -−p2  p2 + 2 p q + q2 + CAA σ -− p q σ -−

(p q)  p2 + 2 p q + q2 + CAA σ -− p q σ -− (CAA σ)  p2 + 2 p q + q2 +
CAA σ -− p q σ + (p q σ)  p2 + 2 p q + q2 + CAA σ -− p q σ 

CAA p2 -− 2 p3 q -− CAA q2 -− 2 p2 q2 -− CAA2 σ -− CAA p2 σ + CAA p q σ + p3 q σ

1 + CAA + p2 CAA + q2 σ2 (CAA σ)  p2 + 2 p q + q2 + CAA σ -− p q σ -−

(p q σ)  p2 + 2 p q + q2 + CAA σ -− p q σ  p q (p + q)2

1 +
1

2
-−2 (-−1 + σ)2 + (2 (-−CAA + p q) (-−1 + σ) σ) /∕ (p (p + q)) +

(2 (-−CAA + p q) (-−1 + σ) σ) /∕ (q (p + q)) -−
2 (CAA -− p q)2 σ2

p q (p + q)2
+

(-−CAA + p q) p2 σ + p q σ -− CAA σ2 -− p2 σ2  σ CAA p2 -− 2 p3 q -−

CAA q2 -− 2 p2 q2 -− CAA2 σ -− CAA p2 σ + CAA p q σ + p3 q σ -−

CAA + p2 p q + q2 + CAA σ -− p q σ (CAA σ)  p2 + 2 p q + q2 + CAA σ -− p q σ -−

(p q σ)  p2 + 2 p q + q2 + CAA σ -− p q σ 

CAA p2 -− 2 p3 q -− CAA q2 -− 2 p2 q2 -− CAA2 σ -− CAA p2 σ + CAA p q σ + p3 q σ

CAA + p2 σ -−p q -− q2 + CAA σ + q2 σ  p q (p + q)2

1 +
1

2
-−2 (-−1 + σ)2 + (2 (-−CAA + p q) (-−1 + σ) σ) /∕ (p (p + q)) +

(2 (-−CAA + p q) (-−1 + σ) σ) /∕ (q (p + q)) -−
2 (CAA -− p q)2 σ2

p q (p + q)2
+

CAA + p2 CAA + q2 σ2 -−p2  p2 + 2 p q + q2 + CAA σ -− p q σ -− (p q) 

p2 + 2 p q + q2 + CAA σ -− p q σ -− (CAA σ)  p2 + 2 p q + q2 + CAA σ -− p q σ +

(p q σ)  p2 + 2 p q + q2 + CAA σ -− p q σ  p q (p + q)2

1 +
1

2
-−2 (-−1 + σ)2 + (2 (-−CAA + p q) (-−1 + σ) σ) /∕ (p (p + q)) +

(2 (-−CAA + p q) (-−1 + σ) σ) /∕ (q (p + q)) -−
2 (CAA -− p q)2 σ2

p q (p + q)2

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-−1 -− CAA + p2 p q + q2 + CAA σ -− p q σ -−(p q)  p2 + 2 p q + q2 + CAA σ -− p q σ -−

q2  p2 + 2 p q + q2 + CAA σ -− p q σ -− (CAA σ) 

p2 + 2 p q + q2 + CAA σ -− p q σ + (p q σ)  p2 + 2 p q + q2 + CAA σ -− p q σ 

CAA p2 -− 2 p3 q -− CAA q2 -− 2 p2 q2 -− CAA2 σ -− CAA p2 σ + CAA p q σ + p3 q σ

1 + CAA + p2 CAA + q2 σ2 (CAA σ)  p2 + 2 p q + q2 + CAA σ -− p q σ -−

(p q σ)  p2 + 2 p q + q2 + CAA σ -− p q σ 

p q (p + q)2 1 +
1

2
-−2 (-−1 + σ)2 + (2 (-−CAA + p q) (-−1 + σ) σ) /∕ (p (p + q)) +

(2 (-−CAA + p q) (-−1 + σ) σ) /∕ (q (p + q)) -−
2 (CAA -− p q)2 σ2

p q (p + q)2
+

(-−CAA + p q) p2 σ + p q σ -− CAA σ2 -− p2 σ2  σ CAA p2 -− 2 p3 q -− CAA q2 -−
2 p2 q2 -− CAA2 σ -− CAA p2 σ + CAA p q σ + p3 q σ -−

CAA + p2 p q + q2 + CAA σ -− p q σ (CAA σ)  p2 + 2 p q + q2 + CAA σ -− p q σ -−

(p q σ)  p2 + 2 p q + q2 + CAA σ -− p q σ 

CAA p2 -− 2 p3 q -− CAA q2 -− 2 p2 q2 -− CAA2 σ -− CAA p2 σ + CAA p q σ + p3 q σ

CAA + q2 σ -−p2 -− p q + CAA σ + p2 σ 

p q (p + q)2 1 +
1

2
-−2 (-−1 + σ)2 + (2 (-−CAA + p q) (-−1 + σ) σ) /∕ (p (p + q)) +

(2 (-−CAA + p q) (-−1 + σ) σ) /∕ (q (p + q)) -−
2 (CAA -− p q)2 σ2

p q (p + q)2
+

CAA + p2 CAA + q2 σ2 -−(p q)  p2 + 2 p q + q2 + CAA σ -− p q σ -−

q2  p2 + 2 p q + q2 + CAA σ -− p q σ -− (CAA σ)  p2 + 2 p q + q2 + CAA σ -− p q σ +

(p q σ)  p2 + 2 p q + q2 + CAA σ -− p q σ 

p q (p + q)2 1 +
1

2
-−2 (-−1 + σ)2 + (2 (-−CAA + p q) (-−1 + σ) σ) /∕ (p (p + q)) +

(2 (-−CAA + p q) (-−1 + σ) σ) /∕ (q (p + q)) -−
2 (CAA -− p q)2 σ2

p q (p + q)2
,

T10n01 → T6n01, T11n01 → T7n01, T12n01 →
T9n01,

T13n01 →
T7n01

Here3 {2015, 10, 15, 9, 55, 24.812647}

{{T1n01 → T6n01, T2n01 → T9n01, T3n01 → T7n01, T4n01 → T6n01, T5n01 → T9n01,
T8n01 → T7n01, T10n01 → T6n01, T11n01 → T7n01, T12n01 → T9n01, T13n01 → T7n01}}

Here4 {2015, 10, 15, 9, 55, 24.833673}

SoFar = Join[SoFar, ans[[1]]]

{T1n01 → T6n01, T2n01 → T9n01, T3n01 → T7n01, T4n01 → T6n01, T5n01 → T9n01,
T8n01 → T7n01, T10n01 → T6n01, T11n01 → T7n01, T12n01 → T9n01, T13n01 → T7n01}
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Print["Here1 ", Date[]]
eqsZ1 = {f1[eqs[[1]], 0], f1[eqs[[2]], 0],

f1[eqs[[3]], 0], f1[eqs[[4]], 0], f1[eqs[[5]], 0], f1[eqs[[6]], 0],
f1[eqs[[7]], 0], f1[eqs[[8]], 0], f1[eqs[[9]], 0], f1[eqs[[10]], 0],
f1[eqs[[11]], 0], f1[eqs[[12]], 0], f1[eqs[[13]], 0]};

Print["Here2 ", Date[]]
ans = Solve[eqsZ1, {T1n00, T2n00, T3n00, T4n00, T5n00,

T6n01, T7n01, T8n00, T9n01, T10n00, T11n00, T12n00, T13n00}];
Print["Here3 ", Date[]]
ans = Simplify[ans] /∕. p + q → 1
Print["Here4 ", Date[]]

Here1 {2015, 10, 15, 9, 55, 24.906948}

Here2 {2015, 10, 15, 9, 56, 15.214415}

Here3 {2015, 10, 15, 9, 57, 23.415935}

T1n00 → ⋯ 1⋯  2 p CAA + p2 σ
gs p2 (-−2 + σ) + CAA (-−1 + σ) σ -− p q 2 -− 2 σ + σ2 + σ  ⋯ 1⋯ + ⋯ 1⋯ ,

T2n00 → ⋯ 1⋯

⋯ 1⋯
, ⋯ 9⋯ , T12n00 → -− ⋯ 1⋯ , T13n00 → -− ⋯ 4⋯ + ⋯ 1⋯

(CAA-−p q) ⋯ 3⋯ 1+ ⋯ 5⋯ 


largeoutput showless showmore showall setsizelimit...

Here4 {2015, 10, 15, 11, 12, 27.455704}

SoFar = Join[SoFar, ans[[1]]];

FullSimplify[Series[T1 /∕. subTinBits, {ξ, 0, -−1}] /∕/∕. SoFar]

2 n (p + q)2 + (p-−q) q
1-−2 n (CAA-−p q) (gf+gs+2 r σ)



ξ
+ O[ξ]0
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finalAns = FullSimplify[
Series[{T1, T2, T3, T4, T5, T6, T7, T8, T9, T10, T11, T12, T13} /∕. subTinBits,

{ξ, 0, -−1}] /∕/∕. SoFar]


1

ξ
2 n (p + q)2 + ((p -− q) q) /∕ (1 -− 2 n (CAA -− p q) (gf + gs + 2 r σ)) + O[ξ]0,

2 n -−2 CAA n (gf + gs + 2 r σ) + q q + p 3 + 2 n (p + q)2 (gf + gs + 2 r σ) 

((1 -− 2 n (CAA -− p q) (gf + gs + 2 r σ)) ξ) + O[ξ]0,
2 CAA n (gf + gs + 2 r σ) + p q -−1 -− (gf + gs) n -− 2 n (p + q)2 r σ 

((CAA -− p q) (gf + gs + 2 r σ) ξ) + O[ξ]0,
1

ξ
2 n (p + q)2 + ((p -− q) q) /∕ (1 -− 2 n (CAA -− p q) (gf + gs + 2 r σ)) + O[ξ]0,

2 n -−2 CAA n (gf + gs + 2 r σ) + q q + p 3 + 2 n (p + q)2 (gf + gs + 2 r σ) 

((1 -− 2 n (CAA -− p q) (gf + gs + 2 r σ)) ξ) + O[ξ]0,
1

ξ
2 n (p + q)2 + ((p -− q) q) /∕ (1 -− 2 n (CAA -− p q) (gf + gs + 2 r σ)) + O[ξ]0,

2 CAA n (gf + gs + 2 r σ) + p q -−1 -− (gf + gs) n -− 2 n (p + q)2 r σ 

((CAA -− p q) (gf + gs + 2 r σ) ξ) + O[ξ]0,
2 CAA n (gf + gs + 2 r σ) + p q -−1 -− (gf + gs) n -− 2 n (p + q)2 r σ 

((CAA -− p q) (gf + gs + 2 r σ) ξ) + O[ξ]0,
2 n -−2 CAA n (gf + gs + 2 r σ) + q q + p 3 + 2 n (p + q)2 (gf + gs + 2 r σ) 

((1 -− 2 n (CAA -− p q) (gf + gs + 2 r σ)) ξ) + O[ξ]0,
1

ξ
2 n (p + q)2 + ((p -− q) q) /∕ (1 -− 2 n (CAA -− p q) (gf + gs + 2 r σ)) + O[ξ]0,

2 CAA n (gf + gs + 2 r σ) + p q -−1 -− (gf + gs) n -− 2 n (p + q)2 r σ 

((CAA -− p q) (gf + gs + 2 r σ) ξ) + O[ξ]0,
2 n -−2 CAA n (gf + gs + 2 r σ) + q q + p 3 + 2 n (p + q)2 (gf + gs + 2 r σ) 

((1 -− 2 n (CAA -− p q) (gf + gs + 2 r σ)) ξ) + O[ξ]0,
2 CAA n (gf + gs + 2 r σ) + p q -−1 -− (gf + gs) n -− 2 n (p + q)2 r σ 

((CAA -− p q) (gf + gs + 2 r σ) ξ) + O[ξ]0

The expected coalescent times from state 1 and state 3 are given below (presented in the main text, 
eqs. 21 and 22) .  In the text, we make the simplifying assumption gs = gf = γ𝛾
Normal[finalAns[[1]]] /∕. ξ → 1 /∕. (p + q) → 1
Normal[finalAns[[3]]] /∕. ξ → 1 /∕. (p + q) → 1 /∕/∕ Apart

2 n (1 + ((p -− q) q) /∕ (1 -− 2 n (CAA -− p q) (gf + gs + 2 r σ)))

2 n -−
2 p q

(CAA -− p q) (gf + gs + 2 r σ)

In the text, these are written in the form below.
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Tstate1AsInText = 2 n +
2 n (p -− q) q

1 + 2 n P12 (σ r + γ)

Tstate3AsInText = 2 n +
2 p q

P12 (σ r + γ)

2 n +
2 n (p -− q) q

1 + 2 n P12 (γ + r σ)

2 n +
2 p q

P12 (γ + r σ)

Check equivalence

Normal[finalAns[[1]]] -− Tstate1AsInText /∕. {gs → γ, gf → γ} /∕. ξ → 1 /∕. (p + q) → 1 /∕.
P12 → 2 (p q -− CAA) /∕/∕ Simplify

Normal[finalAns[[3]]] -− Tstate3AsInText /∕. {gs → γ, gf → γ} /∕. ξ → 1 /∕. (p + q) → 1 /∕.
P12 → 2 (p q -− CAA) /∕/∕ Simplify

0

0

Analysis assuming low sex, low recombination (but both strong relative to drift) 
and no gene conversion 
σ𝜎, r~O(ξ𝜉), n ~ O(ξ𝜉-−2)
First we create a substitution where we decompose “Ti” into components of different magnitudes of ξ𝜉.

