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ABSTRACT Uniparental reproduction in diploids, via asexual reproduction or selfing, reduces the independence with which separate
loci are transmitted across generations. This is expected to increase the extent to which a neutral marker is affected by selection
elsewhere in the genome. Such effects have previously been quantified in coalescent models involving selfing. Here we examine the
effects of background selection and balancing selection in diploids capable of both sexual and asexual reproduction (i.e., partial
asexuality). We find that the effect of background selection on reducing coalescent time (and effective population size) can be orders
of magnitude greater when rates of sex are low than when sex is common. This is because asexuality enhances the effects of
background selection through both a recombination effect and a segregation effect. We show that there are several reasons that
the strength of background selection differs between systems with partial asexuality and those with comparable levels of uniparental
reproduction via selfing. Expectations for reductions in N, via background selection have been verified using stochastic simulations. In
contrast to background selection, balancing selection increases the coalescence time for a linked neutral site. With partial asexuality,
the effect of balancing selection is somewhat dependent upon the mode of selection (e.g., heterozygote advantage vs. negative
frequency-dependent selection) in a manner that does not apply to selfing. This is because the frequency of heterozygotes, which are
required for recombination onto alternative genetic backgrounds, is more dependent on the pattern of selection with partial asexuality

than with selfing.
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N addition to forming the basis for much of modern evolu-

tionary inference, coalescence theory provides a rigorous
approach to predicting how various biological phenomena
will affect patterns of genomic variation. Although the co-
alescence of neutral alleles is simple in ideal populations, the
process is altered by a myriad of biological realities such as
population structure, changes in population size, and non-
Poisson variance in reproductive success. Existing theory has
tackled these and many other important deviations from the
simplest case (Wakeley 2008). In addition to ecological fac-
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tors such as those above, selection at one site in the genome
can profoundly influence the coalescence times of linked neu-
tral sites, thereby affecting patterns of genomic diversity. Al-
though selective sweeps can dramatically reduce coalescence
times (Maynard Smith and Haigh 1974; Kaplan et al. 1989),
here we focus on two other forms of selection: background
and balancing selection.

Background selection refers to selection on deleterious
alleles occurring in the genetic background of a focal neutral
allele and its resulting consequences for coalescence
(reviewed in Charlesworth 2012). Assuming selection is
strong relative to drift, deleterious alleles are doomed to ex-
tinction and linked neutral sites will share the same fate un-
less they can escape via recombination (Charlesworth et al.
1993). Looking backward in time, this means that extant
copies of a neutral site must trace their ancestry, either avoid-
ing deleterious backgrounds or recombining onto them only
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in the relatively brief period prior to their selective elimina-
tion. Thus, there are fewer potential ancestors for a neutral
site than the actual number of individuals present in the pre-
ceding generations. In other words, background selection
reduces the effective population size, shortening coalescence
times. As this logic suggests, the consequences of background
selection are much stronger if there is tight linkage between
the focal neutral site and the locus experiencing deleterious
mutations (Hudson and Kaplan 1995; Nordborg et al.
1996a). Because of heterogeneity across the genome in the
local deleterious mutation rate, variation in the strength of
background selection is believed to be a major source of the
variation in sequence diversity across chromosomes in spe-
cies such as Drosophila melanogaster (Charlesworth and
Campos 2014; Elyashiv et al. 2014) and humans (McVicker
et al. 2009).

Balancing selection preserves variation at a selected site,
allowing two selected alleles to persist much longer than
expected under drift alone. The same logic applies to two
copies of a neutral site linked to alternative alleles at the
selected site (Hudson and Kaplan 1988; Kaplan et al. 1988;
Hey 1991). By increasing coalescence times, balancing selec-
tion can increase levels of neutral diversity at sites closely
linked to targets of selection as seen for self-incompatibility
alleles (Richman et al. 1996; Kamau and Charlesworth 2005)
and major histocompatibility loci (Hughes and Nei 1988).

Most coalescent models implicitly assume that organ-
isms are either haploid or diploid but obligately sexual and
randomly mating. However, some of the most reproduc-
tively prolific diploids reproduce uniparentally much of the
time via selfing or asexual reproduction (e.g., duckweeds,
monogonant rotifers, ostracods, Daphnia, and many grasses
and fungi). Asexuality and selfing involve very different types
of inheritance and, consequently, their “direct” effects on co-
alescence times are in opposite directions; asexuality in-
creases coalescence time whereas selfing reduces it (see
below). Yet both forms of uniparental reproduction reduce
the independence with which two alleles at separate loci
within the same individual trace their ancestry backward in
time. As a consequence of this effectively higher degree of
linkage, uniparental inheritance is expected to magnify the
importance of linked selection on coalescence. Indeed, pre-
vious work has demonstrated that the effects of both back-
ground and balancing selection on coalescence are heightened
by high rates of selfing (Nordborg 1997).

Here we develop coalescent models for organisms capable
of both sexual and asexual reproduction. Like selfing, asexu-
ality enhances the consequences of selection elsewhere across
the genome, sometimes dramatically so. Partial asexuality and
selfing are often lumped together, atleast colloquially, because
both are systems involving uniparental inheritance with re-
duced rates of genetic mixing. However, these alternative
modes of uniparental reproduction heighten linked selection
in somewhat different ways and we highlight the differences,
although we do not present any original results with respect to
selfing.
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Theory and Results
Direct effects

In the absence of any linked selection, the expected coales-
cence time for two randomly sampled alleles in a diploid
sexually outcrossing species is E[T] = 2N (Wakeley 2008).
For a species that produces a fraction o of its offspring sexu-
ally and the remainder asexually, the expected coalescence
time of two alleles sampled from different individuals is

1
E[TSex&Asex] =2N + ; €Y

as shown by Ceplitis (2003) (see also Bengtsson 2003 and
Hartfield et al. 2015). It takes, on average, N generations for
the two alleles to trace their ancestry into the same individ-
ual. In diploids, there is only a 1/2 chance that they will
coalesce within that individual. This means that two alleles
pass through the same individual, on average, two separate
times before coalescing, thus giving rise to the 2N. After en-
tering the same individual the first time (but not coalescing),
the two alleles must be separated into different individuals
via sex before they can “try” again. The waiting time to be
split by sex is 1/¢.

As shown by Nordborg and Donnelly (1997), for a species
that produces a fraction o of its offspring via outcrossing and
the remainder by selfing, the expected coalescence time of
two alleles sampled from different individuals is

1+o0
E [TOutcross&Self] =2N ( P ) (2)

Contrasting (1) and (2), we see the direct effects of selfing and
asexuality differ in several ways (Figure 1). Increasing the
rate of uniparental reproduction (i.e., reducing o or o) re-
duces coalescence time in the case of selfing but has the
opposite effect with partial asexuality. With selfing, coales-
cence time decreases linearly with declining rates of outcross-
ing. In contrast, the effect of partial asexuality on coalescence
time is negligible unless the rate of sex is very small [i.e., the
direct effect of partial asexuality can be ignored unless o ~ O
(1/N)]. Whereas very high selfing (0 — 0) reduces the co-
alescent time by a maximum of 50%, the maximal increase in
E[T] with very high asexuality (o — 0) is unlimited in prin-
ciple. However, if gene conversion is incorporated in the par-
tial sex model, increases in coalescent time from asexuality
are much more limited and can even be reversed (Hartfield
et al. 2015).

We refer to the effects described above as the “direct”
effects of uniparental reproduction to distinguish them from
the “indirect” effects of uniparental reproduction in mediat-
ing the consequences of linked selection.

Background Selection

The effects of background selection in sexual outcrossing
species were first modeled in classic articles by Hudson and
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Figure 1 The direct effect of uniparental reproduction
via asexuality or selfing on the scaled coalescence time
(E[TY2N). Partial asexuality has a negligible direct ef-
fect unless the rate of sex (o) is on the order of the
reciprocal of the population size; here N = 10°. High
selfing reduces N, to 50% of N.
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Kaplan (1994, 1995) and by Nordborg et al. (1996a), using
different approaches. To examine background selection in
partially asexual species, we follow an approach similar to
that used by Nordborg (1997), who studied background and
balancing selection in partial selfers. The main idea is that
two sampled alleles can be found in a variety of different
states (e.g., in the same or different individuals, in wild-type
or mutant backgrounds). Based on transition probabilities,
we can calculate the expected time to leave the current state
and the probability with which the process will enter each of
the other states, given that it has left its current state. If there
are k states (other than coalescence), then we can create a
system of k linear equations of the form

1 Vi,j

1- Vi,i (3)

E [TSex&Asex,i} = E [TSex&Asex, j} )

1=vii 97
where v, ; is the probability of the process transitioning from
state i to state j (moving backward in time). The system can
be solved for the expected coalescent times from each state.

We make assumptions similar to those of previous models
(Hudson and Kaplan 1994, 1995; Nordborg et al. 1996a;
Nordborg 1997). We consider a single selected locus that
can mutate from the wild-type A; to the deleterious allele
A, at rate u. The neutral locus is at a recombination distance
r from the selected locus. Two neutral alleles could be in the
same individual or two separate individuals. However, for
each neutral allele we also need to consider its genetic back-
ground, both the selected allele present on the same chromo-
some and the selected allele on the homolog. We assume that
A1/A, individuals have a fitness of 1 — hs and that Ay/A,
individuals have fitness 1 —s but are sufficiently rare that they
can be ignored. The frequency of the deleterious allele is g =
w/hs. Because the allele frequency is assumed to be stable, this
requires N is sufficiently large so that Nqg >> 1. Technically, we
assume 1/N ~ O(£3), and hs, g ~ O(€§), where 0 < £ << 1.

For fully sexual outcrossing species, diploid genotypes are
transient so only haplotypes need to be considered. This

0.100

“haplotype perspective” means that there are only three
(noncoalesced) states in which two samples can exist: (i)
both samples are found on A; haplotypes, (ii) both samples
are found on A, haplotypes, and (iii) the two samples are on
alternative haplotypes. With selfing there is the potential
difficulty of needing to consider samples in the same or dif-
ferent individuals, potentially complicating the model with
additional states. However, Nordborg (1997) used a separa-
tion of timescales argument to avoid this difficulty. With self-
ing, two samples from within the same individual either
coalesce or transition into separate individuals at rates close
to instantaneous with respect to coalescent times. Thus, it is
possible to accommodate selfing into a system involving just
three states (the haplotype perspective) by the appropriate
adjustments of the transition probabilities.

In contrast, the separation of timescales assumption is not
applicable with partial asexuality as two samples may remain
noncoalesced in the same individual for an extended period if
rates of sex are low. Consequently, the system becomes con-
siderably more complicated as we must keep an explicitly
diploid perspective. Assuming homozygous mutant (A,/As)
genotypes are sufficiently rare that they can be ignored, there
are eight (noncoalesced) states that must be considered: (i)
both samples in a single A; / A; individual; (ii) both samples
in a single A; /A, individual; (iii) both samples in separate
A1/A; individuals; (iv) one sample in an A, /A; individual
and the other on the A;-haplotype of an A; /A, individual;
(v) one sample in anA; /A, individual and the other on the A,
haplotype of an A, /A, individual; (vi) both samples on the A;
haplotype of separate A; /A, individuals; (vii) the samples in
separate A; /A, individuals, with one on an A; haplotype and
the other on an A, haplotype; and (viii) both samples on the
A haplotype of separate A; /A, individuals. These states are
depicted schematically in Supporting Information, Figure S1.
A complete model considering all the additional possibilities
yields the same results (not shown). The transition proba-
bilities (v;;) among these states, allowing for both sex and
asexual reproduction, are given in File S1.
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If we assume that sex is common (o ~ O(1)) and linkage is
tight (r ~ O(£)), then the mean coalescence time is

- -9 -1
E[TSex&Asex] - 2N(1 (1 T O'T‘/hs)2) + O(é: ) 4)

The term in parentheses represents the reduction in the
effective population size due to background selection. This
result is equivalent to the classic result (Hudson and Kaplan
1994, 1995; Nordborg et al. 1996a) but with the effective
rate of recombination or replacing r in the previous models,
which assumed obligate sex. It is worth noting that partial
asexuality (o < 1) has an indirect effect on coalescence via
background selection [represented by the parenthetical term
in (4)], even though its direct effect of asexuality [as repre-
sented in (1)] is negligible in magnitude and not shown in
this approximation. In this sense, the indirect effects of asex-
uality are much more important than the direct effects [un-
less rates of sex are very low, i.e., ¢ ~ O(1/N)]. The result
above is very similar to the result of Roze (2014) for partially
asexual haploids. When the rate of sex is high, the shared
history of homologs within a diploid is very brief relative to
the coalescence time so it is unsurprising that the diploid
model behaves like a haploid one.

If we assume that sex is rare but not too rare (o ~ O(£),
No >> 1) and that linkage is loose (r ~ O(1)), then

E[TSex&Asex] = 2N<1 - 1 )2 \If> + O(gil); (5)

(1+or/hs
where

2+ (2 +4r) + % (1 + 4r2)

Y= (1+¢)?

()

and ¢ =o/hs. Under these assumptions, sex is still suffi-
ciently common that the direct effect of asexual reproduction
on coalescence time (via the effect highlighted in Equation 1)
is negligible. However, through the factor ¥ in (5), the re-
duced frequency of sex enhances the effect of background
selection beyond the effect shown in (4), i.e., reducing r to
or. We now turn our attention to biologically interpreting W.

This additional effect of low sex is clearer if we redo the
analysis, assuming tight linkage (r ~ O(¢)) and even lower
sex (o ~ O(£2)); then we find

1
E[TSeX&AseX] = ZN(l - 2q) + ; + O(f_l)' )

In this approximation, we also see the direct effect of sex on
increasing the coalescent time, 1/0 [technically, (7) gives the
coalescence time for two alleles sampled from separate indi-
viduals; see Ceplitis 2003; Bengtsson 2003; Hartfield et al.
2015]. The reduction in N, due to background selection is
captured by the factor (1 — 2q). This result is different from
that of Nordborg et al. (1996a) who, based on their result
similar to Equation 4, showed that with no recombination the
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background selection term is (1 — q). The difference arises
because the Nordborg et al. (1996a) result assumes no re-
combination but obligate sex. Our result can be understood
using the insight of Charlesworth et al. (1993) that, without
genetic mixing, the effective population size is reduced to
mutation-free individuals. The frequency of mutation-free
haplotypes is 1 — g but the frequency of mutant-free diploid
genotypes is 1 — 2q. We can take (7) to mean that, in diploids
with little sex, a focal neutral site is affected by the presence
of a deleterious allele on its homolog just as much as it would
be by one on its own chromosome, thus accounting for the 2q
in place of q. With somewhat higher rates of sex, the neutral
site is more likely to be freed by segregation from its homolog
and thus will be less affected by mutations there.

The extent to which a focal site will be affected by muta-
tions on the homolog with partial asexuality is captured by W.
This can be seen most easily when r is small [and o ~ O(£)] so
that

L2120+ ¢?
0T e

We can interpret PHI (as in [8]) as representing the chance
that a neutral locus will escape a deleterious allele on the
homolog via sex, relative to the chance it is eliminated by
selection because ¢ = o /hs represents the persistence time of
a deleterious allele (1/hs) relative to the waiting time for sex
(1/0). From the equation above, it is easy to see that ¥ — 1
as¢p — o (le,hs<<o<<1land¥ — 2as¢ — 0 (ie,o
<< hs << 1). In other words, background selection will de-
pend as much on mutations on the homolog as on the focal
chromosome (¥ — 2) if the neutral site is unlikely to escape
a deleterious allele on the homolog via sex before that allele
is eliminated by selection.

Returning to the full version of ¥ in Equation 6, we find the
somewhat surprising result that the sensitivity of background
selection to mutation on the homolog increases with recom-
bination; i.e., OW/0r = 4¢(1 + 2r¢$)/(1 + ¢)2 > 0. This can
be understood as follows. When r = 0, the focal neutral site is
guaranteed to escape the effects of a deleterious allele on the
homolog via segregation if sex occurs. However, as r in-
creases, the focal site is more likely to recombine onto the
deleterious homolog during sex rather than to escape it. In
fact, for unlinked loci (r = 1/2), we have ¥ = 2 (regardless of
¢), indicating the focal site is just as strongly affected by
mutations on the homolog as on its own chromosome. Al-
though the segregation effect captured by ¥ is maximized
for unlinked loci, it is important to note that, overall, back-
ground selection is stronger with tighter linkage (Figure 2)
for the reasons discussed in the original models on this topic
(Hudson and Kaplan 1994, 1995; Nordborg et al. 1996a).

In sum, asexual reproduction affects background selection
in two ways: (i) via a “recombination effect” (reducing the
effective rate of recombination from r to or) and (ii) via a
“segregation effect” (captured by ¥, which mediates how
much neutral alleles on one haplotype are affected by

®
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mutations on the homolog). As a result of these effects, back-
ground selection can be much stronger in facultative asexuals
than in obligately sexual species; this is particularly notable
at larger recombination distances (Figure 2). In the absence
of deleterious mutations, partial asexuality substantially al-
ters coalescence time only when sex is extremely rare; that is,
the direct effect of asexuality is strong only when sexual
events across the entire population are rare, i.e., Noo ~ O(1)
or smaller. Through background selection, partially asexual-
ity can affect coalescence even when sex is common at a
population level (No- >> 1), especially if sex is rare per capita
(o << 1.

Extension to multiple loci

Following earlier models (Hudson and Kaplan 1995; Nord-
borg et al. 1996a), we can extend the single-locus back-
ground selection results to many loci under the assumption
of no disequilibria and no epistasis. Let B; be the background
selection factor for a single locus (i.e., the term in parentheses
in Equation 5). Across many loci, the total effect of back-

ground selection is B = exp [Zi(l - Bi)} Using Equation 5,

assuming that selected sites are densely packed so that the
sum can be approximated as an integral, we can calculate

qlx] W

(1 4 oR[x]/hs)? . ®

Bsexgasex = €Xp |:_/

where the integration is over all positions x in the genome.
R[x] is the recombination rate between the focal locus and
the position x and V' is ¥ as given by (6) but replacing r with
R[x]. Here q[x] is the probability density of deleterious alleles
at site x, although we assume below that the density is con-
stant across the genome q[x] = q.

Although (9) does not reduce to a simple analytical ex-
pression applicable to any genomic architecture, it can be
evaluated numerically. Moreover, we can decompose the total
background selection coefficient into components arising due
to strongly linked, loosely linked, and unlinked genes: B =
BTightlyLinked BLooselyLinked BUnlinked‘ Useful analytical approxi-
mations can be obtained for BTightlyLinked gnd gUnlinked,

Here, we use “tightly linked” to refer to sites that are
within a distance my,.x, measured in Morgans, of the focal
site, where m.x is the maximum distance over which the
map distance (m) is approximately linear with recombination
rate. In other words, M, is the maximum value of m where
m = r; for typical mapping functions, my,, < 0.05. We con-
sider a region 2m,,,x wide with the focal site at its center as
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“the tightly linked region” and assume deleterious mutations
fall uniformly across this region. When the rate of sex is high
relative to selection (o >> hs), the background selection
coefficient from the tightly linked region is

TightlyLinked 1
Bgeyiasex |~ €XP _UTightlyLinked2 (

- |«
ommm £ hs)|) (10D

where Urigheyiinked i the diploid mutation rate over the
tightly linked region. For the case of o = 1, this result is
the same as equation 8 of Hudson and Kaplan (1995). When
the rate of sex is low and selection is weak (o, hs ~ O(£)), a
much better approximation is

V.o

TightlyLinked __
B ~ eXP | ~ UrightlyLinked ohs |’

Sex&Asex (10b)
where W, is given by (8) (see File S1).