For example T1 = T1n02 ξ𝜉-−2 + T1n01 ξ𝜉-−1 + T1n00 + T1np01 ξ𝜉1

so “T1n02” represents a coefficient of ξ𝜉 raised to the negative (“n”) 2. 

subTinBits = {T1 → T1n02 ξ^-−2 + T1n01 ξ^-−1 + T1n00 ξ^0 + T1p01 ξ^1,
T2 → T2n02 ξ^-−2 + T2n01 ξ^-−1 + T2n00 ξ^0 + T2p01 ξ^1,
T3 → T3n02 ξ^-−2 + T3n01 ξ^-−1 + T3n00 ξ^0 + T3p01 ξ^1,
T4 → T4n02 ξ^-−2 + T4n01 ξ^-−1 + T4n00 ξ^0 + T4p01 ξ^1,
T5 → T5n02 ξ^-−2 + T5n01 ξ^-−1 + T5n00 ξ^0 + T5p01 ξ^1,
T6 → T6n02 ξ^-−2 + T6n01 ξ^-−1 + T6n00 ξ^0 + T6p01 ξ^1,
T7 → T7n02 ξ^-−2 + T7n01 ξ^-−1 + T7n00 ξ^0 + T7p01 ξ^1,
T8 → T8n02 ξ^-−2 + T8n01 ξ^-−1 + T8n00 ξ^0 + T8p01 ξ^1,
T9 → T9n02 ξ^-−2 + T9n01 ξ^-−1 + T9n00 ξ^0 + T9p01 ξ^1,
T10 → T10n02 ξ^-−2 + T10n01 ξ^-−1 + T10n00 ξ^0 + T10p01 ξ^1,
T11 → T11n02 ξ^-−2 + T11n01 ξ^-−1 + T11n00 ξ^0 + T11p01 ξ^1,
T12 → T12n02 ξ^-−2 + T12n01 ξ^-−1 + T12n00 ξ^0 + T12p01 ξ^1,
T13 → T13n02 ξ^-−2 + T13n01 ξ^-−1 + T13n00 ξ^0 + T13p01 ξ^1};;

UseTheseAssumptionsOfSmallness =

σ → σ *⋆ ξ, r → r *⋆ ξ, gs → 0 *⋆ gs *⋆ ξ, gsf → gsf *⋆ ξ, gf → 0 *⋆ gf *⋆ ξ, n →
n

ξ^2


σ → ξ σ, r → r ξ, gs → 0, gsf → gsf ξ, gf → 0, n →
n

ξ2


The vector “SoFar” contains what we have learned about the “Ti” as we move through the approxima-
tion procedure.

The function “f1” performs a Taylor series approximation to a specified order of ξ𝜉.
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The vector “SoFar” contains what we have learned about the “Ti” as we move through the approxima-
tion procedure.

The function “f1” performs a Taylor series approximation to a specified order of ξ𝜉.
Note that in the function f1 we use the substitutions below because we are assuming no gene conver-
sion.
{pNew11given11→0,pNew22given22→0}/.{pNewA1HapCondA1Hap→0,pNewA2HapCondA2Hap→0}

SoFar = {};

f1[xx_, toorder_] :=
Series[xx /∕. subTinBits /∕. {pNew11given11 → 0, pNew22given22 → 0} /∕.

{pNewA1HapCondA1Hap → 0, pNewA2HapCondA2Hap → 0} /∕.
{P11 → p^2 + CAA, P22 → q^2 + CAA, P12 → 2 (p q -− CAA)} /∕.

UseTheseAssumptionsOfSmallness /∕/∕. SoFar, {ξ, 0, toorder}]

Here we apply the Taylor series approximation to the system of equations described in “First-Step 
analysis”.

We begin by doing a Taylor series to O(ξ𝜉-−2), solve the system (and update “SoFar” with what we have 
learned), and then repeat with higher orders of accuracy as needed.

Print["Here1 ", Date[]]
eqsZ1 = {f1[eqs[[1]], -−2], f1[eqs[[2]], -−2], f1[eqs[[3]], -−2],

f1[eqs[[4]], -−2], f1[eqs[[5]], -−2], f1[eqs[[6]], -−2], f1[eqs[[7]], -−2],
f1[eqs[[8]], -−2], f1[eqs[[9]], -−2], f1[eqs[[10]], -−2],
f1[eqs[[11]], -−2], f1[eqs[[12]], -−2], f1[eqs[[13]], -−2]};

Print["Here2 ", Date[]]

ans = Simplify[
Solve[eqsZ1, {T1n02, T2n02, T3n02, T4n02, T5n02, T6n02, T7n02, T8n02, T9n02,

T10n02, T11n02, T12n02, T13n02}] /∕. (p + q) → 1 /∕. q → 1 -− p]
Print["Here3 ", Date[]]

Here1 {2015, 10, 15, 12, 0, 13.712701}

Here2 {2015, 10, 15, 12, 0, 34.451875}

{{T1n02 → T4n02, T2n02 → T5n02, T3n02 → T7n02, T6n02 → T4n02, T8n02 → T7n02,
T9n02 → T5n02, T10n02 → T4n02, T11n02 → T7n02, T12n02 → T5n02, T13n02 → T7n02}}

Here3 {2015, 10, 15, 12, 0, 34.513176}

SoFar = Join[SoFar, ans[[1]]]
Print["Here1 ", Date[]]
eqsZ1 = {f1[eqs[[1]], -−1], f1[eqs[[2]], -−1], f1[eqs[[3]], -−1],

f1[eqs[[4]], -−1], f1[eqs[[5]], -−1], f1[eqs[[6]], -−1], f1[eqs[[7]], -−1],
f1[eqs[[8]], -−1], f1[eqs[[9]], -−1], f1[eqs[[10]], -−1],
f1[eqs[[11]], -−1], f1[eqs[[12]], -−1], f1[eqs[[13]], -−1]};

Print["Here2 ", Date[]]

ans =
Solve[eqsZ1, {T1n01, T2n01, T3n01, T4n02, T5n02, T6n01, T7n02, T8n01, T9n01, T10n01,

T11n01, T12n01, T13n01}] /∕. q → 1 -− p /∕/∕ Simplify
Print["Here3 ", Date[]]

{T1n02 → T4n02, T2n02 → T5n02, T3n02 → T7n02, T6n02 → T4n02, T8n02 → T7n02,
T9n02 → T5n02, T10n02 → T4n02, T11n02 → T7n02, T12n02 → T5n02, T13n02 → T7n02}

Here1 {2015, 10, 15, 12, 0, 41.291214}

Here2 {2015, 10, 15, 12, 0, 55.165766}
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T1n01 → 4 CAA2 n r σ (1 + 2 p T4n01 σ) +

p2 -−3 -− 4 n r σ + 8 n p3 r T4n01 σ2 -− p (1 + 2 T4n01 σ) + p2 (2 + 4 n r σ (1 -− 2 T4n01 σ)) +

CAA p -−3 -− 2 T4n01 σ + 16 n p2 r T4n01 σ2 + p (2 -− 8 n r σ (-−1 + T4n01 σ)) 

2 p CAA + p2 σ (-−1 + 4 CAA n r σ + 4 n (-−1 + p) p r σ),
T2n01 → 4 CAA2 n r σ (-−1 + 2 (-−1 + p) T5n01 σ) +

CAA (-−1 + p) -−1 -− 2 T5n01 σ + 16 n p2 r T5n01 σ2 + 8 n r σ (1 + T5n01 σ) -−

2 p (1 + 4 n r σ (1 + 3 T5n01 σ)) + (-−1 + p)2 2 + 2 T5n01 σ + 8 n p3 r T5n01 σ2 +

p (3 -− 2 T5n01 σ + 8 n r σ (1 + T5n01 σ)) -− 2 p2 (1 + 2 n r σ (1 + 4 T5n01 σ)) 

2 CAA + (-−1 + p)2 (-−1 + p) σ (-−1 + 4 CAA n r σ + 4 n (-−1 + p) p r σ),
T3n01 → T7n01, T4n02 → 2 n 4 CAA n r σ + p2 (2 + 4 n r σ) -− p (3 + 4 n r σ) 

(-−1 + 4 CAA n r σ + 4 n (-−1 + p) p r σ),
T5n02 → 2 n -−1 + 4 CAA n r σ -− p (1 + 4 n r σ) + p2 (2 + 4 n r σ) 

(-−1 + 4 CAA n r σ + 4 n (-−1 + p) p r σ),
T6n01 → -−8 n p3 r T4n01 σ2 + 8 n p4 r T4n01 σ2 -− p (3 + 4 n r σ (1 + 2 CAA T4n01 σ)) +

2 p2 (1 -− T4n01 σ + 2 n r σ (1 + 4 CAA T4n01 σ)) +
2 CAA σ (-−T4n01 + 2 n (r + 2 CAA r T4n01 σ)) 

2 CAA + p2 σ (-−1 + 4 CAA n r σ + 4 n (-−1 + p) p r σ),
T7n02 → 2 CAA n r σ -− p (1 + 2 n r σ) + p2 (1 + 2 n r σ)  ((CAA + (-−1 + p) p) r σ),
T8n01 → T7n01,
T9n01 → -−24 n p3 r T5n01 σ2 + 8 n p4 r T5n01 σ2 + (-−1 + 4 CAA n r σ) (1 + 2 (1 + CAA) T5n01 σ) +

2 p2 (1 -− T5n01 σ + 2 n r σ (1 + 6 T5n01 σ + 4 CAA T5n01 σ)) -−
p (1 -− 4 T5n01 σ + 4 n r σ (1 + 2 T5n01 σ + 6 CAA T5n01 σ)) 

2 CAA + (-−1 + p)2 σ (-−1 + 4 CAA n r σ + 4 n (-−1 + p) p r σ),
T10n01 → 8 CAA3 n r T4n01 σ2 + 2 CAA2 σ -−T4n01 + 4 n r 1 -− 2 p T4n01 σ + 3 p2 T4n01 σ +

p2 3 + 4 n r σ -− 16 n p3 r T4n01 σ2 + 8 n p4 r T4n01 σ2 -− 2 p (4 + 6 n r σ -− T4n01 σ) +

p2 (4 -− 2 T4n01 σ + 8 n r σ (1 + T4n01 σ)) + 2 CAA p -−3 -− 6 n r σ + T4n01 σ -−

16 n p2 r T4n01 σ2 + 12 n p3 r T4n01 σ2 + p (2 -− 2 T4n01 σ + 4 n r σ (2 + T4n01 σ)) 

2 (CAA + (-−1 + p) p) CAA + p2 σ (-−1 + 4 CAA n r σ + 4 n (-−1 + p) p r σ), T11n01 → T7n01,
T12n01 → 8 CAA3 n r T5n01 σ2 + 2 CAA2 σ -−T5n01 + 4 n r 1 + 1 -− 4 p + 3 p2 T5n01 σ +

2 CAA (-−1 + p) 1 -− 2 n r σ + T5n01 σ -− 20 n p2 r T5n01 σ2 + 12 n p3 r T5n01 σ2 +

p (2 -− 2 T5n01 σ + 8 n r σ (1 + T5n01 σ)) + (-−1 + p)2 -−1 + 2 p (-−2 n r + T5n01) σ -−

16 n p3 r T5n01 σ2 + 8 n p4 r T5n01 σ2 + p2 (4 -− 2 T5n01 σ + 8 n r σ (1 + T5n01 σ)) 

2 CAA + (-−1 + p)2 (CAA + (-−1 + p) p) σ (-−1 + 4 CAA n r σ + 4 n (-−1 + p) p r σ),
T13n01 → T7n01

Here3 {2015, 10, 15, 12, 1, 10.410206}

SoFar = Join[SoFar, ans[[1]]];
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finalAns = FullSimplify[
Series[{T1, T2, T3, T4, T5, T6, T7, T8, T9, T10, T11, T12, T13} /∕. subTinBits,

{ξ, 0, -−2}] /∕/∕. SoFar]

(2 n (p (-−3 + 2 p) + 4 n (CAA + (-−1 + p) p) r σ))  (-−1 + 4 n (CAA + (-−1 + p) p) r σ) ξ2 +
1