Exceptin genomes with very small maps, most genes will
be unlinked (r = 1/2) to the focal neutral site. Unlinked
loci make a small contribution to the total effect of back-
ground selection in species where sex is high. With full sex
(o = 1) it has been shown by other means (Charlesworth
2012) that

Unlinked

BFullSex (11)

~ exp[_4UUnlinkethL
where Ugpiinkeq is the diploid rate of deleterious mutation
over all sites unlinked to the neutral focal site. However,
when sex is low (o << 1), then the background selection
coefficient due to unlinked sites based on (5) and (9) is

BUnlinked

Sex&Asex ~ €XP (12)

_ 4Uunlinked hs
(o + 2hs)? |

where Uppiinkea is the diploid rate of deleterious mutation
over all sites unlinked to the neutral focal site. It is clear from
Equations 10-12 that the effects of background selection are
much greater when sex is low, especially the contribution
from unlinked loci.

To explore background selection further, we assume that
the focal chromosome exists in the center of a 1 Morgan
chromosome and that the total map length of the genome
is L Morgans (where L = 1). Deleterious mutations are uni-
formly distributed across the genome; i.e., w = 1/2 U/L, where
U is the diploid genome-wide mutation rate. This means that
UTightlyLinked = 2UmmaX/L and UUnh‘_nked = U(L - 1)/ L. The back-
ground selection coefficient due to loosely linked (M. < r <
1/2) sites is

1/2

P'dx|. (13)

LooselyLinked __ _
B Sex&Asex ~ €xp |: 2

/ q
J(1+0Rlx] /hs)?

This integral can be expressed in closed form, using Haldane’s
mapping function (R[x] = exp[1 - 2x]/2), but the expression
is rather complicated and is left for File S1.
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Figure 3 illustrates that the genome-wide effects of back-
ground selection can be substantial when o < 1, even in
genomes with long maps (such that gene density is low). If
sex is low (o < 1%), effective population size may be reduced
by one or more orders of magnitude with relatively mild
mutation rates (U = 0.1). In a moderate to large popula-
tion (N > 104), there would be a negligible direct effect on
coalesce time of asexual reproduction with o = 10% or 1%
(Bengtsson 2003; Ceplitis 2003; Hartfield et al. 2015), but
the indirect effect through background selection can be
large. The effect of background selection is more sensitive
to the strength of selection in long maps than in short
maps, with stronger selection resulting in larger effects of
background selection, provided o is not too low. With
lower sex, a larger proportion of total background selec-
tion is attributable to unlinked loci (Figure 3B). This pro-
portion is greater in larger genomes (as more loci will be
unlinked) and when selection is strong, as strongly se-
lected loci do not need to be closely linked to exert their
effects (Nordborg et al. 1996a).

Simulation results

The extrapolation to multiple loci used in (9) and in previous
work (Hudson and Kaplan 1995; Nordborg et al. 1996a;
Glémin and Ronfort 2012) relies on the assumption that loci
are independent (i.e., no linkage disequilibrium) and that
each selected locus is close to its deterministic equilibrium
(g = w’hs). These assumptions become increasingly suspect
as the effective rate of recombination declines and as back-
ground selection becomes sufficiently strong that N, (= BN)
is substantially reduced. When BNhs is predicted to be low
(<1), then we expect that analytical approximations will
overestimate the strength of background selection. Under
these conditions the analytical approximation is expected to
overestimate the reduction in N, due to background selec-
tion, presumably because when drift is strong, then polymor-
phism is lost from selected sites; i.e., ¢ = 0 < w/sh, making
background selection weaker than predicted. Previous simu-
lation studies have observed that analytical approximations
tend to overestimate the strength of background selection
when selection is weak or recombination is low (Nordborg
et al. 1996a; Kaiser and Charlesworth 2009; Kamran-Disfani
and Agrawal 2014).

To test the analytical approximations presented here, we
extended the simulation of Kamran-Disfani and Agrawal
(2014) to consider a population where individuals can re-
produce asexually with a probability ¢, via Wright-Fisher
dynamics. We measured N, by tracking a linked quantitative
trait over time; when an individual reproduced, the value of
this trait was perturbed by a value drawn from a normal
distribution with mean 0 and variance 1. The steady-state
variance of this trait is equal to the effective population size
(Lynch and Hill 1986; Keightley and Otto 2006).

For a given net mutation rate U and heterozygote selection
coefficient sh, mutations were initially distributed among the
population according to mutation—selection balance. Unless
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Figure 3 Genome-wide background
selection in systems with sexual and
asexual reproduction. (A) The back-
ground selection coefficient B as a func-
tion of the rate of sex, considering
mutations across the entire genome.
Results for genomes with relatively short
and long maps (L = 2 Morgans vs. 20
Morgans) are shown. The longer map
implies lower gene density as the muta-
tion rate is held constant (U = 0.1); mu-
tations are assumed to be uniformly
distributed across the genome. (B) The
background selection coefficient for dif-
ferent genomic regions (tightly linked,
loosely linked, and unlinked sites) as
well as the total. Parameters are L =
10, hs = 0.005, and U = 0.1. Tightly
linked loci make the largest contribution
to background selection when rates of
sex are very high but unlinked loci make
the largest contribution when sex is
rare.
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stated otherwise, the population then reproduced for 5N gen-
erations, to ensure that neutral markers reached a steady
state (Keightley and Otto 2006). The population-wide N,
was then measured at 200 equally spaced intervals for a
further 5N generations. The simulation was repeated for
192 burn-ins. The mean N, from each time series was deter-
mined, and simulation points are calculated as the means of
these values along with 95% confidence intervals. Simula-
tions are written in C++ and are available online (http://
github.com/MattHartfield/FacSexBGSSims).

In general there is a good match between simulation
results and analytical approximations (Figure 4A). The ef-
fects of background selection tend to be overestimated if
sex is low (o ~ 0.001), where background selection is pre-
dicted to be very strong. Because the analytical approxi-
mation for B is expected to fail as BNhs becomes small, we
examined the correspondence between simulations and
the predicted value of B for different population sizes. As
expected, the observed value of B is much larger than the
analytical approximation [i.e., the strength of background

selection is overestimated by (9)] when N is small but the
discrepancy declines with larger N (Figure 4, B and C). This
implies that the analytical approximations work well
provided N is “sufficiently” large. Although imperfect, the
approximations offer good insight into the effects of back-
ground selection. Nonetheless, it is important to remember
that the extremely strong effects of background selection
predicted under low rates of sex (e.g., B < 10~°) are un-
likely to be realized unless applied to species with a mas-
sive census size. Although the most obvious problem is that
the analytical approximation overestimates background
selection when N is not sufficiently large, we also find in-
stances where the analytical approximation underesti-
mates the strength of background selection when N is
large (Figure 4B). This could suggest a weak effect arising
from multilocus associations not captured in the extrapo-
lation of the single-locus analysis to genome-wide back-
ground selection given by (9). This effect does not
appear to be sensitive to h (not shown) and so is unlikely
to be a direct result of segregation load.
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Figure 4 Simulation comparisons
of background selection. (A) Simu-
lation results (symbols) and analyti-
cal approximations (lines) of B =
Ne/N as a function of the rate of
sex. Parameters are N = 104, U =
0.02,s=0.02,h=0.25,and L =1
(solid symbols and line) or L = 10
(shaded symbols and dashed line).
Bars on simulation symbols repre-
sent 95% confidence intervals. (B)
Background selection effect for o =
0.01 as a function of the popula-
tion size. Parameters are U = 0.02,
$s=0.02, h=0.25,and L = 10. The
horizontal shaded line is the theo-
retical expectation given with
Equation 9. (C) Same as B but for
o =0.001.



Comparison with selfing

Another mode of uniparental reproduction, selfing, also en-
hances the effect of background selection. As shown by Nord-
borg (1997), the coalescence time with selfing is

1 q
E[T, self] = 2N 1- —— |- 14
[ Outcross&Self} 1+F ( (1 Jr?'/t )2>

Here F is the inbreeding coefficient that can be written as
function of the rate of outcrossing F = (1 — 0)/(1 + 0). The
fraction 1/(1+F) is the direct effect of selfing on reducing N,
[shownin (2) as (1 + 0)/2] and is not considered further. The
term in parentheses in (14) is the background selection co-
efficient. With pure outcrossing, the background selection
coefficient is the same as the parenthetical term from (4) with
o = 1. Relative to this, selfing changes background selection
in two ways. First, it increases the average strength of selection
against a deleterious mutation from sh to t = (1 — F)sh + Fs,
where s is selection against the mutation in the homozygous
state. This also changes the equilibrium frequency of the del-
eterious allele to ¢ = u/ t. More importantly, selfing reduces
the effective rate of recombination from r to ¥ = (1 — F)r.
When selfing rates are high (0 << 1), the background selec-
tion coefficient simplifies to

1-1 o q
Bourcrosseself ~ 1 — m- (15)

There are three important differences between this result and
the equivalent term for background selection in partial asex-
uals (Equation 5). First, the segregation effect captured by ¥
effectively doubles the relevant mutation rate for partial
asexuals relative to selfers. Second, a bit of outcrossing in a
highly selfing system results in effectively twice as much re-
combination as the equivalent amount of sex in a highly
asexual system [i.e., or in (5) vs. 20r in (15)]. In sex/asex
systems, recombination can occur only with sexual reproduc-
tion so the effective recombination rate depends directly on
o. In outcross/self systems, recombination can happen dur-
ing the production of selfed or outcrossed progeny. However,
the only parental genotypes in which recombination is rele-
vant are double heterozygotes, which are created at a rate
proportional to the rate of outcrossing, o. However, once a
double heterozygote is created via outcrossing, a relevant
recombination event can occur in any future generation via
selfing as long as the genotype remains a double heterozy-
gote. Because it takes, on average, two generations of selfing
before heterozygosity at a site is lost, there are two genera-
tions in which meaningful recombination can occur following
each outcrossing event [so we have 2or in (15) but o in (5)].
However, Denis Roze (D. Roze, personal communication) has
pointed out that (14) is derived from (4), which assumes
tight linkage (r << 1). He has found that the “2” is reduced
for loosely linked loci, becoming “1” for unlinked loci. That is,
the recombinational difference between selfing and partial
asexuals will disappear for unlinked loci.

In addition to these segregation and recombination differ-
ences, a third difference arises because the effective strength
of selection is greater with selfing than with asexual repro-
duction (s vs. hs). Stronger selection reduces the frequency of
deleterious alleles. As there are fewer deleterious back-
grounds to avoid in tracing back a focal neutral site’s ancestry,
background selection is made weaker. However, stronger se-
lection also means there is less opportunity to recombine
away from a deleterious allele before it is removed by selec-
tion, enhancing background selection. Overall, stronger se-
lection reduces background selection if the rate of biparental
reproduction (and the opportunity for recombinational es-
cape) is high relative to selection.