O[ξ]
,

2 n 1 + p (-−1+2 p)
-−1+4 n (CAA+(-−1+p) p) r σ



ξ2
+

1

O[ξ]
,
2 n + (-−1+p) p

(CAA+(-−1+p) p) r σ

ξ2
+

1

O[ξ]
,

(2 n (p (-−3 + 2 p) + 4 n (CAA + (-−1 + p) p) r σ))  (-−1 + 4 n (CAA + (-−1 + p) p) r σ) ξ2 +
1

O[ξ]
,

2 n 1 + p (-−1+2 p)
-−1+4 n (CAA+(-−1+p) p) r σ



ξ2
+

1

O[ξ]
,

(2 n (p (-−3 + 2 p) + 4 n (CAA + (-−1 + p) p) r σ))  (-−1 + 4 n (CAA + (-−1 + p) p) r σ) ξ2 +
1

O[ξ]
,

2 n + (-−1+p) p
(CAA+(-−1+p) p) r σ

ξ2
+

1

O[ξ]
,
2 n + (-−1+p) p

(CAA+(-−1+p) p) r σ

ξ2
+

1

O[ξ]
,

2 n 1 + p (-−1+2 p)
-−1+4 n (CAA+(-−1+p) p) r σ



ξ2
+

1

O[ξ]
,

(2 n (p (-−3 + 2 p) + 4 n (CAA + (-−1 + p) p) r σ))  (-−1 + 4 n (CAA + (-−1 + p) p) r σ) ξ2 +
1

O[ξ]
,

2 n + (-−1+p) p
(CAA+(-−1+p) p) r σ

ξ2
+

1

O[ξ]
,

2 n 1 + p (-−1+2 p)
-−1+4 n (CAA+(-−1+p) p) r σ



ξ2
+

1

O[ξ]
,
2 n + (-−1+p) p

(CAA+(-−1+p) p) r σ

ξ2
+

1

O[ξ]


The expected coalescent times from state 1 and state 3 are given below 

Normal[finalAns[[1]]] /∕. ξ → 1 /∕. (p + q) → 1 /∕. (-−1 + p) → -−q /∕.
(CAA -− p q) → -−P12 /∕ 2 /∕/∕ Apart

Normal[finalAns[[3]]] /∕. ξ → 1 /∕. (p + q) → 1 /∕. (-−1 + p) → -−q /∕.
(CAA -− p q) → -−P12 /∕ 2 /∕/∕ Apart

2 n -−
2 n -− 3 n p + 2 n p2

1 + 2 n P12 r σ

2 n +
2 p q

P12 r σ

Analysis assuming low sex, low recombination (but both strong relative to drift) 
and weak gene conversion 
σ𝜎, r~O(ξ𝜉), gf, gs gsf ~ O(ξ𝜉2), n ~ O(ξ𝜉-−2)

Tested by induction; the solution works
Based on the earlier analyses, we propose a solution and then test whether this solution satisfies the 
equations from the “TimeToLeaveCurrentState” approach.  It works. 
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Based on the earlier analyses, we propose a solution and then test whether this solution satisfies the 
equations from the “TimeToLeaveCurrentState” approach.  It works. 

SeeIfTheseSolutionsWork =
T1 → 2 n 1 + ((p -− q) q)  1 + 2 n (-−CAA + p q) gf + gs + 2 r σ + T1n01 *⋆ ξ^-−1,
T2 → 2 n -−2 CAA n gf + gs + 2 r σ + q q + p 3 + 2 n gf + gs + 2 r σ 

1 + 2 n (-−CAA + p q) gf + gs + 2 r σ + T2n01 *⋆ ξ^-−1, T3 →

2 n +
1

gf + gs + 2 r σ
-− CAA  CAA gf + gs + 2 r σ -− p q gf + gs + 2 r σ + T3n01 *⋆ ξ^-−1,

T4 → 2 n 1 + ((p -− q) q)  1 + 2 n (-−CAA + p q) gf + gs + 2 r σ + T4n01 *⋆ ξ^-−1,
T5 → 2 n -−2 CAA n gf + gs + 2 r σ + q q + p 3 + 2 n gf + gs + 2 r σ 

1 + 2 n (-−CAA + p q) gf + gs + 2 r σ + T5n01 *⋆ ξ^-−1,
T6 → 2 n 1 + ((p -− q) q)  1 + 2 n (-−CAA + p q) gf + gs + 2 r σ + T6n01 *⋆ ξ^-−1, T7 →

2 n +
1

gf + gs + 2 r σ
-− CAA  CAA gf + gs + 2 r σ -− p q gf + gs + 2 r σ + T7n01 *⋆ ξ^-−1,

T8 → 2 n +
1

gf + gs + 2 r σ
-− CAA  CAA gf + gs + 2 r σ -− p q gf + gs + 2 r σ +

T8n01 *⋆ ξ^-−1, T9 → 2 n -−2 CAA n gf + gs + 2 r σ + q q + p 3 + 2 n gf + gs + 2 r σ 
1 + 2 n (-−CAA + p q) gf + gs + 2 r σ + T9n01 *⋆ ξ^-−1,

T10 → 2 n 1 + ((p -− q) q)  1 + 2 n (-−CAA + p q) gf + gs + 2 r σ + T10n01 *⋆ ξ^-−1, T11 →

2 n +
1

gf + gs + 2 r σ
-− CAA  CAA gf + gs + 2 r σ -− p q gf + gs + 2 r σ + T11n01 *⋆ ξ^-−1,

T12 → 2 n -−2 CAA n gf + gs + 2 r σ + q q + p 3 + 2 n gf + gs + 2 r σ 
1 + 2 n (-−CAA + p q) gf + gs + 2 r σ + T12n01 *⋆ ξ^-−1, T13 →

2 n +
1

gf + gs + 2 r σ
-− CAA  CAA gf + gs + 2 r σ -− p q gf + gs + 2 r σ + T13n01 *⋆ ξ^-−1;

We create a substitution where we decompose “Ti” into components of different magnitudes of ξ𝜉.

For example T1 = T1n02 ξ𝜉-−2 + T1n01 ξ𝜉-−1 + T1n00 + T1np01 ξ𝜉1

so “T1n02” represents a coefficient of ξ𝜉 raised to the negative (“n”) 2. 

subTinBits = {T1 → T1n02 ξ^-−2 + T1n01 ξ^-−1 + T1n00 ξ^0 + T1p01 ξ^1,
T2 → T2n02 ξ^-−2 + T2n01 ξ^-−1 + T2n00 ξ^0 + T2p01 ξ^1,
T3 → T3n02 ξ^-−2 + T3n01 ξ^-−1 + T3n00 ξ^0 + T3p01 ξ^1,
T4 → T4n02 ξ^-−2 + T4n01 ξ^-−1 + T4n00 ξ^0 + T4p01 ξ^1,
T5 → T5n02 ξ^-−2 + T5n01 ξ^-−1 + T5n00 ξ^0 + T5p01 ξ^1,
T6 → T6n02 ξ^-−2 + T6n01 ξ^-−1 + T6n00 ξ^0 + T6p01 ξ^1,
T7 → T7n02 ξ^-−2 + T7n01 ξ^-−1 + T7n00 ξ^0 + T7p01 ξ^1,
T8 → T8n02 ξ^-−2 + T8n01 ξ^-−1 + T8n00 ξ^0 + T8p01 ξ^1,
T9 → T9n02 ξ^-−2 + T9n01 ξ^-−1 + T9n00 ξ^0 + T9p01 ξ^1,
T10 → T10n02 ξ^-−2 + T10n01 ξ^-−1 + T10n00 ξ^0 + T10p01 ξ^1,
T11 → T11n02 ξ^-−2 + T11n01 ξ^-−1 + T11n00 ξ^0 + T11p01 ξ^1,
T12 → T12n02 ξ^-−2 + T12n01 ξ^-−1 + T12n00 ξ^0 + T12p01 ξ^1,
T13 → T13n02 ξ^-−2 + T13n01 ξ^-−1 + T13n00 ξ^0 + T13p01 ξ^1};;

UseTheseAssumptionsOfSmallness =

σ → σ *⋆ ξ, r → r *⋆ ξ, gs → gs *⋆ ξ^2, gsf → gsf *⋆ ξ^2, gf → gf *⋆ ξ^2, n →
n

ξ^2


σ → ξ σ, r → r ξ, gs → gs ξ2, gsf → gsf ξ2, gf → gf ξ2, n →
n

ξ2


The function “f1” performs a Taylor series approximation to a specified order of ξ𝜉.
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f1[xx_, toorder_] := Series[
xx /∕. SeeIfTheseSolutionsWork /∕. subpNewHomozygote /∕. subpNewGameteBackground /∕.

{P11 → p^2 + CAA, P22 → q^2 + CAA, P12 → 2 (p q -− CAA)} /∕.
UseTheseAssumptionsOfSmallness, {ξ, 0, toorder}]

Print["Here1 ", Date[]]
eqsZ1 = {f1[eqs[[1]], -−2], f1[eqs[[2]], -−2], f1[eqs[[3]], -−2],

f1[eqs[[4]], -−2], f1[eqs[[5]], -−2], f1[eqs[[6]], -−2], f1[eqs[[7]], -−2],
f1[eqs[[8]], -−2], f1[eqs[[9]], -−2], f1[eqs[[10]], -−2],
f1[eqs[[11]], -−2], f1[eqs[[12]], -−2], f1[eqs[[13]], -−2]};

Print["Here2 ", Date[]]

Here1 {2015, 10, 15, 15, 59, 34.116206}

Here2 {2015, 10, 15, 16, 2, 19.265471}

The proposed solutions are accurate to O(ξ𝜉-−2

eqsZ1


1

O[ξ]
⩵ 0,

1

O[ξ]
⩵ 0,

1

O[ξ]
⩵ 0,

1

O[ξ]
⩵ 0,

1

O[ξ]
⩵ 0,

1

O[ξ]
⩵ 0,

1

O[ξ]
⩵ 0,

1

O[ξ]
⩵ 0,

1

O[ξ]
⩵ 0,

1

O[ξ]
⩵ 0,

1

O[ξ]
⩵ 0,

1

O[ξ]
⩵ 0,

1

O[ξ]
⩵ 0

Analysis assuming effective recombination (σ𝜎r) and gene conversion (weak relative 
to drift) and no gene conversion 
σ𝜎, r, gf, gs gsf ~O(ξ𝜉), n ~ O(ξ𝜉-−1)
First we create a substitution where we decompose “Ti” into components of different magnitudes of ξ𝜉.

For example T1 = T1n02 ξ𝜉-−2 + T1n01 ξ𝜉-−1 + T1n00 + T1np01 ξ𝜉1

so “T1n02” represents a coefficient of ξ𝜉 raised to the negative (“n”) 2. 

subTinBits = {T1 → T1n02 ξ^-−2 + T1n01 ξ^-−1 + T1n00 ξ^0 + T1p01 ξ^1,
T2 → T2n02 ξ^-−2 + T2n01 ξ^-−1 + T2n00 ξ^0 + T2p01 ξ^1,
T3 → T3n02 ξ^-−2 + T3n01 ξ^-−1 + T3n00 ξ^0 + T3p01 ξ^1,
T4 → T4n02 ξ^-−2 + T4n01 ξ^-−1 + T4n00 ξ^0 + T4p01 ξ^1,
T5 → T5n02 ξ^-−2 + T5n01 ξ^-−1 + T5n00 ξ^0 + T5p01 ξ^1,
T6 → T6n02 ξ^-−2 + T6n01 ξ^-−1 + T6n00 ξ^0 + T6p01 ξ^1,
T7 → T7n02 ξ^-−2 + T7n01 ξ^-−1 + T7n00 ξ^0 + T7p01 ξ^1,
T8 → T8n02 ξ^-−2 + T8n01 ξ^-−1 + T8n00 ξ^0 + T8p01 ξ^1,
T9 → T9n02 ξ^-−2 + T9n01 ξ^-−1 + T9n00 ξ^0 + T9p01 ξ^1,
T10 → T10n02 ξ^-−2 + T10n01 ξ^-−1 + T10n00 ξ^0 + T10p01 ξ^1,
T11 → T11n02 ξ^-−2 + T11n01 ξ^-−1 + T11n00 ξ^0 + T11p01 ξ^1,
T12 → T12n02 ξ^-−2 + T12n01 ξ^-−1 + T12n00 ξ^0 + T12p01 ξ^1,
T13 → T13n02 ξ^-−2 + T13n01 ξ^-−1 + T13n00 ξ^0 + T13p01 ξ^1};;
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UseTheseAssumptionsOfSmallness =

σ → σ *⋆ ξ, r → r *⋆ ξ, gs → gs *⋆ ξ^2, gsf → gsf *⋆ ξ^2, gf → gf *⋆ ξ^2, n →
n

ξ


σ → ξ σ, r → r ξ, gs → gs ξ2, gsf → gsf ξ2, gf → gf ξ2, n →
n

ξ


The vector “SoFar” contains what we have learned about the “Ti” as we move through the approxima-
tion procedure.

The function “f1” performs a Taylor series approximation to a specified order of ξ𝜉.

SoFar = {};

f1[xx_, toorder_] :=
Series[xx /∕. subTinBits /∕. subpNewHomozygote /∕. subpNewGameteBackground /∕.

{P11 → p^2 + CAA, P22 → q^2 + CAA, P12 → 2 (p q -− CAA)} /∕.
UseTheseAssumptionsOfSmallness /∕/∕. SoFar, {ξ, 0, toorder}]

Here we apply the Taylor series approximation to the system of equations described in “First-Step 
analysis”.

We begin by doing a Taylor series to O(ξ𝜉-−2), solve the system (and update “SoFar” with what we have 
learned), and then repeat with higher orders of accuracy as needed.

Print["Here1 ", Date[]]
eqsZ1 = {f1[eqs[[1]], -−2], f1[eqs[[2]], -−2], f1[eqs[[3]], -−2],

f1[eqs[[4]], -−2], f1[eqs[[5]], -−2], f1[eqs[[6]], -−2], f1[eqs[[7]], -−2],
f1[eqs[[8]], -−2], f1[eqs[[9]], -−2], f1[eqs[[10]], -−2],
f1[eqs[[11]], -−2], f1[eqs[[12]], -−2], f1[eqs[[13]], -−2]};

Print["Here2 ", Date[]]

ans = Simplify[
Solve[eqsZ1, {T1n02, T2n02, T3n02, T4n02, T5n02, T6n02, T7n02, T8n02, T9n02,

T10n02, T11n02, T12n02, T13n02}] /∕. (p + q) → 1 /∕. q → 1 -− p]
Print["Here3 ", Date[]]

Here1 {2015, 10, 15, 17, 6, 23.023203}

SoFar = Join[SoFar, ans[[1]]]
Print["Here1 ", Date[]]
eqsZ1 = {f1[eqs[[1]], -−1], f1[eqs[[2]], -−1], f1[eqs[[3]], -−1],

f1[eqs[[4]], -−1], f1[eqs[[5]], -−1], f1[eqs[[6]], -−1], f1[eqs[[7]], -−1],
f1[eqs[[8]], -−1], f1[eqs[[9]], -−1], f1[eqs[[10]], -−1],
f1[eqs[[11]], -−1], f1[eqs[[12]], -−1], f1[eqs[[13]], -−1]};

Print["Here2 ", Date[]]

ans =
Solve[eqsZ1, {T1n01, T2n01, T3n01, T4n01, T5n01, T6n01, T7n01, T8n02, T9n01, T10n01,

T11n01, T12n01, T13n01}] /∕. q → 1 -− p /∕/∕ Simplify
Print["Here3 ", Date[]]

Join[{T1n02 → 0, T2n02 → 0, T3n02 → T8n02, T4n02 → 0, T5n02 → 0, T6n02 → 0, T7n02 → T8n02,
T9n02 → 0, T10n02 → 0, T11n02 → T8n02, T12n02 → 0, T13n02 → T8n02}, {}〚1〛]
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Here1 {2015, 10, 15, 16, 23, 21.196721}

Here2 {2015, 10, 15, 16, 31, 23.133636}

$Aborted

Here3 {2015, 10, 15, 17, 6, 1.232731}

SoFar = Join[SoFar, ans[[1]]];

finalAns = FullSimplify[
Series[{T1, T2, T3, T4, T5, T6, T7, T8, T9, T10, T11, T12, T13} /∕. subTinBits,

{ξ, 0, -−2}] /∕/∕. SoFar]

(2 n (p (-−3 + 2 p) + 4 n (CAA + (-−1 + p) p) r σ))  (-−1 + 4 n (CAA + (-−1 + p) p) r σ) ξ2 +
1

O[ξ]
,

2 n 1 + p (-−1+2 p)
-−1+4 n (CAA+(-−1+p) p) r σ



ξ2
+

1

O[ξ]
,
2 n + (-−1+p) p

(CAA+(-−1+p) p) r σ

ξ2
+

1

O[ξ]
,

(2 n (p (-−3 + 2 p) + 4 n (CAA + (-−1 + p) p) r σ))  (-−1 + 4 n (CAA + (-−1 + p) p) r σ) ξ2 +
1

O[ξ]
,

2 n 1 + p (-−1+2 p)
-−1+4 n (CAA+(-−1+p) p) r σ



ξ2
+

1

O[ξ]
,

(2 n (p (-−3 + 2 p) + 4 n (CAA + (-−1 + p) p) r σ))  (-−1 + 4 n (CAA + (-−1 + p) p) r σ) ξ2 +
1

O[ξ]
,

2 n + (-−1+p) p
(CAA+(-−1+p) p) r σ

ξ2
+

1

O[ξ]
,
2 n + (-−1+p) p

(CAA+(-−1+p) p) r σ

ξ2
+

1

O[ξ]
,

2 n 1 + p (-−1+2 p)
-−1+4 n (CAA+(-−1+p) p) r σ



ξ2
+

1

O[ξ]
,

(2 n (p (-−3 + 2 p) + 4 n (CAA + (-−1 + p) p) r σ))  (-−1 + 4 n (CAA + (-−1 + p) p) r σ) ξ2 +
1

O[ξ]
,

2 n + (-−1+p) p
(CAA+(-−1+p) p) r σ

ξ2
+

1

O[ξ]
,

2 n 1 + p (-−1+2 p)
-−1+4 n (CAA+(-−1+p) p) r σ



ξ2
+

1

O[ξ]
,
2 n + (-−1+p) p

(CAA+(-−1+p) p) r σ

ξ2
+

1

O[ξ]


The expected coalescent times from state 1 and state 3 are given below 

Normal[finalAns[[1]]] /∕. ξ → 1 /∕. (p + q) → 1 /∕. (-−1 + p) → -−q /∕.
(CAA -− p q) → -−P12 /∕ 2 /∕/∕ Apart

Normal[finalAns[[3]]] /∕. ξ → 1 /∕. (p + q) → 1 /∕. (-−1 + p) → -−q /∕.
(CAA -− p q) → -−P12 /∕ 2 /∕/∕ Apart

2 n -−
2 n -− 3 n p + 2 n p2

1 + 2 n P12 r σ

2 n +
2 p q

P12 r σ
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◼ Considering different types of Balancing Selection

Heterozygote advantage
WAA = 1 -− s;
WAB = 1;
WBB = 1 -− α s; (*⋆ I'll assume α > 1, i.e., WAA > WBB *⋆)

Genotypes after selection

wbar = fAA WAA + fAB WAB + fBB WBB;
fAAs = fAA WAA /∕ wbar;
fABs = fAB WAB /∕ wbar;
fBBs = fBB WBB /∕ wbar;

Genotypes after gene conversion

fAAg = fAAs + (gc /∕ 2) fABs;
fABg = fABs (1 -− gc);
fBBg = fBBs + (gc /∕ 2) fABs;

Genotypes after reproduction

pA = fAAg + fABg  2;
fAAr = (1 -− sex) fAAg + sex outcross pA^2 + sex (1 -− outcross) fAAg + (1 /∕ 4) fABg;
fABr = (1 -− sex) fABg + sex outcross (2 pA (1 -− pA)) + sex (1 -− outcross) (1 /∕ 2) fABg;
fBBr = (1 -− sex) fBBg + sex outcross (1 -− pA)^2 + sex (1 -− outcross) fBBg + (1 /∕ 4) fABg;

subMoments =
{fAA → pA0^2 + CAA, fAB → 2 ( pA0 (1 -− pA0) -− CAA), fBB → (1 -− pA0)^2 + CAA};

pAstart = fAA + fAB  2;
pAnext = fAAr + fABr  2;
CAAstart = fAA fBB -− (1 /∕ 4) fAB^2;
CAAnext = fAAr fBBr -− (1 /∕ 4) fABr^2;

deltap = pAnext -− pAstart /∕/∕ Simplify;
deltaCAA = CAAnext -− CAAstart /∕/∕ Simplify;

Jacob = {{D[pAnext /∕. subMoments, pA0], D[pAnext /∕. subMoments, CAA]},
{D[CAAnext /∕. subMoments, pA0], D[CAAnext /∕. subMoments, CAA]}} /∕/∕ Simplify;

SolutionsFull = Simplify[Solve[{deltap ⩵ 0, deltaCAA ⩵ 0} /∕. subMoments, {pA0, CAA}]]

{pA0 → 0, CAA → 0}, {pA0 → 1, CAA → 0},

pA0 → -−-−2 gc -− sex + gc sex + 3 outcross sex + gc outcross sex +

4 s α + 4 outcross sex α -− 6 outcross s sex α + 2 gc α2 -− 4 s α2 + sex α2 -−
gc sex α2 + outcross sex α2 -− gc outcross sex α2 -− 2 outcross s sex α2 +
-−8 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α) (gc (-−2 + sex + outcross sex) (-−1 + α) +

2 s (-−1 + α) α + sex (1 -− α + outcross (-−1 -− α + 2 s α))) +
4 s (-−1 + α) α + gc (-−2 + sex + outcross sex) -−1 + α2 + sex

1 -− α2 + outcross (3 + α) (-−1 -− α + 2 s α)2 

(4 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α)), CAA →
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(4 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α)), CAA →

-−2 gc -− sex + gc sex + 3 outcross sex + gc outcross sex + 4 s α +

4 outcross sex α -− 6 outcross s sex α + 2 gc α2 -− 4 s α2 + sex α2 -−
gc sex α2 + outcross sex α2 -− gc outcross sex α2 -− 2 outcross s sex α2 +
-−8 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α) (gc (-−2 + sex + outcross sex) (-−1 + α) +

2 s (-−1 + α) α + sex (1 -− α + outcross (-−1 -− α + 2 s α))) +
4 s (-−1 + α) α + gc (-−2 + sex + outcross sex) -−1 + α2 + sex

1 -− α2 + outcross (3 + α) (-−1 -− α + 2 s α)2

-−2 gc s -− 2 gc outcross sex -− s sex + gc s sex + 3 outcross s sex +

gc outcross s sex -− outcross sex2 + gc outcross sex2 -− outcross2 sex2 +
gc outcross2 sex2 + 2 gc s α + 4 s2 α -− 2 gc outcross sex α + s sex α -−
gc s sex α -− 3 outcross s sex α + 3 gc outcross s sex α -− 6 outcross s2 sex α -−
outcross sex2 α + gc outcross sex2 α -− outcross2 sex2 α + gc outcross2 sex2 α +
2 outcross s sex2 α -− 2 gc outcross s sex2 α + 4 outcross2 s sex2 α -−
2 gc outcross2 s sex2 α + 2 gc s α2 -− 8 s2 α2 + 2 gc outcross sex α2 + s sex α2 -−
gc s sex α2 -− 3 outcross s sex α2 -− gc outcross s sex α2 + 12 outcross s2 sex α2 +
outcross sex2 α2 -− gc outcross sex2 α2 + outcross2 sex2 α2 -− gc outcross2 sex2 α2 -−
4 outcross2 s2 sex2 α2 -− 2 gc s α3 + 4 s2 α3 + 2 gc outcross sex α3 -−
s sex α3 + gc s sex α3 + 3 outcross s sex α3 -− 3 gc outcross s sex α3 -−
6 outcross s2 sex α3 + outcross sex2 α3 -− gc outcross sex2 α3 + outcross2 sex2 α3 -−
gc outcross2 sex2 α3 -− 2 outcross s sex2 α3 + 2 gc outcross s sex2 α3 -−
4 outcross2 s sex2 α3 + 2 gc outcross2 s sex2 α3 + 4 outcross2 s2 sex2 α3 +

s-−8 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α) (gc (-−2 + sex + outcross sex)

(-−1 + α) + 2 s (-−1 + α) α + sex (1 -− α + outcross (-−1 -− α + 2 s α))) +
4 s (-−1 + α) α + gc (-−2 + sex + outcross sex) -−1 + α2 +

sex 1 -− α2 + outcross (3 + α) (-−1 -− α + 2 s α)2 -− outcross sex

-−8 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α) (gc (-−2 + sex + outcross sex)

(-−1 + α) + 2 s (-−1 + α) α + sex (1 -− α + outcross (-−1 -− α + 2 s α))) +
4 s (-−1 + α) α + gc (-−2 + sex + outcross sex) -−1 + α2 +

sex 1 -− α2 + outcross (3 + α) (-−1 -− α + 2 s α)2 -−

s α -−8 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α) (gc (-−2 + sex + outcross sex)

(-−1 + α) + 2 s (-−1 + α) α + sex (1 -− α + outcross (-−1 -− α + 2 s α))) +
4 s (-−1 + α) α + gc (-−2 + sex + outcross sex) -−1 + α2 +

sex 1 -− α2 + outcross (3 + α) (-−1 -− α + 2 s α)2 -− outcross sex α

-−8 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α) (gc (-−2 + sex + outcross sex)

(-−1 + α) + 2 s (-−1 + α) α + sex (1 -− α + outcross (-−1 -− α + 2 s α))) +
4 s (-−1 + α) α + gc (-−2 + sex + outcross sex) -−1 + α2 +

sex 1 -− α2 + outcross (3 + α) (-−1 -− α + 2 s α)2 + 2 outcross s sex α

-−8 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α) (gc (-−2 + sex + outcross sex)