Asaconsequence of the three differences between (15) and
(5), background selection can be much stronger in partial
sexuals than in selfers when the rate of biparental reproduc-
tion is low (Figure 5). However, the reverse may be possible if
the net effect of stronger selection in selfers is to increase
background selection, which can happen when the rate of
biparental reproduction is high relative to selection.

Balancing Selection

With balancing selection, such as heterozygote advantage or
negative frequency dependence, two alleles (A; and A,) can
be maintained indefinitely; i.e., balancing selection prevents
normal coalescent processes from operating at the selected
site and this affects coalescence at linked sites. Assuming the
frequencies of the A; and A, alleles (p and g, respectively) are
stable, Hudson and Kaplan (1988) showed that closely linked
neutral sites have an extended coalescence time under the
assumption of obligate sexual reproduction. As mentioned in
the Background Selection section, the analysis becomes more
complicated when the rate of sex is low because we must use
an explicitly diploid perspective rather than a classic haploid
perspective. Here we cannot assume that the frequency of the
A, /A, genotype is negligible (Figure S2). As a result, there
are 13 states in which we could find two alleles. In addition to
the 8 listed in the Background Selection section, the additional
5 states are (ix) both samples in a single A, /A, individual, (x)
both samples in separate A, /A, individuals, (xi) one sample
in an A, /A, individual and the other on the A; haplotype of
an A /A, individual, (xii) one sample in an A, /A, individual
and the other on the A, haplotype of an A; /A, individual, and
(xiii) one sample in an A; /A; individual and the other sample
in an A, /A, individual.

In the Background Selection section we ignored gene con-
version for simplicity and because the persistence time of any
given copy of the deleterious allele is short, limiting the op-
portunity for gene conversion to be relevant. Here we include
gene conversion because A; and A, are maintained indefi-
nitely by selection so movement between genetic back-
grounds via gene conversion may become important over
long timescales, especially when the rate of sex is low, so
there is little chance for exchange via meiotic recombination.
Specifically, we assume that (unbiased) mitotic gene conversion
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Figure 5 Background selection in systems with differ-
ent forms of uniparental reproduction (asexuality and
selfing). The background selection coefficient B is
shown for systems with sexual and asexual reproduc-
tion (solid symbols and line) and systems with outcross-
ing and selfing (shaded symbols and lines). Analytical
approximations (lines) are contrasted with simulation
results (symbols; error bars are 95% confidence inter-
vals. The analytical approximation for selfing is based
on an extension of (14) and is given in Kamran-Disfani
and Agrawal (2014). Parameters: U = 0.02, s =0.02,
h=0.25,L =10 (N = 10* for simulations).
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occurs at rate vy. This rate refers to gene conversion events that
cover either the selected site or the neutral site but not both.
(The model is built with an additional parameter for gene con-
version events that cover both sites but such events do not affect
the coalescence time). Throughout, we use “recombination” to
refer to (meiotic) crossover recombination, in contrast to gene
conversion.

In this analysis, we assume that the equilibrium frequencies
of A1/A1,A1/A,, and A, /A, genotypes are Py /1, P15, and Py 5.
These frequencies are assumed to be stable and to change
little in frequency within a generation (i.e., fitness differences
at equilibrium are ignored). Without loss of generality, we use
P11 =p? + Caya, Prjo = 2(pq — Caya), and Py jp = g2 + Ca pa,
where Cy4 /4 is the covariance in allelic state. Note C,,4 mea-
sures the same genetic property as Fpq but we use separate
symbols as we use the relationship F = (1 — 0)/(1 + o) for
species without asexuality because the inbreeding coefficient is
determined only by outcrossing rates, to a good approximation,
provided selection is not too strong. With obligate sex (and no
selfing) C4,4 = O but when there is partial asexuality, C4,4 can
be either positive or negative.

Assuming o and r are O(¢) and y and 1/N are O(£2), the
expected coalescent time of two alleles sampled from a single
A1/A; individual or from two separate A,/A; individuals is
found to be

4N(p — q)q
1 +2NP1/2(0'7'+ 7/2)

E[Tip| = 2N+ +o(EY). a6

When both alleles are sampled from the A, background, the
coalescence time is the same as (16) but with p and q re-
versed. When two alleles are sampled from alternate back-
grounds (A; and A,), the expected coalescence time

2pq

_ 17
Pyjp(or + v/2) a7

E[Tl/z] — 2N + +o(e ).

For the sake of discussion, we focus on this latter result. In the
case of obligate sex (o = 1, P15 = 2pq), (17) simplifies to
E[T1,5] = 2N+ 1/(r + 7). The coalescent time is extended by
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the waiting time for the neutral site to move from one back-
ground to the other. This longer coalescent time should allow
for the accumulation of more neutral variation surrounding
sites under balancing selection (Hudson and Kaplan 1988).
When the physical distance is small, r may be very small and
this has led to the belief that there may be a strong signature
of balancing selection when gene conversion is ignored.
However, for short physical distances, gene conversion
may be much larger than recombination (y >> r) and may
play a more important role in coalescence (Andolfatto and
Nordborg 1998; Wiuf and Hein 2000). There are few estimates
of mitotic gene conversion (per base pair): ~10~7 in the yeast
Saccharomyces cerevisiae (reviewed by Mandegar and
Otto 2007), 1075-10~% in the bdelloid rotifer Adineta vaga
(Flot et al. 2013), and ~107° in the fly D. melanogaster
(N. P. Sharp and A. F. Agrawal, unpublished results). As im-
plied by (17), gene conversion weakens the signature of bal-
ancing selection and this is particularly true in partial asexuals
(Figure 6). At very short physical distances, mutation between
A; and A, provides an important alternate route by which a
neutral allele can switch sites, but this is not considered here.
Our results apply to physical distances where o7 + y/2 >> pu.

As expected, we find in (17) that partial asexuality reduces
the effective rate of recombination from r to or. However,
there is an additional effect of asexuality that is not explicit
in (17); partial asexuality changes the equilibrium frequency
of A1/A, (i.e., P15 # 2pq). The precise nature of this change
depends on the mechanism of balancing selection. Consider
balancing selection due to heterozygote advantage with sym-
metrical selection (i.e., Wy, = 1, Wy, = W5, = 1 —s). With
obligate sex, at equilibriump = ¢ = 1/2 and P, = 1/2. With
partial asexuality and assuming the rate of sex islow,p = q =
1/2 but Py 5 = 2(pq — Ca,4), Wwhere

—(m—g).

4s (18)

CA/A ~

For example, with s = o = 0.01, P, ~ 0.71. In this case, the
frequency of heterozygotes (and thus the opportunity for



Figure 6 Coalescence times near a site under bal-
ancing selection. The expected time to coalescence
(scaled to 2N generations) is shown as a function of
the distance (in base pairs) from a site under balanc-
ing selection via heterozygote advantage (Wi, =
W, =1 —s and Wy, = 1). The population is as-
sumed to be fully sexual and outcrossing (Equation
17, o = 1; thick shaded line), mostly asexual (Equa-
tion 17, o = 0.01; solid line), or mostly selfing (Equa-
tion 19b, o = 0.01; thin shaded line). Symbols
represent the expected coalescence time based on
simulations (see File S3). Error bars are 95% confi-
dence intervals; in some cases error bars are too
small to be visible. We assume r = pd, where d is
the distance in base pairs from the selected site. For
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the partial asexual case, results are shown with and
without gene conversion. For gene conversion, the
model of Andolfatto and Nordborg (1998) is used:
y=gd/Lford<Landy=gford=L, wherelisthe

10° 107

length of gene conversion tracts. For the fully sexual case, the results with gene conversion are visually indistinguishable from those with y = 0 for the
parameter values used here. The selfing case assumes no gene conversion, but gene conversion is not expected to affect coalescence in selfers (see
Discussion); simulations including gene conversion support this conjecture (File S3). The selfing line asymptotes at 1/2 rather than 1 because of the direct
effect of selfing on coalescence (Figure 1). These results ignore mutation at the selected site and thus overestimate the coalescence time for extremely
tightly linked sites (e.g., d << 100 if u = 1072, see text). Parameter values: s = 0.1, N=5 X 104 p = 2 X 1078 (Ashburner 1989), g =2 X 107°
(N. P. Sharp and A. F. Agrawal, unpublished results), and L = 1400 (Preston and Engels 1996).

recombination) is increased from 0.5 with full sex to 0.7 with
partial sex. Even though P, , is higher, this does not cause an
increase in the coalescence time because of the 99% reduc-
tion in meiotic recombination events when ¢ = 0.01. Equi-
librium genotype frequencies under a more general model of
balancing selection are provided in File S2.

Nordborg (1997) studied balancing selection in species
with selfing. He found (ignoring gene conversion) that the
expected coalescence time for sites on alternate backgrounds
(A, and A,) is

B[] ~ 2N<1 iF) T —1F)r'

Assuming that the rate of selfing is high (i.e., weak outcross-
ing, 0 << 1), this becomes

(19a)

(19b)

1+o 1
E[Tl/z}z 2N< > >+ﬂ.

Again, the term in parentheses is the direct effect of selfing.
The second term is the increase in coalescent time due to
linkage to the target of balancing selection. Contrasting this to
the comparable term from the partial asexual result in (17),
there are two differences. As noted in the background selec-
tion case, a little bit of outcrossing is twice as effective at
allowing recombination as a little bit of sex (i.e., the effective
rates of recombination are 2or vs. or). Second, in partial
asexuals the frequency of heterozygotes cannot be well ap-
proximated from the rate of biparental reproduction and al-
lele frequencies alone (as it is with selfing). Rather Cy 4,
which determines the frequency of heterozygotes through
P1,,, is a function of both the rate of sex and the selection
coefficients [as exemplified in (18)].