(-−1 + α) + 2 s (-−1 + α) α + sex (1 -− α + outcross (-−1 -− α + 2 s α))) +
4 s (-−1 + α) α + gc (-−2 + sex + outcross sex) -−1 + α2 +

sex 1 -− α2 + outcross (3 + α) (-−1 -− α + 2 s α)2 

16 outcross2 s sex2 (-−1 + α) (1 + α)2 (-−1 + (-−1 + 2 s) α)2,

pA0 → 2 gc + sex -− gc sex -− 3 outcross sex -−

gc outcross sex -−
4 s α -−
4 outcross sex α +

-−
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4 outcross sex α +
6 outcross s sex α -−
2 gc α2 +
4 s α2 -−
sex α2 +
gc sex α2 -−
outcross sex α2 +
gc outcross sex α2 +
2 outcross s sex α2 +
-−8 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α) (gc (-−2 + sex + outcross sex) (-−1 + α) +

2 s (-−1 + α) α + sex (1 -− α + outcross (-−1 -− α + 2 s α))) +
4 s (-−1 + α) α + gc (-−2 + sex + outcross sex) -−1 + α2 +

sex 1 -− α2 + outcross (3 + α) (-−1 -− α + 2 s α)2 

(4 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α)), CAA →

-−2 gc + sex -− gc sex -− 3 outcross sex -− gc outcross sex -− 4 s α -−

4 outcross sex α + 6 outcross s sex α -− 2 gc α2 + 4 s α2 -− sex α2 +
gc sex α2 -− outcross sex α2 + gc outcross sex α2 + 2 outcross s sex α2 +
-−8 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α) (gc (-−2 + sex + outcross sex)

(-−1 + α) + 2 s (-−1 + α) α + sex (1 -− α + outcross (-−1 -− α + 2 s α))) +
4 s (-−1 + α) α + gc (-−2 + sex + outcross sex) -−1 + α2 +

sex 1 -− α2 + outcross (3 + α) (-−1 -− α + 2 s α)2

-−2 gc s -− 2 gc outcross sex -− s sex + gc s sex + 3 outcross s sex +

gc outcross s sex -− outcross sex2 + gc outcross sex2 -− outcross2 sex2 +
gc outcross2 sex2 + 2 gc s α + 4 s2 α -− 2 gc outcross sex α + s sex α -−
gc s sex α -− 3 outcross s sex α + 3 gc outcross s sex α -− 6 outcross s2 sex α -−
outcross sex2 α + gc outcross sex2 α -− outcross2 sex2 α + gc outcross2 sex2 α +
2 outcross s sex2 α -− 2 gc outcross s sex2 α + 4 outcross2 s sex2 α -−
2 gc outcross2 s sex2 α + 2 gc s α2 -− 8 s2 α2 + 2 gc outcross sex α2 + s sex α2 -−
gc s sex α2 -− 3 outcross s sex α2 -− gc outcross s sex α2 + 12 outcross s2 sex α2 +
outcross sex2 α2 -− gc outcross sex2 α2 + outcross2 sex2 α2 -− gc outcross2 sex2 α2 -−
4 outcross2 s2 sex2 α2 -− 2 gc s α3 + 4 s2 α3 + 2 gc outcross sex α3 -−
s sex α3 + gc s sex α3 + 3 outcross s sex α3 -− 3 gc outcross s sex α3 -−
6 outcross s2 sex α3 + outcross sex2 α3 -− gc outcross sex2 α3 + outcross2 sex2 α3 -−
gc outcross2 sex2 α3 -− 2 outcross s sex2 α3 + 2 gc outcross s sex2 α3 -−
4 outcross2 s sex2 α3 + 2 gc outcross2 s sex2 α3 + 4 outcross2 s2 sex2 α3 -−

s-−8 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α) (gc (-−2 + sex + outcross sex)

(-−1 + α) + 2 s (-−1 + α) α + sex (1 -− α + outcross (-−1 -− α + 2 s α))) +
4 s (-−1 + α) α + gc (-−2 + sex + outcross sex) -−1 + α2 +

sex 1 -− α2 + outcross (3 + α) (-−1 -− α + 2 s α)2 + outcross sex

-−8 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α) (gc (-−2 + sex + outcross sex)

(-−1 + α) + 2 s (-−1 + α) α + sex (1 -− α + outcross (-−1 -− α + 2 s α))) +
4 s (-−1 + α) α + gc (-−2 + sex + outcross sex) -−1 + α2 +

sex 1 -− α2 + outcross (3 + α) (-−1 -− α + 2 s α)2 +

s α -−8 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α) (gc (-−2 + sex + outcross sex)

(-−1 + α) + 2 s (-−1 + α) α + sex (1 -− α + outcross (-−1 -− α + 2 s α))) +
4 s (-−1 + α) α + gc (-−2 + sex + outcross sex) -−1 + α2 +

sex 1 -− α2 + outcross (3 + α) (-−1 -− α + 2 s α)2 + outcross sex α

-−8 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α) (gc (-−2 + sex + outcross sex)

+ + ) +
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-−8 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α) (gc (-−2 + sex + outcross sex)

(-−1 + α) + 2 s (-−1 + α) α + sex (1 -− α + outcross (-−1 -− α + 2 s α))) +
4 s (-−1 + α) α + gc (-−2 + sex + outcross sex) -−1 + α2 +

sex 1 -− α2 + outcross (3 + α) (-−1 -− α + 2 s α)2 -− 2 outcross s sex α

-−8 outcross sex (1 + α) (-−1 + (-−1 + 2 s) α) (gc (-−2 + sex + outcross sex)

(-−1 + α) + 2 s (-−1 + α) α + sex (1 -− α + outcross (-−1 -− α + 2 s α))) +
4 s (-−1 + α) α + gc (-−2 + sex + outcross sex) -−1 + α2 +

sex 1 -− α2 + outcross (3 + α) (-−1 -− α + 2 s α)2 

16 outcross2 s sex2 (-−1 + α) (1 + α)2 (-−1 + (-−1 + 2 s) α)2

UseTheseAssumptions = {sex > 0, outcross > 0, s > 0, α > 1, gc > 0, sex ≤ 1, outcross ≤ 1}

{sex > 0, outcross > 0, s > 0, α > 1, gc > 0, sex ≤ 1, outcross ≤ 1}

FullSimplify[SolutionsFull /∕. sex → 1 /∕. outcross → 1,
Assumptions → UseTheseAssumptions]

{pA0 → 0, CAA → 0}, {pA0 → 1, CAA → 0}, pA0 →
α

1+α
s α ≤ 1 + α

1-−s α
1+α-−2 s α

True
,

CAA → -−((-−1 + s) (-−1 + s α) (-−1 + (-−1 + s) α + Abs[1 + α -− s α]))  2 s (1 + α -− 2 s α)2,

pA0 →
α

1+α
s α > 1 + α

1-−s α
1+α-−2 s α

True
, CAA →

-− (-−1+s) (-−1+(-−1+s) α) (-−1+s α)
s (1+α-−2 s α)2

s α ≤ 1 + α

0 True


Here we do the Taylor series assuming some of the variables are proportional to something small (sm)

AnsMomentsPartialSex =
FullSimplify[Series[{pA0, CAA} /∕. SolutionsFull[[3]] /∕. outcross → 1 /∕. {s → s *⋆ sm,

sex → sex *⋆ sm, gc → gc *⋆ sm^2}, {sm, 0, 0}], Assumptions → UseTheseAssumptions]

 sex (1 + α)2 + (-−1 + α) -−2 s α + 4 s2 α2 + sex2 (1 + α)2  2 sex (1 + α)2 + O[sm]1,

1

4 s sex2 (1 + α)4
2 s2 (-−1 + α) α + s (-−1 + α) sex + sex α -− 4 s2 α2 + sex2 (1 + α)2 +

sex (1 + α) sex + sex α -− 4 s2 α2 + sex2 (1 + α)2

sex (1 + α)2 + (-−1 + α) -−2 s α + 4 s2 α2 + sex2 (1 + α)2 + O[sm]1

106     CoalescentWithBalancingSelectionV4forSupMat.nb



AnsMomentsSelfing =
FullSimplify[Series[{pA0, CAA} /∕. SolutionsFull[[3]] /∕. sex → 1 /∕.

{s → s *⋆ sm, outcross → outcross *⋆ sm, gc → gc *⋆ sm^2},
{sm, 0, 0}], Assumptions → UseTheseAssumptions]


-−1 + α

2 outcross (1 + α) sm
+
-−2 s (-−1 + α) α + outcross (1 + α)2

2 outcross (1 + α)2
+ O[sm]1,

-−
(-−1 + α)2

4 outcross2 (1 + α)2 sm2
+

(-−1 + α)2 (outcross + outcross α + 2 s α)  2 outcross2 (1 + α)3 sm -−
1

4 outcross2 (1 + α)4
-−4 s2 (-−1 + α)2 α2 + 12 outcross s (-−1 + α)2 α (1 + α) +

outcross2 (1 + α)2 (1 + (-−6 + α) α) + 2 gc -−1 + α22 + O[sm]1

AnsGenoLowSex = CollectFullSimplify[Series[
{pA0^2 + CAA, 2 (pA0 (1 -− pA0) -− CAA), (1 -− pA0)^2 + CAA} /∕. SolutionsFull[[3]] /∕.

outcross → 1 /∕. {s → s *⋆ sm, sex → sex *⋆ sm, gc → gc *⋆ sm^2}, {sm, 0, 0}],

Assumptions → UseTheseAssumptions], 4 s2 α2 + sex2 (1 + α)2 , FullSimplify

 (2 s (-−1 + α) α -− sex (1 + α)) 4 s2 α2 + sex2 (1 + α)2  2 s sex (1 + α)3 +

-−4 s2 (-−1 + α) α2 + 2 s sex α (1 + α) + sex2 (1 + α)2  2 s sex (1 + α)3,

sex -− s (-−1 + α)2 + sex α 4 s2 α2 + sex2 (1 + α)2  s sex (1 + α)3 +

2 s2 (-−1 + α)2 α -− sex2 (1 + α)2 + s sex (1 + α) 1 + α2  s sex (1 + α)3,

-− (sex + 2 s (-−1 + α) + sex α) 4 s2 α2 + sex2 (1 + α)2  2 s sex (1 + α)3 +

4 s2 (-−1 + α) α + 2 s sex α (1 + α) + sex2 (1 + α)2  2 s sex (1 + α)3

PARTIAL ASEX
Below I show that both the boundary values are always unstable [at least one eigenvalue > 1] (so 
polymorphism is maintained) with PARTIAL ASEX
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FullSimplify[Eigenvalues[Jacob /∕. outcross → 1 /∕. {pA0 → 0, CAA → 0}],
Assumptions → UseTheseAssumptions]

FullSimplify[Normal[Series[% /∕. {s → s *⋆ sm, sex → sex *⋆ sm, gc → gc *⋆ sm^2},
{sm, 0, 1}]], Assumptions → UseTheseAssumptions] /∕. sm → 1

FullSimplify[Eigenvalues[Jacob /∕. outcross → 1 /∕. {pA0 → 1, CAA → 0}],
Assumptions → UseTheseAssumptions]

FullSimplify[Normal[Series[% /∕. {s → s *⋆ sm, sex → sex *⋆ sm, gc → gc *⋆ sm^2},
{sm, 0, 1}]], Assumptions → UseTheseAssumptions] /∕. sm → 1


1

-−2 + 2 s α
-−2 + gc + s + sex -− gc sex -− s sex -−

√4 (-−1 + gc) (-−1 + s) (-−1 + sex) + (-−2 + gc + s + sex -− (gc + s) sex)2,
1

-−2 + 2 s α
-−2 + gc + s + sex -− gc sex -− s sex +

√4 (-−1 + gc) (-−1 + s) (-−1 + sex) + (-−2 + gc + s + sex -− (gc + s) sex)2

{1 + s α, 1 -− s -− sex + s α}


1

2 (-−1 + s)
-−2 + gc + sex -− gc sex + s α -− s sex α -−

√(gc + sex -− gc sex)2 + 2 s (-−1 + sex) (gc + (-−1 + gc) sex) α + s2 (-−1 + sex)2 α2,
1

2 (-−1 + s)
-−2 + gc + sex -− gc sex + s α -− s sex α +

√(gc + sex -− gc sex)2 + 2 s (-−1 + sex) (gc + (-−1 + gc) sex) α + s2 (-−1 + sex)2 α2

{1 + s, 1 -− sex -− s (-−1 + α)}

SELFING (high rates of selfing)
Below I show that the second potential equilibrium pA0 = 1 always is stable when wAA > wBB (α𝛼 > 1)
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FullSimplify[Eigenvalues[Jacob /∕. sex → 1 /∕. {pA0 → 0, CAA → 0}],
Assumptions → UseTheseAssumptions]