An important point missing from the comparison above is
the likelihood of balancing selection. Consider the model of
heterozygote advantage with W,,, = 1, W1,; = 1 — s, and
W,,5 = 1 —as, where we assume « > 1 so that Wy,; > W, 5.
Ignoring drift, polymorphism is always maintained in sex/
asex systems. In contrast, with selfing, the maintenance of
polymorphism requires that outcrossing not be too low, spe-
cifically that 0 > (a — 1)/(a + 1); otherwise fixation of the
more fit homozygote A,/A; is stable (see File S2 for details).
If one homozygote is more fit than another, variation will not
be maintained by balancing selection in highly selfing species
but will be in species with partial asexuality.

Even in the symmetric case (o« = 1) when polymorphism
should be maintained in a deterministic model, we observed
that the expected coalescent time from simulations was less
than that predicted by the analytical approximations (Figure
6). This is likely due to fluctuations in the allele frequency at
the selected locus around its predicted equilibrium due to
drift (which make heterozygotes rarer, on average). In Figure
6, we show the results for N = 5 X 104 and the simulation
results are only slightly less than the predicted values. With
N = 104, allele frequency fluctuations are larger and the
simulation results are considerably lower than the predicted
values (not shown). This change in N has little effect on
results for partial asexuality and complete biparental repro-
duction as allele frequency of the selected locus is more stably
maintained close to its equilibrium.

Of course, balancing selection can occur through mech-
anisms other than heterozygote advantage and in these
other cases the contrast between partial asexuality and sex
will be somewhat different. For example, consider a simple
model of frequency-dependent selection where the fitness
of each genotype is negatively related to its frequency as
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Wipp=1-(p-a)s, Wy =1+ (p-a)s,and Wy, = 1.
Regardless of the reproductive system, at equilibrium p = «
and the polymorphism is stable (i.e., in contrast to heterozy-
gote advantage, there is no difference in the likelihood of
balancing selection in this model between partial asexuality
and selfing systems; see File S2). However, with partial asex-
uality, there is no excess of heterozygotes (C4/4 ~ 0), mean-
ing that coalescence is affected only by the recombination
effect (i.e., the reduction from r to or) and there is no segrega-
tion effect. With other forms of negative frequency-dependent
selection (File S2), it is possible for there to be a deficit of
heterozygotes with partial asexuality (C,,4 > 0), decreasing
the opportunity for recombination beyond the change from r
to or, thereby further extending coalescence time.

Discussion

We have examined how linked selection, either background or
balancing selection, alters coalescence for pairs of alleles in
partial asexuals. As expected, the lower level of genetic mixing
in partial asexuals results in much stronger effects of linked
selection. In diploids, partial asexuality affects coalescence
both via segregation and via recombination. The most obvious
effect is through a reduction in the effective rate of recombi-
nation. In the case of background selection, the segregation
effect can be understood as mediating how much a focal site is
affected by deleterious alleles occurring on the homolog in
addition to those on its own chromosome. If sex is low, it is
equally affected by mutations on either chromosome, effec-
tively doubling the mutation rate. In the case of balancing
selection, the segregation effect is manifest in the way that
partial asexuality affects the equilibrium frequency of hetero-
zygotes at the selected locus, which regulates the opportunity
for a neutral site to move between alternative selected hap-
lotypes via recombination.

Ignoring linked selection, the direct effect of partial asex-
uality on coalescence is negligible unless the rate of sex is
extremely small [i.e., on the order of 1/N (Bengtsson 2003;
Ceplitis 2003; Hartfield et al. 2015)]. In contrast, there are
strong effects of partial asexuality through background selec-
tion even when rates of sex are >>1/N. If sex is <10%, large
reductions in N, through background selection are expected
if U is =0.1; mutation rates of this magnitude are common
among plants and animals (reviewed in Baer et al. 2007 and
Halligan and Keightley 2009).

When sex is high, only those mutations that are tightly
physically linked make a substantial contribution to back-
ground selection. Across the genome of a highly sexual spe-
cies, variation in gene density resulting in variation in the local
deleterious mutation rate leads to variation in the strength of
background selection, which contributes to variation in neu-
tral diversity (Charlesworth and Campos 2014; Elyashiv et al.
2014). These local differences may be detectable at the
within-gene level [i.e., stronger background selection at the
center of genes than on the edges (Loewe and Charlesworth
2007; Zeng and Charlesworth 2011)]. When sex is low,
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deleterious alleles across the whole genome contribute to
background selection. In fact, the majority of background
selection experienced by a focal site is due to unlinked loci
(Figure 3B) but this is simply because unlinked sites are much
more numerous. Even when sex is low, background selection
is stronger from tightly linked sites than from unlinked ones
(Figure 2B) so one might still expect to find differences in
neutral diversity associated with gene density. However, the
relationship between background selection and r is much
weaker when sex is low, so gene density—diversity patterns
are likely to be severely muted.

Because background selection can be so strong with unipa-
rental inheritance, it may be more important than demographic
history in determining within-population diversity. As has re-
cently been discussed with respect to selfers (Brandvain et al.
2013; Barrett et al. 2014), transitions to uniparental inheri-
tance can be associated with population bottlenecks but it can
be difficult to infer whether reduced diversity in an evolution-
arily young population is due to a small number of founders or
the strong effects of background selection. More sophisticated
approaches, beyond looking for a reduction in diversity, are
required to disentangle bottlenecks from very strong back-
ground selection (e.g., Brandvain et al. 2013).

The analytical approximations not only quantify how much
coalescence times are altered by the reproductive system, but
also show they are biologically interpretable. Hence these
derivations provide insight into how segregation, recombina-
tion, and selection interact to affect average coalescence time.
However, the approach used here cannot be used to make other,
more detailed, predictions about n-sample genealogies. For
example, although the major effect of background selection
can be interpreted as a reduction in N, (as done here), it has
been shown that background selection also alters the shape of
genealogies with relatively long external branches, leading to
negative values of Tajima’s D (Charlesworth et al. 1995; Zeng
and Charlesworth 2011; Nicolaisen and Desai 2012). Presum-
ably, these effects would be magnified by low rates of sex.

The reduction in the effective rate of recombination with
uniparental inheritance should make it much easier to detect
balancing selection. Work by Nordborg et al. (1996b) and
Nordborg (1997) showed that, in selfers, this is because (i) the
physical distance over which the effects of balancing selection are
realized is expanded and (ii) there is lower diversity within each
selected allelic class because of stronger background selection.
These arguments also apply to partial asexuals but there are dif-
ferences between these alternative modes of uniparental repro-
duction. First, there is a higher effective rate of recombination
with selfing than with partial asexuality for the same rate of
uniparental reproduction (2or vs. or, as discussed in Results),
which will make signatures of balancing selection weaker in self-
ers than in partial asexuality (Figure 6). There are also differences
in the frequency of heterozygotes in partial asexuals compared to
selfers but this likely plays a more minor role, conditional on the
selected polymorphism being maintained. However, with hetero-
zygote advantage, the conditions for a stable polymorphism are
much broader in partial asexuals than in selfers.
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Another difference between partial asexuals and selfers is
the importance of gene conversion. The frequency of hetero-
zygotes puts an upper limit on the rate of exchange between
allelic backgrounds via any genetic mechanism. Selfing di-
rectly reduces the frequency of heterozygotes, so gene con-
version is not expected to be an important process (although it
was not formally included in the model of Nordborg 1997). In
partial asexuals, heterozygotes can be very common even if
sex is rare (especially if there is heterozygote advantage).
Through asexual descent, a lineage can persist in a heterozy-
gous state for many generations, providing numerous oppor-
tunities for movement of linked sites between backgrounds
via gene conversion. As implied by (17), gene conversion
becomes the primary force erasing the signature of balancing
selection when or << v, which must be true if sex is suffi-
ciently rare. Because of this, the signature of balancing selec-
tion may be weaker in partial asexuals than in selfers if the
rate of biparental reproduction is very small (Figure 6), even
though the reverse is expected at less extreme levels of uni-
parental reproduction because of the difference in effective
rates of recombination (2or vs. or).

For both background and balancing selection, we have
contrasted species with partial asexuality to highly selfing
species as alternative modes of uniparental reproduction. How-
ever, some systems with partial asexuality may also have self-
ing. This can occur because asexual reproduction can involve
very limited dispersal so that neighboring individuals are often
clones; thus, mating between clones, which is genetically
equivalent to selfing, could be common unless there are explicit
mechanisms of inbreeding avoidance (e.g., self-incompatibility).
If sex is rare and when it does occur involves selfing (or its
genetic equivalent), then the effective rate of recombination
will be extremely low, magnifying the effects of linked selec-
tion beyond what we have modeled here.

Here we explored how background selection and balancing
selection affect coalescence times but we did not attempt to
examine selective sweeps. In sexual populations, beneficial
alleles spreading to fixation can drastically reduce coalescence
times and diversity levels at closely linked sites (Maynard
Smith and Haigh 1974; Kaplan et al. 1989; Stephan et al.
1992; Barton 1998; Hermisson and Pennings 2005) and
are believed to play an important role in shaping genomic
patterns of diversity, at least in some species (Elyashiv et al.
2014; Williamson et al. 2014). As with other forms of linked
selection, we expect that the signature of selective sweeps will
be more dramatic in systems with high rates of uniparental
reproduction because of their reduced effective rates of recom-
bination. For example, in the highly selfing Caenorhabditis
elegans, sweeps are believed to have reduced variation
across entire chromosomes (Andersen et al. 2012). Theoret-
ical models for haploids have shown how low rates of sex
affect the probability of sweeps and alter patterns of coales-
cence (reviewed by Neher 2013). Sweeps in haploids cause
rapid coalescence of multiple lineages, distorting genealo-
gies. The region of the genome influenced by a sweep is
governed by the degree of linkage, thus depending on the

rate of sex and the recombination distance. As with back-
ground and balancing selection, we speculate a recombina-
tion effect will not be the whole story in diploid partial
asexuals. With low rates of sexes, a segregation effect is likely
because, under asexuality, the selected diploid genotypes are
inherited intact (rather than their haploid gametes), altering
the trajectory of the selected allele from that in the standard
sexual (or haploid) model, which will have implications for
surrounding diversity. The full consequences of partial asex-
uality for diploids with respect to selective sweeps remain a
challenge for future work.

Although the consequences of sweeps are likely to be larger
in systems with uniparental inheritance, sweeps are less likely
to occur in such systems. Both theory (Glémin and Ronfort
2012; Kamran-Disfani and Agrawal 2014) and data (Hough
et al. 2013; Burgarella et al. 2015) show that reductions in N,
due to background selection render selection less efficient,
reducing the probability of fixation of beneficials, in selfers
compared to outcrossers. A qualitatively similar effect is expected
in partial asexuals.

A number of interesting and important diploid species
reproduce predominantly asexually but these have been stud-
ied less by evolutionary geneticists than selfing species. Al-
though there are similarities between partial asexuality and
selfing, it is misleading to consider these two forms of unipa-
rental inheritance as conceptually interchangeable. As pop-
ulation genomic data become easier to obtain, the hope is that
such data will allow us to study the evolutionary consequences
of different forms of uniparental reproduction and, ideally,
gain insight into the evolutionary forces acting on reproduc-
tive mode. Understanding the coalescent properties of sys-
tems with uniparental inheritance is key to interpreting
population genomic data and much work remains, especially
with respect to partial asexuality.
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Figure S1. The possible states for two samples at neutral site (represented by “o” and “x”) as
used in the background selection model. Fitness of an individual is determined by the A locus.
Deleterious homozygotes (A,A,) are assumed to be sufficiently rare that they can be ignored.
The focal neutral site is located below the A locus. If the neutral site is unlabeled (e.g., right
chromosomes in both individuals in State 3), then this allele is not part of the focal sample.
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Figure S2. The possible states for two samples at neutral site (represented by “0” and “x”) as
used in the balancing selection model. Fitness of an individual is determined by the A locus.
The focal neutral site is located below the A locus. If the neutral site is unlabeled (e.g., right
chromosomes in both individuals in State 4), then this allele is not part of the focal sample.
State numbers given in European digits correspond to the descriptions in the supplementary
Mathematica file. The roman numerals match the description given in the text.
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Partial asexuality with background
selection

For Agrawal & Hartfield “Coalescence with background and balancing selection in systems with bi- and
uniparental reproduction: contrasting partial asexuality and selfing”

Direct effects of asex and of selfing. Completely neutral
model (no linked selection).

Direct effects of partial asexuality and selfing

A plot of Ne/N as a function of the rate of biparental reproduction for systems with partial asexuality
(solid line) and selfing (dashed line). This is Figure 1 of the main text.

As cited in the text, this figure uses results from Ceplitis 2003 (see also Bengtsson 2003) for partial
asexuality and Hartfield et al. 2015) and Nordborg and Donnelly (1997) for selfing.
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Model with a single selected locus

Model details

Preliminaries

A1 is the wild-type allele and A2 is the deleterious allele.
It is assumed that A2/A2 individuals are sufficiently rare so that they can be ignored.

Consider a neutral locus. Two allelic samples x and y can be found in the following states.

State 1: Both in a single A1/A7 individual: {x A1/y A1}

State 2: Both in a single A1/A2 individual: {x A1/y A2}

State 3: Each in a different A7/A1 individual: {{x A1/_ A1}, {y A1/_ A1}}; note the “ " symbol indi-
cates that the allele at the neutral site on this haplotype is not one of our two focal samples (i.e., “ "is a
place-holder).

State 4: One sample is an A1/A1 individual and the other sample is on the A7 haplotype in an A1/A2
individual: {{x A1/_A1},{yA1/_AZ2}}.

State 5: One sample is an A71/A1 individual and the other sample is on the A2 haplotype in an A1/A2
individual: {{x A1/_A1},{_A1/yA2}}.

State 6: Each sample in a different A7/A2 individual, both samples are on the A7 haplotype: {{x A1/_
A2}, {y A1/_A2}}.
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State 7: Each sample in a different A1/A2 individual, one sample is on the A7 haplotype, the other
sample is on the A2 haplotype: {{x A1/_A2},{y A1/_A2}}.

State 8: Each sample in a different A7/A2 individual, both samples are on the A2 haplotype: {{x A1/_
A2}, {y A1/_A2}}.

State 9: Coalsced (could be on either A1 or A2 haplotype).

States 1-8 are depicted schematically in Fig. S1.

Let p be the frequency of the wild-type allele (A7) and g = 1 - p be the frequency of the deleterious allele
(A2). The fitness of the A1/A1 and A1/A2 genotypes are 1 and 1 - hs, respectively. We assume A1
alleles mutate into A2 at rate y (there is no back mutation). At mutation-selection balance (assuming
mutation is weak relative to selection, y << hs) is q = whs and the frequencies for A17/A1 and A1/A2
genotypes are F11 =1 -2q and F12 = 2q. The following set of substitutions are useful.

subl={p»1-q,Fl1»51-2q, F12»2q, u->qhs};

Other parameters

ris the recombination rate betwen the selected locus and neutral site.

n is the population size (we do not use the symbol “N” as in the text because it is a restricted symbol
within Mathematica).

Explanatory notes on the next several sections.

In the sections that follow we give the transition probabilties for each of the eight states described in
“Preliminaries”. We first present transition probabilities that are conditional on the individual(s) in
which the sample is found having been produced by a specific reproductive mode (sex or asex). For
states 3-8 involving two individuals, there is possibility that one individual was created via sex and the
other via asex.

We use the notation “Ajjk” to denote the transition probability from State n to State m given reproductive
mode k. i, je{1-9}and k e {s, a, ss, aa, sa, as}. Fori=1or2, k= sor a (as there is only one individual
who is either produced via sex [s] or via asex [a]). For i= 3-8, k = ss, aa, sa, or as where the first and
second letters indicates the reproductive mode by which the first and second individual, respectively,
were produced. The “first” and “second” individual follow the definitions of the states give in
“Preliminaries”.

Note that 2}11 Aijk= 1, i.e., the transition rates out the current state i (conditional on reproductive mode)
sum to unity.

Transition probabililities conditional on both samples being in individuals that were
produced by sex

With sexual reproduction, we are considering the descent of two gametes. Because the descent of one
sexual gamete is independent of other sexual gametes, we only need to know the A-locus haplotype of
our focal sample; the diploid genotype in which the sample is found does not affect the probabilities of
which diploid genotype the focal haplotype came from. For example, the transition probabilties “x A7”
and “y A71” will be the same regardless of whether x and y are in the same individual (State 1) or in
different individuals (States 3, 4, or 6). In other words, A1js = A3jss = Adjss = A6jss. Similarly, A2js =
A5jss = A7jss.



4 | CoalescentWithBackgroundSelectionV6forSupMat.nb

Let p71in11c1 be the probability that an “A7” gamete descended from an “A7” in an A1/A1 individual,
conditional on the haplotype being an “A7” haplotype.
Let p1in12c1 be the probability that an “A1” gamete descended from an “A7” in an A1/A2 individual,
conditional on the haplotype being an “A7” haplotype.

2F1l1
plinllecl = ——mMMM;
2F1l1 + F12
. F12
plinl2cl =

2F11 + F12

Let p1in11c2 be the probability that an “A2” gamete descended from an “A1” in an A1/A17 individual,
conditional on the haplotype being an “A2” haplotype.
Let p7in12c2 be the probability that an “A2” gamete descended from an “A7” in an A1/A2 individual,
conditional on the haplotype being an “A2” haplotype.
Let p2in12c2 be the probability that an “A2” gamete descended from an “A2” in an A1/A2 individual,
conditional on the haplotype being an “A2” haplotype.

2F1l1

2F11 + F12
F12

plinllc2 = pu /q

plinl2c2 =pu /q —————;
2F1l1 + F12

p2inl2c2 = (1 -pu/q) ;

Let Gametes_n_and_m_FromState_j be the probability that focal samples on A-locus haplotypes n and
m (n, m e {A1, A2} descended from state j, given that reproduction was sexual.

GameteslandlFromStatel = plinllcl? (1/2);
Flln
GameteslandlFromState2 = plinl2c1? (2 (1-r)xr);
Fl2n
1
GameteslandlFromState3 = plinllcl? (1 - );
Flln

GameteslandlFromState4 = plinllcl plinl2cl (1l-r) *2;
GameteslandlFromState5 = plinllcl plinl2cl r*2;

1
GameteslandlFromState6 = plinl2c1? (1 - ) (1-r)"2;
Fl2n
1
GameteslandlFromState7 = plin12c12 (1 - ) (1-r) r+2;
Fl2n
GameteslandlFromState8 = plinl2cl? (1 - ) r~2;
Fl2n

(1/2) +plinl2cl?
Flln Fl2n

GameteslandlFromState9 = plinllcl? ((1-r)~2+r~2);

Gametesland2FromStatel = plinllcl plinllc2 (1/2);
Flln

Gametesland2FromState2 =

plinl2cl p2inl2c2 ((1-r)~2+r”~2) + plinl2clplinl2c2

Fl2n Fl2n

(2(1-r)r);

Gametesland2FromState3 = plinllcl plinllc2 (1 - ) ;
Flln

Gametesland2FromState4 =
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plinllcl p2inl2c2 r + plinllcl plinl2c2 (1-r) + plinllc2plinl2cl (1-r);
Gametesland2FromState5 = plinllcl p2inl2c2 (1-r) +
plinllcl plinl2c2 r + plinllc2 plinl2cl r;

Gametesland2FromState6 = plinl2cl p2inl2c2 (1 - ) (l1-r) r +

Fl2n

plinl2cl plinl2c2 (1 - ] (1-1)~2;

Fl2n

Gametesland2FromState7 = plinl2cl p2inl2c2 (1 - J ( (1-r)"2+ r"2) +

Fl2n

plinl2cl plinl2c2 (1 - ) (1-r) r*2;

Fl2n

Gametesland2FromState8 = plinl2cl p2inl2c2 (1 - ) (r (1-r)) +
Fl2n
plinl2cl plinl2c2 (1 - ) r*2;
Fl2n
Gametesland2FromState9 = plinllcl plinllc2 (1/72) +
Flln
plinl2cl plinl2c2 ((1-r)~2+r~2) + plinl2cl p2inl2c2 (l-r) r+2;
Fl2n Fl2n

Gametes2and2FromStatel = plinllc2?