FullSimplify[Normal[Series[% /∕. {s → s *⋆ sm, outcross → outcross *⋆ sm, gc → gc *⋆ sm^2},
{sm, 0, 1}]], Assumptions → UseTheseAssumptions] /∕. sm → 1

FullSimplify[Eigenvalues[Jacob /∕. sex → 1 /∕. {pA0 → 1, CAA → 0}],
Assumptions → UseTheseAssumptions]

FullSimplify[Normal[Series[% /∕. {s → s *⋆ sm, outcross → outcross *⋆ sm, gc → gc *⋆ sm^2},
{sm, 0, 1}]], Assumptions → UseTheseAssumptions] /∕. sm → 1


1

-−4 + 4 s α
-−3 + gc + outcross -− gc outcross + 2 s -− 2 outcross s -− √8 (-−1 + gc) (-−1 + outcross)

(-−1 + s) + (-−3 + gc + outcross -− gc outcross + 2 s -− 2 outcross s)2,
1

-−4 + 4 s α
-−3 + gc + outcross -− gc outcross + 2 s -− 2 outcross s +

√8 (-−1 + gc) (-−1 + outcross) (-−1 + s) +

(-−3 + gc + outcross -− gc outcross + 2 s -− 2 outcross s)2

1 + s (-−1 + α),
1

2
(1 -− outcross + s α)


1

4 (-−1 + s)
-−3 + gc + outcross -− gc outcross +

2 s α -− 2 outcross s α -− √(1 + gc + outcross -− gc outcross)2 +
4 (-−1 + outcross) (1 + gc + (-−1 + gc) outcross) s α + 4 (-−1 + outcross)2 s2 α2,

1

4 (-−1 + s)
-−3 + gc + outcross -− gc outcross + 2 s α -− 2 outcross s α +

√(1 + gc + outcross -− gc outcross)2 +
4 (-−1 + outcross) (1 + gc + (-−1 + gc) outcross) s α + 4 (-−1 + outcross)2 s2 α2

1 + s (1 -− α),
1

2
(1 -− outcross + s)

SELFING (moderate to low rates of selfing)
Below I show that the second potential equilibrium pA0 = 1 can be stable when wAA > wBB (α𝛼 > 1) and 
outcross < -−1+α

1+α
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FullSimplify[Eigenvalues[Jacob /∕. sex → 1 /∕. {pA0 → 0, CAA → 0}],
Assumptions → UseTheseAssumptions]

FullSimplify[Normal[Series[% /∕. {s → s *⋆ sm, gc → gc *⋆ sm^2}, {sm, 0, 1}]],
Assumptions → UseTheseAssumptions] /∕. sm → 1

FullSimplify[Eigenvalues[Jacob /∕. sex → 1 /∕. {pA0 → 1, CAA → 0}],
Assumptions → UseTheseAssumptions]

FullSimplify[Normal[Series[% /∕. {s → s *⋆ sm, gc → gc *⋆ sm^2}, {sm, 0, 1}]],
Assumptions → UseTheseAssumptions] /∕. sm → 1


1

-−4 + 4 s α
-−3 + gc + outcross -− gc outcross + 2 s -− 2 outcross s -− √8 (-−1 + gc) (-−1 + outcross)

(-−1 + s) + (-−3 + gc + outcross -− gc outcross + 2 s -− 2 outcross s)2,
1

-−4 + 4 s α
-−3 + gc + outcross -− gc outcross + 2 s -− 2 outcross s +

√8 (-−1 + gc) (-−1 + outcross) (-−1 + s) +

(-−3 + gc + outcross -− gc outcross + 2 s -− 2 outcross s)2

1 +
s (-−1 + outcross + α + outcross α)

1 + outcross
,

-−(((-−1 + outcross) (1 + outcross -− 2 outcross s + (1 + outcross) s α)) /∕ (2 (1 + outcross)))


1

4 (-−1 + s)
-−3 + gc + outcross -− gc outcross +

2 s α -− 2 outcross s α -− √(1 + gc + outcross -− gc outcross)2 +
4 (-−1 + outcross) (1 + gc + (-−1 + gc) outcross) s α + 4 (-−1 + outcross)2 s2 α2,

1

4 (-−1 + s)
-−3 + gc + outcross -− gc outcross + 2 s α -− 2 outcross s α +

√(1 + gc + outcross -− gc outcross)2 +
4 (-−1 + outcross) (1 + gc + (-−1 + gc) outcross) s α + 4 (-−1 + outcross)2 s2 α2

1 + s +
(-−1 + outcross) s α

1 + outcross
,
1

2
(-−1 + outcross) -−1 + s -−1 +

2 outcross α

1 + outcross


Here we try to assess the stability of the internal equilibrium for low sex.  It is hard to tell from the eigen-
values whether it is always stable but it appears to be.

Solve[1 + (s (-−1 + outcross + α + outcross α)) /∕ (1 + outcross) ⩵ 1, outcross]

Solve1 + s +
(-−1 + outcross) s α

1 + outcross
⩵ 1, outcross

outcross →
1 -− α

1 + α


outcross →
-−1 + α

1 + α

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O1LowSexEigenvalues = Simplify[Normal[Series[
Eigenvalues[Jacob /∕. outcross → 1] /∕. {s → s *⋆ sm, sex → sex *⋆ sm, gc → gc *⋆ sm^2} /∕.
{pA0 → O0pA0 + O1pA0 sm, CAA → O0CAA + O1CAA sm},

{sm, 0, 1}]], Assumptions → UseTheseAssumptions]

O1LowSexEigenvaluesMinusOne =
FullSimplify[% -− {1, 1} /∕. sm → 1 /∕. {O0pA0 → Normal[AnsMomentsPartialSex[[1]]],

O0CAA → Normal[AnsMomentsPartialSex[[2]]]}, Assumptions → UseTheseAssumptions]

% /∕. {α → 2, s → 0.01, sex → 0.02}

1 +
1

2
sm -−s + 3 O0CAA s + 3 O0pA02 s -− sex + 2 s α + 3 O0CAA s α -− 6 O0pA0 s α + 3 O0pA02 s α +

√sex2 -− 2 s sex -−1 + O0CAA (1 + α) -− 3 O0pA02 (1 + α) + 2 O0pA0 (2 + α) + s2 1 +

4 O0pA0 α + O0CAA2 (1 + α)2 -− 7 O0pA04 (1 + α)2 -− 2 O0pA02 5 + 9 α + 2 α2 + 4 O0pA03

4 + 7 α + 3 α2 -− 2 O0CAA 5 -− 3 α + 3 O0pA02 (1 + α)2 + 2 O0pA0 -−4 -− 3 α + α2,

1 -−
1

2
sm s -− 3 O0CAA s -− 3 O0pA02 s + sex -− 2 s α -− 3 O0CAA s α + 6 O0pA0 s α -− 3 O0pA02 s α +

√sex2 -− 2 s sex -−1 + O0CAA (1 + α) -− 3 O0pA02 (1 + α) + 2 O0pA0 (2 + α) + s2 1 +

4 O0pA0 α + O0CAA2 (1 + α)2 -− 7 O0pA04 (1 + α)2 -− 2 O0pA02 5 + 9 α + 2 α2 + 4 O0pA03

4 + 7 α + 3 α2 -− 2 O0CAA 5 -− 3 α + 3 O0pA02 (1 + α)2 + 2 O0pA0 -−4 -− 3 α + α2


1

4
sex +

1

1 + α
-−2 s (1 + (-−1 + α) α) -− 3 4 s2 α2 + sex2 (1 + α)2 +

2 
1

sex (1 + α)3
16 s3 (-−1 + α)2 α2 +

sex2 (1 + α)2 sex + sex α + √4 s2 α2 + sex2 (1 + α)2 + 2 s sex (1 + α)

(1 + (-−3 + α) α) sex + sex α + √4 s2 α2 + sex2 (1 + α)2 + 2 s2 -−4 (-−1 + α)2 α

√4 s2 α2 + sex2 (1 + α)2 + sex (1 + α) (1 + α (-−2 + α (4 + (-−2 + α) α))) ,

1

4
sex +

1

1 + α
-−2 s (1 + (-−1 + α) α) -− 3 4 s2 α2 + sex2 (1 + α)2 -−

2 
1

sex (1 + α)3

16 s3 (-−1 + α)2 α2 + sex2 (1 + α)2 sex + sex α + √4 s2 α2 + sex2 (1 + α)2 +

2 s sex (1 + α) (1 + (-−3 + α) α) sex + sex α + √4 s2 α2 + sex2 (1 + α)2 +

2 s2 -−4 (-−1 + α)2 α √4 s2 α2 + sex2 (1 + α)2 +

sex (1 + α) (1 + α (-−2 + α (4 + (-−2 + α) α))) 

{-−0.00814782, -−0.0279077}
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O1LowSexEigenvaluesMinusOne /∕. {α → 1.1, s → 0.01, sex → 0.02}
O1LowSexEigenvaluesMinusOne /∕. {α → 10, s → 0.01, sex → 0.02}
O1LowSexEigenvaluesMinusOne /∕. {α → 1.1, s → 0.01, sex → 0.002}
O1LowSexEigenvaluesMinusOne /∕. {α → 10, s → 0.01, sex → 0.002}
O1LowSexEigenvaluesMinusOne /∕. {α → 1.1, s → 0.01, sex → 0.2}
O1LowSexEigenvaluesMinusOne /∕. {α → 10, s → 0.01, sex → 0.2}

{-−0.00652081, -−0.0226314}

{-−0.00855298, -−0.104718}

{-−0.00939893, -−0.0108849}

{-−0.00955551, -−0.099609}

{-−0.00537512, -−0.200322}

{-−0.0092842, -−0.27468}

Here we assess the stability of the internal equilibrium for low sex for the symmetric case (α𝛼→1).  
These eigenvalues are less than 1.

O1LowSexEigenvaluesMinusOneSymmetricCase =
FullSimplify[O1LowSexEigenvalues -− {1, 1} /∕. sm → 1 /∕.

{O0pA0 → Normal[AnsMomentsPartialSex[[1]]],
O0CAA → Normal[AnsMomentsPartialSex[[2]]]} /∕.

α → 1, Assumptions → UseTheseAssumptions]


1

4
-−s + sex -− 3 s2 + sex2 + 2  s2 -− s sex + s2 + sex2 + sex sex + s2 + sex2 ,

1

4
-−s + sex -− 3 s2 + sex2 -− 2  s2 -− s sex + s2 + sex2 + sex sex + s2 + sex2 

Note the term in the last root (Z = s2 + s -−sex -− s2 + sex2  + sex sex + s2 + sex2 ) is 

always positive (we can see this because Z=0 when sex = 0 and it  increases  with larger values of sex, 
i.e., Z is always positive).  This means that both eigenvalues are real.

Z = s2 + s -−sex -− s2 + sex2 + sex sex + s2 + sex2 ;

Simplify[Z /∕. sex → 0, Assumptions → UseTheseAssumptions]
FullSimplify[D[Z, sex], Assumptions → UseTheseAssumptions]

0

sex + s2 + sex2 -−s + sex + s2 + sex2  s2 + sex2

The leading eigenvalue is the first one.  Its value minus 1 is 0 when s = 0 and it becomes more nega-
tive as s increases

s2 -− s sex + s2 + sex2 + sex sex + s2 + sex2 -− Z /∕/∕ Simplify

0
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FullSimplify[O1LowSexEigenvaluesMinusOneSymmetricCase[[1]] /∕. s → 0,
Assumptions → UseTheseAssumptions]

FullSimplify[D[O1LowSexEigenvaluesMinusOneSymmetricCase[[1]], s],
Assumptions → UseTheseAssumptions] /∕.

s2 -− s sex + s2 + sex2 + sex sex + s2 + sex2 → ThisIsZ

0

1

4
-−1 -−

3 s

s2 + sex2
+

-−2 s2 -− sex sex + s2 + sex2 + s sex + 2 s2 + sex2   2 s2 + sex2 ThisIsZ 

It isn’t obvious that the numerator of the last term above is negative but it is.