(1/72);
Flln

Gametes2and2FromState2 = p2inl2c2? (2(1-r)r) +

Fl2n

(2 plinl2c2 p2inl2c2) ((1-r)~2+r”~2) + plinl2c2?

Fl2n Fl2n

(2(1-r)r);

1
Gametes2and2FromState3 = plinllc2? (1 - );
Flln

Gametes2and2FromState4 = (2 plinllc2 p21n12c2) r + (2 plinllc2 plin12c2) (1-1r);
Gametes2and2FromState5 = (2 plinllc2 p2in12c2) (1-r) + (2 plinllc2 plin12c2) r;

Gametes2and2FromState6 = p2inl2c2? (1 - ) r*2 +

Fl2n

(2 p2inl2c2 plinl2c2) (1 - ) (l-r) r + plinl2c2? (1 - J (L-1r)"~2;

Fl2n Fl2n

Gametes2and2FromState7 = p2inl2c2?2 (1 - ) (2 (1-r) r) + (2p2inl2c2plinl2c2)

Fl2n

(1- ) ((1-r)~2+r"2) + plinl2c2? (1- ] (2 (1-1) 1);
Fl2n Fl2n
Gametes2and2FromState8 = p2inl2c2? (1 - ) (1-r)"2 +
Fl2n
(2 p2ini2c2 plini2c2) (1 - ) (1-r) r+ plinl2c2? (1 - ) £ 2;
Fl2n Fl2n

(1/2) + p2inl2c2?
Flln Fl2n

Gametes2and2FromState9 = plinllc2?

((1-r)*2+r"2) +

(2 p2inl2c2 plini2c2) (2% (1-r) r) + plinl2c2?

((1-r)*2+r"2);
Fl2n Fl2n

| 5

As explained above, for samples in individuals create via sex, their transition probabilities are indepen-

dent of the diploid genotypes in which they are currently found. This means that
A1ljs = A3jss = Adjss = AGjss
and
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A2js = A5jss = A7jss.

Below we define “subTransitionsBySex” to be a set of substitutions for the transitions out of states 1 and
2 (both samples in a single individual), conditional on the current individual having been produced via
sex.

subTransitionsBySex = {Alls -» GameteslandlFromStatel, Al2s -» GameteslandlFromState2,
Al3s -» GameteslandlFromState3, Al4s -» GameteslandlFromState4,
Al5s -» GameteslandlFromState5, Al6s -» GameteslandlFromState6,
Al7s -» GameteslandlFromState7, A18s » GameteslandlFromState8,
Al9s » GameteslandlFromState9, A21ls » Gametesland2FromStatel ,
A22s » Gametesland2FromState2, A23s -» Gametesland2FromState3,
A24s -» Gametesland2FromState4, A25s -» Gametesland2FromState5,
A26s -» Gametesland2FromState6 , A27s » Gametesland2FromState7,
A28s -» Gametesland2FromState8, A29s » Gametesland2FromState9};

Below we define “subTransitionsBySexSex” to be a set of substitutions for the transitions out of states
3-8 (each sample in a separate individual), conditional on both of the current individuals having been
produced via sex.

subTransitionsBySexSex =

{A31ss -» GameteslandlFromStatel, A32ss » GameteslandlFromState2,
A33ss » GameteslandlFromState3, A34ss -» GameteslandlFromState4,
A35ss » GameteslandlFromState5, A36ss » GameteslandlFromState6,
A37ss -» GameteslandlFromState7, A38ss » GameteslandlFromState8,
A39ss » GameteslandlFromState9, A4lss » GameteslandlFromStatel,
A42ss » GameteslandlFromState2, A43ss » GameteslandlFromState3,
Ad44ss » GameteslandlFromState4, A45ss » GameteslandlFromState5,
A46ss » GameteslandlFromState6, A47ss -» GameteslandlFromState7,
A48ss -» GameteslandlFromState8, A49ss » GameteslandlFromState9,
A51ss » Gametesland2FromStatel, A52ss » Gametesland2FromState2,
A53ss » Gametesland2FromState3, A54ss » Gametesland2FromState4,
A55ss » Gametesland2FromState5, A56ss » Gametesland2FromState6 ,
A57ss -» Gametesland2FromState7, A58ss » Gametesland2FromState8,
A59ss » Gametesland2FromState9, A6lss » GameteslandlFromStatel,
A62ss » GameteslandlFromState2, A63ss » GameteslandlFromState3,
Ab64ss » GameteslandlFromState4, A65ss » GameteslandlFromState5,
A66ss —» GameteslandlFromState6, A67ss » GameteslandlFromState7,
A68ss » GameteslandlFromState8, A69ss -» GameteslandlFromState9,
A71ss » Gametesland2FromStatel, A72ss » Gametesland2FromState2,
A73ss » Gametesland2FromState3, A74ss » Gametesland2FromState4,
A75ss » Gametesland2FromState5, A76ss - Gametesland2FromState6 ,
A77ss » Gametesland2FromState7, A78ss » Gametesland2FromState8,
A79ss » Gametesland2FromState9, A8lss -» Gametes2and2FromStatel,
A82ss » Gametes2and2FromState2, A83ss » Gametes2and2FromState3,
A84ss -» Gametes2and2FromState4, A85ss » Gametes2and2FromState5,
A86ss » Gametes2and2FromState6 , A87ss -» Gametes2and2FromState7,
A88ss —» Gametes2and2FromState8, A89ss » Gametes2and2FromState9 };

Transition probabililities conditional on both samples being in individuals produced
by asexual reproduction

Conditional on the current individuals having been produced via asexual reproduction, the transitions
are simple. The only time the state changes is when the A-locus mutates.
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We define “subTransitionsByAsex” to be a set of substitutions for the transitions out of states 1 and 2
(both samples in a single individual), conditional on the current individual having been produced via
asex.

Similarly, we define “subTransitionsByAsexAsex” to be a set of substitutions for the transitions out of
states 3-8 (each sample in a different individual), conditional on both of the current individuals having
been produced via asex.

subTransitionsByAsex = {Alla->» 1, Al2a-> 0, Al3a-> 0, Al4a-> 0, Al5a-> 0,
Al6a > 0, Al7a » 0, A18a » 0, Al9a >0, A2la>»> pu/q,A22a-»>1-pu/q,
A23a-> 0, A24a -»> 0, A25a » 0, A26a > 0, A27a > 0, A28a » 0, A29a -» 0};

subTransitionsByAsexAsex =

{A31aa > (1/2), A32aa-» 0, A33aa—>1-

Flln Flln

, A34aa » 0, A35aa » 0, A36aa >0,

A37aa -» 0, A38aa » 0, A39aa -»

(1/2), Adlaa »
Flln Flln

(1/72) (pu/q),

Ad42aa -» 0, Ad3aa ~» (1 - ) (pu/q), Addaa->1- (pu/q), Ad5aa » 0, Ad6aa-> 0,

Flln

A47aa -» 0, A48aa » 0, A49aa ~»

(1/2) (pu/q), A5laa -»
Flln Flln

(1/72) (pu/4q),

A52aa » 0, A53aa - (1— ) (pu/49), A54aa -0, AS5aa-»>1-(pu/q),

Flln

A56aa -» 0, A57aa » 0, A58aa » 0, A59aa -» (1/72) (pu/q),

Flln

A6laa -

(1/2) (pu/9q) "2, R62aa-» 0, A63aa~» (1— ) (pu/9q)"2,

Flln Flln

A64aa—~ (2 (L-pu/q) (pu/q)), A65aa —» 0, A66aa— (L-pu/q) "2 (1- ),
Fl2n

A67aa » 0, A68aa - 0, A69aa - (1/2) (pu/q) "2 + (l—pu/q)’\Z( )
Flln Fl2n
A7laa -» (1/2) (pu/q)”~2, A72aa-» (l-pu/q) "2 ’
Flln Fl2n
A73aa - (1— ) (pu/a)"2, AT4aa~ (1 -pu /q) (PU/Q),
Flln

A75aa—> (1 - pu /q) (pu/q), Al6aa—»0, ATTaa— (l-pu/q) "2 (1- ),
Fl2n

A78aa » 0, A79aa »

(1/2) (pu/q) "2,
Flln

A8laa - (1/2) (pu/49q) "2, A82aa - 0, A83aa » (1— ) (pu/q)"2,

Flln
A84aa-» 0, A85aa—-» (2 (1-pu/q) (pu/9q)), A86aa—-»0,

Flln

A87aa -0, A88aa» (l- pu /q)"Z(l- ),
Fl2n

A89aa -»

(1/2) (pu/a)”2 + (1-pu/q)”2
Flln Fl2n

Transition probabililities conditional on one sample being in an individual that was

| 7
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produced by sex and the other sample being in an individual that was produced via
asex

We define “subTransitionsBySexAsex” to be a set of substitutions for the transitions out of states 3-8
(each sample in a different individual), conditional on the first individual having been created via sex and
the second individual via asex. (“First” and “second” follow order as given in the description of the
states in “Preliminaries”; see also Fig. S1.)

We define “subTransitionsByAsexSex” to be a set of substitutions for the transitions out of states 3-8
(each sample in a different individual), conditional on the first individual having been created via asex
and the second individual via sex.