ThirdTermNumerator =

CollectFullSimplify-−2 s2 -− sex sex + s2 + sex2 + s sex + 2 s2 + sex2 /∕. sex → b s,

Assumptions → {s > 0, b > 0}, 1 + b2 , Simplify

ThirdTermNumeratorV2 = -−b2 -− (-−2 + b) -−1 + 1 + b2 s2

ThirdTermNumerator -− ThirdTermNumeratorV2 /∕/∕ Simplify

-−2 + b -− b2 s2 -− (-−2 + b) 1 + b2 s2

-−b2 -− (-−2 + b) -−1 + 1 + b2 s2

0

PlotThirdTermNumerator  s^2, {b, 0, 10}

2 4 6 8 10

-−150

-−100

-−50
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LimitThirdTermNumeratorV2  s^2, b → Infinity

-−∞

Normal[AnsMomentsPartialSex]
% /∕. α → 1 /∕/∕ Simplify

 sex (1 + α)2 + (-−1 + α) -−2 s α + 4 s2 α2 + sex2 (1 + α)2  2 sex (1 + α)2,

1

4 s sex2 (1 + α)4
2 s2 (-−1 + α) α + s (-−1 + α) sex + sex α -− 4 s2 α2 + sex2 (1 + α)2 +

sex (1 + α) sex + sex α -− 4 s2 α2 + sex2 (1 + α)2

sex (1 + α)2 + (-−1 + α) -−2 s α + 4 s2 α2 + sex2 (1 + α)2 


1

2
,
sex -− s2 + sex2

4 s


Negative frequency dependent selection
WAA = 1 -−  fAA + fAB  2 -− α s;
WAB = 1 ;
WBB = 1 +  fAA + fAB  2 -− α s;
(*⋆ 0< α < 1 *⋆)

Genotype frequencies after selection

wbar = fAA WAA + fAB WAB + fBB WBB;
fAAs = fAA WAA /∕ wbar;
fABs = fAB WAB /∕ wbar;
fBBs = fBB WBB /∕ wbar;

Genotype frequencies after gene conversion

fAAg = fAAs + (gc /∕ 2) fABs;
fABg = fABs (1 -− gc);
fBBg = fBBs + (gc /∕ 2) fABs;

Genotype frequencies after reproduction

pA = fAAg + fABg  2;
fAAr = (1 -− sex) fAAg + sex outcross pA^2 + sex (1 -− outcross) fAAg + (1 /∕ 4) fABg;
fABr = (1 -− sex) fABg + sex outcross (2 pA (1 -− pA)) + sex (1 -− outcross) (1 /∕ 2) fABg;
fBBr = (1 -− sex) fBBg + sex outcross (1 -− pA)^2 + sex (1 -− outcross) fBBg + (1 /∕ 4) fABg;

subMoments =
{fAA → pA0^2 + CAA, fAB → 2 ( pA0 (1 -− pA0) -− CAA), fBB → (1 -− pA0)^2 + CAA};

subPartsOfMoments = {pA0 → O0pA0 + O1pA1, CAA → O0CAA + O1CAA};

UseTheseAssumptions =
{sex > 0, outcross > 0, s > 0, α > 0, α < 1, gc > 0, sex ≤ 1, outcross ≤ 1}

{sex > 0, outcross > 0, s > 0, α > 0, α < 1, gc > 0, sex ≤ 1, outcross ≤ 1}
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pAstart = fAA + fAB  2;
pAnext = fAAr + fABr  2;
CAAstart = fAA fBB -− (1 /∕ 4) fAB^2;
CAAnext = fAAr fBBr -− (1 /∕ 4) fABr^2;

deltap = pAnext -− pAstart /∕/∕ Simplify;
deltaCAA = CAAnext -− CAAstart /∕/∕ Simplify;

Series[deltap /∕. subMoments /∕. subMoments /∕. outcross → 1 /∕. sex → 1 /∕.
{s → s *⋆ sm, gc → gc *⋆ sm^2} /∕. {O1pA1 → O1pA1 *⋆ sm, O1CAA → O1CAA *⋆ sm}, {sm, 0, 0}]

O[sm]1

Jacob = {{D[pAnext /∕. subMoments, pA0], D[pAnext /∕. subMoments, CAA]},
{D[CAAnext /∕. subMoments, pA0], D[CAAnext /∕. subMoments, CAA]}} /∕/∕ Simplify;

Full sex (no selfing)

Simplify[Solve[
Normal[Series[{deltap ⩵ 0, deltaCAA ⩵ 0} /∕/∕. subMoments /∕. subPartsOfMoments /∕.

outcross → 1 /∕. sex → 1 /∕. {s → s *⋆ sm, gc → gc *⋆ sm^2} /∕.
{O1pA1 → O1pA1 *⋆ sm, O1CAA → O1CAA *⋆ sm}, {sm, 0, 0}] ] /∕. sm → 1,

{ O0pA0, O0CAA}], Assumptions → UseTheseAssumptions]

{{O0CAA → 0}}

Simplify[Solve[
Normal[Series[{deltap ⩵ 0, deltaCAA ⩵ 0} /∕/∕. subMoments /∕. subPartsOfMoments /∕.

outcross → 1 /∕. sex → 1 /∕. {s → s *⋆ sm, gc → gc *⋆ sm^2} /∕. O0CAA → 0 /∕.
{O1pA1 → O1pA1 *⋆ sm, O1CAA → O1CAA *⋆ sm}, {sm, 0, 1}] ] /∕. sm → 1,

{ O0pA0, O1CAA}], Assumptions → UseTheseAssumptions]

{{O0pA0 → α, O1CAA → 0}, {O0pA0 → 0, O1CAA → 0}, {O0pA0 → 1, O1CAA → 0}}

Interior equilibrium is stable

Eigenvalues[Jacob /∕. outcross → 1 /∕. sex → 1 /∕. {pA0 → α + O1pA1, CAA → 0 + O1CAA}] /∕/∕
Simplify

FullSimplify[Normal[Series[% /∕. {s → s *⋆ sm, gc → gc *⋆ sm^2} /∕.
{O1pA1 → O1pA1 *⋆ sm, O1CAA → O1CAA *⋆ sm}, {sm, 0, 1}]]] /∕. sm → 1

0, 1 + 2 O1pA14 s2 -− O1CAA s 1 + 2 O1pA12 s -− s α + s α2 + 2 O1pA13 s2 (-−1 + 2 α) +

O1pA12 s (-−1 + 2 s (-−1 + α) α)  -−1 + 2 O1pA12 s + O1pA1 s (-−1 + 2 α)2

{0, 1 + s (-−1 + α) α}

High sex (no selfing)

Simplify[Solve[
Normal[Series[{deltap ⩵ 0, deltaCAA ⩵ 0} /∕/∕. subMoments /∕. subPartsOfMoments /∕.

outcross → 1 /∕. {s → s *⋆ sm, gc → gc *⋆ sm^2} /∕.
{O1pA1 → O1pA1 *⋆ sm, O1CAA → O1CAA *⋆ sm}, {sm, 0, 0}] ] /∕. sm → 1,

{ O0pA0, O0CAA}], Assumptions → UseTheseAssumptions]

{{O0CAA → 0}}
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Simplify[Solve[
Normal[Series[{deltap ⩵ 0, deltaCAA ⩵ 0} /∕/∕. subMoments /∕. subPartsOfMoments /∕.

outcross → 1 /∕. {s → s *⋆ sm, gc → gc *⋆ sm^2} /∕. O0CAA → 0 /∕.
{O1pA1 → O1pA1 *⋆ sm, O1CAA → O1CAA *⋆ sm}, {sm, 0, 1}] ] /∕. sm → 1,

{ O0pA0, O1CAA}], Assumptions → UseTheseAssumptions]

{{O0pA0 → α, O1CAA → 0}, {O0pA0 → 0, O1CAA → 0}, {O0pA0 → 1, O1CAA → 0}}

Interior equilibrium is stable

Under the assumptions, the second eigenvalue is largest and is close to 1.  

Simplify

SeriesJacob /∕. outcross → 1 /∕. pA0 →
1

2
+ O1pA1, CAA → 0 + O1CAA /∕. {s → s *⋆ sm,

gc → gc *⋆ sm^2} /∕. {O1pA1 → O1pA1 *⋆ sm, O1CAA → O1CAA *⋆ sm}, {sm, 0, 1}

X = Normal[%] + {{O2J11 sm^2, O2J12 sm^2}, {O2J21 sm^2, O2J22 sm^2}}

Simplify[Normal[Series[Eigenvalues[X], {sm, 0, 1}]],
Assumptions → UseTheseAssumptions] /∕. sm → 1

1 -−
s sm

4
+ O[sm]2, s -−

1

2
+ α sm + O[sm]2, O[sm]2, (1 -− sex) + O[sm]2

1 -−
s sm

4
+ O2J11 sm2, O2J12 sm2 + s sm -−

1

2
+ α , O2J21 sm2, 1 -− sex + O2J22 sm2

1 -− sex, 1 -−
s

4


Low sex (no selfing)
We do this by induction because if you don’t start with O(1) values it has a lot of problem finding solu-
tions; numerical evaluations suggest this is the only biologically relevant internal equilibrium.

FullSimplify[Solve[
Normal[Series[{deltap ⩵ 0, deltaCAA ⩵ 0} /∕/∕. subMoments /∕. subPartsOfMoments /∕.

outcross → 1 /∕. {t → t *⋆ sm, sex → sex *⋆ sm, s → s *⋆ sm, gc → gc *⋆ sm^2} /∕.
{O1pA1 → O1pA1 *⋆ sm, O1CAA → O1CAA *⋆ sm}, {sm, 0, 01}] ] /∕. sm → 1,

{ O0pA0, O0CAA}], Assumptions → UseTheseAssumptions]

{O0pA0 → 0, O0CAA → 0}, {O0pA0 → 1, O0CAA → 0},

{O0pA0 → α, O0CAA → 0}, O0pA0 →
1

4 s
s -− s 4 sex + s (1 -− 2 α)2 + 2 s α,

O0CAA →
1

8 s
2 sex + s 4 sex + s (1 -− 2 α)2 (1 -− 2 α) + s (-−1 + 4 (-−1 + α) α),

O0pA0 →
1

4 s
s + s 4 sex + s (1 -− 2 α)2 + 2 s α,

O0CAA →
1

8 s
2 sex + s 4 sex + s (1 -− 2 α)2 (-−1 + 2 α) + s (-−1 + 4 (-−1 + α) α)
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Simplify[Series[Jacob /∕. outcross → 1 /∕. {pA0 → α + O1pA1, CAA → 0 + O1CAA} /∕.
{s → s *⋆ sm, gc → gc *⋆ sm^2, sex → sex *⋆ sm} /∕.

{O1pA1 → O1pA1 *⋆ sm, O1CAA → O1CAA *⋆ sm}, {sm, 0, 1}]];

X = Normal[%] + {{O2J11 sm^2, O2J12 sm^2}, {O2J21 sm^2, O2J22 sm^2}}

Simplify[Normal[Series[Eigenvalues[X], {sm, 0, 1}]],
Assumptions → UseTheseAssumptions] /∕. sm → 1

1 + O2J11 sm2 + s sm (-−1 + α) α, O2J12 sm2, O2J21 sm2, 1 -− sex sm + O2J22 sm2

1 +
1

2
(-−sex + s (-−1 + α) α -− Abs[sex + s (-−1 + α) α]),

1 +
1

2
(-−sex + s (-−1 + α) α + Abs[sex + s (-−1 + α) α])

If sex+s (-1+α𝛼) α𝛼 > 0, then the eigenvalues are: 

1 +
1

2
(-−sex + s (-−1 + α) α -− (sex + s (-−1 + α) α)) /∕/∕ Simplify

1 +
1

2
(-−sex + s (-−1 + α) α + (sex + s (-−1 + α) α)) /∕/∕ Simplify

1 -− sex

1 + s (-−1 + α) α

If sex+s (-1+α𝛼) α𝛼 < 0, then the eigenvalues are: 

1 +
1

2
(-−sex + s (-−1 + α) α + (sex + s (-−1 + α) α)) /∕/∕ Simplify

1 +
1

2
(-−sex + s (-−1 + α) α -− (sex + s (-−1 + α) α)) /∕/∕ Simplify

1 + s (-−1 + α) α

1 -− sex

In other words, this equilibrium is stable

High outcrossing (no asex)

Simplify[Solve[
Normal[Series[{deltap ⩵ 0, deltaCAA ⩵ 0} /∕/∕. subMoments /∕. subPartsOfMoments /∕.

sex → 1 /∕. {s → s *⋆ sm, gc → gc *⋆ sm^2} /∕.
{O1pA1 → O1pA1 *⋆ sm, O1CAA → O1CAA *⋆ sm}, {sm, 0, 0}] ] /∕. sm → 1,

{ O0pA0, O0CAA}], Assumptions → UseTheseAssumptions]

{{O0CAA → ((-−1 + O0pA0) O0pA0 (-−1 + outcross)) /∕ (1 + outcross)}}

Done by induction
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Series{deltap ⩵ 0, deltaCAA ⩵ 0} /∕/∕. subMoments /∕. subPartsOfMoments /∕.
O0CAA → ((-−1 + O0pA0) O0pA0 (-−1 + outcross)) /∕ (1 + outcross) /∕.

O0pA0 →
α

1 + α
/∕. sex → 1 /∕. {s → s *⋆ sm, gc → gc *⋆ sm^2} /∕.

{O1pA1 → O1pA1 *⋆ sm, O1CAA → O1CAA *⋆ sm}, {sm, 0, 0}

O[sm]1 ⩵ 0, O[sm]1 ⩵ 0

Low outcrossing (no asex)

Simplify[Solve[
Normal[Series[{deltap ⩵ 0, deltaCAA ⩵ 0} /∕/∕. subMoments /∕. subPartsOfMoments /∕.

sex → 1 /∕. {s → s *⋆ sm, outcross → outcross *⋆ sm, gc → gc *⋆ sm^2} /∕.
{O1pA1 → O1pA1 *⋆ sm, O1CAA → O1CAA *⋆ sm}, {sm, 0, 0}] ] /∕. sm → 1,

{ O0pA0, O0CAA}], Assumptions → UseTheseAssumptions]

{{O0CAA → -−(-−1 + O0pA0) O0pA0}}

Simplify[Solve[
Normal[Series[{deltap ⩵ 0, deltaCAA ⩵ 0} /∕/∕. subMoments /∕. subPartsOfMoments /∕.

O0CAA → -−(-−1 + O0pA0) O0pA0 /∕. sex → 1 /∕. {s → s *⋆ sm, outcross → outcross *⋆ sm,
gc → gc *⋆ sm^2} /∕. {O1pA1 → O1pA1 *⋆ sm, O1CAA → O1CAA *⋆ sm}, {sm, 0, 1}] ] /∕.

sm → 1, { O0pA0, O1CAA}], Assumptions → UseTheseAssumptions]

{{O0pA0 → 0, O1CAA → O1pA1}, {O0pA0 → 1, O1CAA → -−O1pA1},
{O0pA0 → α, O1CAA → O1pA1 -− 2 O1pA1 α + 2 outcross (-−1 + α) α}}

-−(-−1 + O0pA0) O0pA0 /∕. O0pA0 → α /∕/∕ Simplify

-−(-−1 + α) α

Interior equilibrium is stable
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Simplify[Series[Jacob /∕. sex → 1 /∕. {pA0 → α + O1pA1, CAA → -−(-−1 + α) α + O1CAA} /∕.
{s → s *⋆ sm, outcross → outcross *⋆ sm, gc → gc *⋆ sm^2} /∕.

{O1pA1 → O1pA1 *⋆ sm, O1CAA → O1CAA *⋆ sm}, {sm, 0, 1}]]

X = Normal[%] + {{O2J11 sm^2, O2J12 sm^2}, {O2J21 sm^2, O2J22 sm^2}}

FullSimplify[Normal[Series[Eigenvalues[X], {sm, 0, 1}]],
Assumptions → UseTheseAssumptions] /∕. sm → 1

1 + 2 s (-−1 + α) α sm + O[sm]2, O[sm]2,


1

2
-− α + -−O1pA1 +

1

2
(-−1 + 2 α) (outcross -− 4 s (-−1 + α) α) sm + O[sm]2,

1

2
-−
outcross sm

2
+ O[sm]2

1 + O2J11 sm2 + 2 s sm (-−1 + α) α, O2J12 sm2,


1

2
+ O2J21 sm2 -− α + sm -−O1pA1 +

1

2
(-−1 + 2 α) (outcross -− 4 s (-−1 + α) α) ,

1

2
-−
outcross sm

2
+ O2J22 sm2


1 -− outcross

2
, 1 + 2 s (-−1 + α) α

Simulation of an alternative model of negative frequency dependent selection 
(unable to solve analytically) 

Note, in this model there is an excess of homozygotes in the partial asexual case

WAA = 1 -− fAA s;
WAB = 1 -− fAB ((1 + α) /∕ 2) s;
WBB = 1 -− fBB α s;
(*⋆ 0< α < 1 *⋆)

Genotype frequencies after selection

wbar = fAA WAA + fAB WAB + fBB WBB;
fAAs = fAA WAA /∕ wbar;
fABs = fAB WAB /∕ wbar;
fBBs = fBB WBB /∕ wbar;

Genotype frequencies after gene conversion

fAAg = fAAs + (gc /∕ 2) fABs;
fABg = fABs (1 -− gc);
fBBg = fBBs + (gc /∕ 2) fABs;

Genotype frequencies after reproduction

pA = fAAg + fABg  2;
fAAr = (1 -− sex) fAAg + sex outcross pA^2 + sex (1 -− outcross) fAAg + (1 /∕ 4) fABg;
fABr = (1 -− sex) fABg + sex outcross (2 pA (1 -− pA)) + sex (1 -− outcross) (1 /∕ 2) fABg;
fBBr = (1 -− sex) fBBg + sex outcross (1 -− pA)^2 + sex (1 -− outcross) fBBg + (1 /∕ 4) fABg;
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DoOneGen[CurrentSystem_, Vals_] := Block[{xfAA = CurrentSystem[[1]],
xfAB = CurrentSystem[[2]], xfBB = 1 -− Plus @@ CurrentSystem},

{fAAr /∕. {fAA → xfAA, fAB → xfAB, fBB → xfBB} /∕. Vals,
fABr /∕. {fAA → xfAA, fAB → xfAB, fBB → xfBB} /∕. Vals}]

Plots below give fAA (red), fAB (blue), and p (green, dashed) and CAA (orange, dashed)

Full biparental reproduction (no asex and no selfing)

TheseVals = {gc → 0, sex → 1, outcross → 1, s → 0.02, α → 0.8};
maxGen = 10000;
results = Table[{0, 0, 0}, {maxGen}];
For[g = 1; theSystem = {0.5, 0.4}, g ≤ maxGen, g++,
theSystem = DoOneGen[theSystem, TheseVals];
results[[g]] = Prepend[theSystem, g];]

ListPlotTranspose[{Transpose[results][[1]], Transpose[results][[2]]}],
Transpose[{Transpose[results][[1]], Transpose[results][[3]]}],
Transpose[{Transpose[results][[1]],

(Transpose[results][[2]] + Transpose[results][[3]] /∕ 2)}],
TransposeTranspose[results][[1]], Transpose[results][[2]] -−

(Transpose[results][[2]] + Transpose[results][[3]] /∕ 2)2,
Joined → True, PlotStyle → {Red, Blue, {Green, Dashed}, {Orange, Dashed}}

2000 4000 6000 8000 10000

0.1

0.2

0.3

0.4

0.5

0.6

0.7

Partial asex
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TheseVals = {gc → 0, sex → 0.01, outcross → 1, s → 0.02, α → 0.8};
maxGen = 10000;
results = Table[{0, 0, 0}, {maxGen}];
For[g = 1; theSystem = {0.5, 0.4}, g ≤ maxGen, g++,
theSystem = DoOneGen[theSystem, TheseVals];
results[[g]] = Prepend[theSystem, g];]

ListPlotTranspose[{Transpose[results][[1]], Transpose[results][[2]]}],
Transpose[{Transpose[results][[1]], Transpose[results][[3]]}],
Transpose[{Transpose[results][[1]],

(Transpose[results][[2]] + Transpose[results][[3]] /∕ 2)}],
TransposeTranspose[results][[1]], Transpose[results][[2]] -−

(Transpose[results][[2]] + Transpose[results][[3]] /∕ 2)2,
Joined → True, PlotStyle → {Red, Blue, {Green, Dashed}, {Orange, Dashed}}

2000 4000 6000 8000 10000
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Selfing
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TheseVals = {gc → 0, sex → 1, outcross → 0.01, s → 0.02, α → 0.8};
maxGen = 10000;
results = Table[{0, 0, 0}, {maxGen}];
For[g = 1; theSystem = {0.5, 0.4}, g ≤ maxGen, g++, 3

theSystem = DoOneGen[theSystem, TheseVals];
results[[g]] = Prepend[theSystem, g];]

ListPlotTranspose[{Transpose[results][[1]], Transpose[results][[2]]}],
Transpose[{Transpose[results][[1]], Transpose[results][[3]]}],
Transpose[{Transpose[results][[1]],

(Transpose[results][[2]] + Transpose[results][[3]] /∕ 2)}],
TransposeTranspose[results][[1]], Transpose[results][[2]] -−

(Transpose[results][[2]] + Transpose[results][[3]] /∕ 2)2,
Joined → True, PlotStyle → {Red, Blue, {Green, Dashed}, {Orange, Dashed}}

2000 4000 6000 8000 10000
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File S3. Simulations	
  to	
  estimate	
  coalescence	
  time	
  for	
  sites	
  near	
  targets	
  of	
  
balancing	
  selection.	
  

We	
  compared	
  the	
  accuracy	
  of	
  analytical	
  solutions	
  by	
  comparing	
  them	
  to	
  stochastic	
  
simulation	
  results.	
  Simulations	
  were	
  written	
  in	
  C,	
  and	
  source	
  code	
  is	
  available	
  
online	
  (http://github.com/MattHartfield/BalSelSims).	
  The	
  simulations	
  tracked	
  two	
  
biallelic	
  loci;	
  a	
  locus	
  A,	
  with	
  alleles	
  A1	
  and	
  A2,	
  undergoing	
  balancing	
  selection;	
  and	
  a	
  
neutral	
  locus	
  B.	
  Recombination	
  occurs	
  at	
  rate	
  r	
  between	
  loci.	
  At	
  locus	
  A,	
  
heterozygote	
  genotypes	
  (i.e.,	
  those	
  with	
  an	
  A1/A2	
  genotype)	
  have	
  the	
  highest	
  fitness	
  
of	
  1,	
  while	
  homozygotes	
  have	
  fitness	
  1-­‐s.	
  Each	
  lifecycle,	
  the	
  frequency	
  of	
  genotype	
  i,	
  
Gi,	
  was	
  altered	
  deterministically	
  by	
  a	
  factor	
  wi/w,	
  where	
  wi	
  is	
  the	
  fitness	
  of	
  genotype	
  
i	
  and	
  w	
  is	
  the	
  mean	
  fitness	
  of	
  the	
  population.	
  Then	
  a	
  proportion	
  σ 	
  of	
  the	
  population	
  
reproduced	
  via	
  sex.	
  	
  Of	
  these,	
  a	
  fraction	
  o	
  reproduced	
  via	
  outcrossing	
  and	
  the	
  
remainder	
  via	
  selfing.	
  	
  Change	
  in	
  genotypes	
  via	
  outcrossing	
  and	
  selfing	
  were	
  
determined	
  using	
  the	
  recursions	
  of	
  Hedrick	
  (1980,	
  Equation	
  3).	
  A	
  proportion	
  (1-­‐	
  σ)	
  
reproduced	
  asexually;	
  in	
  this	
  case	
  the	
  genotypes	
  were	
  cloned.	
  Finally,	
  gene	
  
conversion	
  occurred	
  at	
  rate	
  γ 	
  on	
  both	
  A1/A2	
  and	
  B1/B2	
  heterozygotes.	
  	
  Gene	
  
conversion	
  was	
  unbiased,	
  i.e.,	
  A1/A2	
  were	
  converted	
  via	
  gene	
  conversion	
  into	
  A1/A1	
  
and	
  A2/A2	
  equal	
  frequency.	
  N	
  genotypes	
  were	
  then	
  resampled	
  from	
  a	
  multinomial	
  
distribution	
  to	
  implement	
  random	
  drift.	
  

Simulations	
  were	
  initially	
  run	
  with	
  no	
  polymorphism	
  at	
  the	
  B	
  locus	
  for	
  the	
  
balancing	
  selection	
  allele	
  to	
  reach	
  steady-­‐state	
  frequency.	
  Then	
  a	
  neutral	
  allele	
  (B2)	
  
was	
  introduced	
  at	
  the	
  B	
  locus	
  on	
  a	
  randomly	
  chosen	
  genetic	
  background	
  (with	
  
respect	
  to	
  the	
  A	
  locus),	
  so	
  the	
  initial	
  frequency	
  was	
  1/2N.	
  The	
  neutral	
  allele	
  was	
  
tracked	
  until	
  it	
  was	
  fixed	
  or	
  lost,	
  and	
  the	
  heterozygosity	
  x(1	
  -­‐	
  x),	
  where	
  x	
  is	
  the	
  
frequency	
  of	
  the	
  introduced	
  B2	
  allele,	
  was	
  summed	
  over	
  all	
  generations	
  that	
  the	
  
allele	
  was	
  segregating.	
  This	
  was	
  repeated	
  for	
  4	
  million	
  reintroductions	
  of	
  the	
  neutral	
  
allele.	
  The	
  mean	
  summed	
  heterozygosity	
  is	
  equal	
  to	
  Ne/N	
  (Charlesworth	
  et	
  al	
  1993;	
  
Nordborg	
  et	
  al	
  1996).	
  

The	
  simulation	
  results	
  are	
  shown	
  in	
  Fig.	
  6.	
  	
  In	
  that	
  figure	
  there	
  was	
  no	
  gene	
  
conversion	
  for	
  100%	
  biparental	
  reproduction	
  or	
  with	
  selfing.	
  	
  Below	
  we	
  show	
  the	
  
results	
  under	
  identical	
  conditions	
  to	
  Fig.	
  6	
  but	
  allowing	
  for	
  gene	
  conversion	
  in	
  those	
  
two	
  cases.	
  	
  Comparing	
  the	
  figure	
  below	
  to	
  Fig.	
  6,	
  illustrates	
  that	
  gene	
  conversion	
  
makes	
  no	
  difference	
  in	
  selfers,	
  as	
  expected.	
  	
  (Note	
  that	
  the	
  analytical	
  prediction	
  for	
  
selfing	
  used	
  here	
  and	
  in	
  Fig.	
  6	
  assumes	
  no	
  gene	
  conversion.)	
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