Note that for genotypes created by sex the deleterious mutation is built into the gamete terms (e.g.,
p1in11c2) but for the genotypes created by ASEX the mutation is put in explicitly here.

subTransitionsBySexAsex =

{A31sa > plinllcl

(1/2), A32sa- 0, A33sa - plinllcl (1- ),
Flln Flln

A34sa -» plinl2cl (1-r), A35sa-> plinl2clr, A36sa-> 0, A37sa-> 0, A38sa->0,
(1/72) (pu/4q),

A39sa -» plinllcl (1/2), A4lsa-» plinllcl

Flln Flln

A42sa » plinl2cl

r(l-pu/q), A43sa-» plinllcl (1— )(pu/q),

Fl2n Flln

Ad4sa » plinllcl (1- pu /q) + plinl2cl (1-r) (pu/4q),

A45sa » plinl2clr (pu/q), Ad6sa - plinl2cl (1 - ) (1-r) (1-pu/9q),

Fl2n

A47sa » plinl2el (1- )r (l-pu /q), A48sa—0,

Fl2n

A49sa -» plinlicl

(1/2) (pu /q) +plinl2cl
1n Fl2n

(1-r) 1-pur/q,

A51sa » plinlilcl (1/2) (pu /q), A52sa » plinl2cl

Flln Fl2n

(L-r) (1-pu/q),

A53sa » plinlicl (1— ) (pur/9q), A54sa -» plinl2cl (1-r) (pur /9),

Flln
A55sa » plinllcl (1- pu/q) + plinl2clr (pu /9q),

)(l—m(l—pu/QL

A56sa - 0, A57sa - plinl2cl (1-
Fl2n

A58sa -» plinl2cl (1 - ) r(l-pu/q),

Fl2n

A59sa » plinllcl

(1/2) (pu /9) + plinl2ecl
Flln Fl2n

(1/2) (pu/4q),

r(l-P# /q) ’

A6lsa » plinlicl
Flln

A62sa » plinl2cl r(l-pu /q), A63sa —» plinllcl (1— ) (pu/q),

Fl2n Flln

A64sa » plinllcl (1- pu /q) + plinl2cl (1-r) (pu/4),
)(1—m (1-pu /),

A65sa » plinl2clr (pu/q), A66sa -» plinl2cl (1 -
Fl2n

A67sa » plinl2cl (1— )r (1-pu /q), A68sa-» O,

Fl2n
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A69sa » plinllcl (1/2) (pu /q) +plinl2cl (1-r) (1-pu/dqa),

Flln Fl2n

A7l1lsa » plinllcl (1-r) (1-pu/q),

(1/2) (pu /49), A72sa—» plinl2cl
Flln Fl2n

A73sa - plinllcl (1- ) (pu/q), AT4sa > plini2cl (1-r) (pu /q),

Flln
A75sa -» plinllcl (1- pu/q) + plinl2clr (pu /9q),

)(1—r) (1-pu/q),

A76sa-» 0, A77sa - plinl2cl (1—
Fl2n

A78sa - plinl2cl (1- )r (1-pu/aq),

Fl2n

A79sa » plinllcl r(l-pu/q)),

(1/2) (pu /49) + plinl2cl
Flln Fl2n

(1/72) (pu/4q),

A8lsa » plinllc2

Flln
A82sa -» p2inl2c2 r(l-pu/q) + plinl2c2 (1-r) (1-pu/q),
Fl2n
A83sa » plinllc2 (1- ) (Pu/q),
Flln

A84sa -» plinl2c2 (1-r) (pu /9) + p2inl2c2r (pu /q), A85sa -
plinllc2 (1- pu /q) + plinl2c2r (pu /9q) + p2inl2c2 (1-r) (pu /q), A86sa—-» O,

)(l—r) (1- pu/4q) +p2inl2c2 (1— )r(l—pu /4q) 4

A87sa » plinl2c2 (1 -
Fl2n

] (1-1) (1-pu/aq),

Fl2n

A88sa » plinl2c2 (1 - ] r(l- pu/q) + p2inl2c2 (1 .

Fl2n Fl2n

(1/72) (pu/q +

A89sa » plinllc2
Flln

p2inl2c2 r(l-pu/aq)};

(1-r) (1 -pu/q) + plinl2c2
Fl2n Fl2n

subTransitionsByAsexSex = {A31as - plinllcl (1/2), A32as >0,

Flln

A33as » plinlilcl (1 - ), A34as » plinl2cl (1-r), A35as » plinl2clr,

Flln

A36as » 0, A37as » 0, A38as » 0, A39as -» plinllcl (1/2),

Flln

Adlas -» plinlicl (1/2), A42as » 0, Ad43as » plinllicl (1 -

Flln Flln ] !
Ad4as » plinl2cl (1-r), A45as -» plinl2clr, Ad46as -» 0, A47as » 0, A48as >0,

Ad49as -» plinlicl (1/2), A51as » plinllc2 (1/2), A52as - O,

Flln Flln

A53as » plinllc2 (1 - ), A54as » p2inl2c2r +plinl2c2 (1-rx),

Flln
A55as » p2inl2c2 (1-r) +plinl2c2r, AS56as » 0, A57as » 0, A58as >0,

(1/2) (pu/4q),

A59as » plinllc2

(1/2), Ablas » plinllcl
Flln Flln

A62as » plinl2cl r(l-pu /q), A63as » plinllcl (1 - ) (pur/q),

Fl2n Flln
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A64as » plinllcl (1-pu /q) + plinl2ecl (1-r) (pu/d),
| @-0 a-pura),

A65as » plinl2clr (pu/q), A66as » plinl2cl (1 -
Fl2n

A67as » plinl2cl (1- )r (l1-pu /q), A68as » 0,

Fl2n

A69as » plinllcl

(1/2) (pu /4q) +plinl2cl
Flln Fl2n

(1-r) (1-pu/q),

A7las » plinllc2

(1/2) (pu/4d),
Flln

A72as » p2inl2c2 (1-r) (1 - pu /9q) + plinl2c2 r(l-pu/4q),

Fl2n Fl2n
)(Pu/qh
Flln

A74as » plinllc2 (1-pu/q) +plinl2c2 (1-r) (pu/d) +p2inl2c2r (pu/4q),
A75as » plinl2c2r (pu/q) +p2inl2c2 (1-r) (pu/q),

) (1-r) (L-pu/q) +p2inl2c2 (1-

A73as » plinllc2 (1 -

A76as » plinl2c2 (1- ) r(l-pu/q),

Fl2n
)(1—n (l-pu/aq),

Fl2n

A77as » plinl2c2 (1 - ) r(l-pu/dq) +p2inl2c2 (1 -

Fl2n Fl2n

A78as -» 0, A79as » plinllc2

(1/2) (pu /q) + plinl2c2
Flln Fl2n

(1-r)

(l-pu/q) + p2inl2c2 r(l-pu/q), A8las » plinllc2 (1/2) (pu/9),

Fl2n Flln

(1-r) (1-pu/q),

A82as » p2inl2c2 r(l-pu/q) + plinl2c2

Fl2n Fl2n

)(Pu/q%

A83as » plinllc2 (1 -
Flln

A84as » plinl2c2 (1-r) (pu /9q) + p2inl2c2r (pu /q), A85as —»
plinllc2 (1- pu /q) + plinl2c2r (pu /9) + p2inl2c2 (1-r) (pu /q), A86as » O,

)(1—r) (1- pu/q) +p2inl2c2 (1- Jr(l—p,u /q) ,

A87as » plinl2c2 (1 -
Fl2n

)(l—r)(l—pu/qh

Fl2n

A88as » plinl2c2 (1 - ) r(l- pu/q) + p2inl2ec2 (1 -

Fl2n Fl2n

A89as » plinllc2 (1/72) (pu/4q) +

Flln

p2inl2c2 (1-r) (1 -pu/q) + plinl2c2

r(l-pu/q) };
Fl2n Fl2n

Check conditional transitions sum to unity.

As stated above, we expect that 2}11 Aijk= 1, i.e., the transition rates out the current state i (conditional
on reproductive mode) sum to unity.
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Simplify[
Alls +Al2s + A13s + Al4s + Al5s + Al6s + Al7s + A1l8s + Al9s /. subTransitionsBySex]
Simplify[A21s + A22s + A23s + A24s + A25s + A26s + A27s + A28s + A29s /. subTransitionsBySex]

1

1

Simplify|[
Alla +Al2a +Al3a+Al4a +Al5a +Al6a+Al7a+Al8a+Al%a /. subTransitionsByAsex]
Simplify[A2la + A22a + A23a + A24a + A25a + A26a + A27a + A28a + A29a /.
subTransitionsByAsex]

Simplify[A31lss + A32ss + A33ss + A34ss + A35ss + A36ss + A37ss + A38ss + A39ss /.
subTransitionsBySexSex]

Simplify[A4lss + A42ss + A43ss + Ad44ss + A45ss + A46ss + A47ss + A48ss + A49ss /.
subTransitionsBySexSex]

Simplify[A51ss + A52ss + A53ss + A54ss + A55ss + A56ss + A57ss + A58ss + A59ss /.
subTransitionsBySexSex]

Simplify[A6lss + A62ss + A63ss + A64ss + A65ss + A66ss + A67ss + A68ss + A69ss /.
subTransitionsBySexSex]

Simplify[A71ss + A72ss + A73ss + A74ss + A75ss + A76ss + A77ss + A78ss + A79ss /.
subTransitionsBySexSex]

Simplify[A81lss + A82ss + A83ss + A84ss + A85ss + A86ss + A87ss + A88ss + A89ss /.
subTransitionsBySexSex]
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Simplify[A3laa + A32aa + A33aa + A34aa + A35aa + A36aa + A37aa + A38aa + A39aa /.
subTransitionsByAsexAsex]

Simplify[Ad4laa + A42aa + A43aa + Ad44aa + A45aa + Ad6aa + Ad47aa + A48aa + A49aa /.
subTransitionsByAsexAsex]

Simplify[A5laa + A52aa + A53aa + A54aa + A55aa + A56aa + A57aa + A58aa + A59aa /.
subTransitionsByAsexAsex]

Simplify[A6laa + A62aa + A63aa + A64aa + A65aa + A66aa + A67aa + A68aa + A69aa /.
subTransitionsByAsexAsex]

Simplify[A7laa + A72aa + A73aa + A74aa + A75aa + A76aa + A77aa + A78aa + A79aa /.
subTransitionsByAsexAsex]

Simplify[A8laa + A82aa + A83aa + A84aa + A85aa + A86aa + A87aa + A88aa + A89aa /.
subTransitionsByAsexAsex]

Simplify[A31lsa + A32sa + A33sa + A34sa + A35sa + A36sa + A37sa + A38sa +A39sa /.
subTransitionsBySexAsex]

Simplify[A4lsa + A42sa + A43sa + A44sa + A45sa + Ad6sa + A47sa + A48sa + A49sa /.
subTransitionsBySexAsex]

Simplify[A51sa + A52sa + A53sa + A54sa + A55sa + A56sa + A57sa + A58sa + A59sa /.
subTransitionsBySexAsex]

Simplify[A6lsa + A62sa + A63sa + A64sa + A65sa + A66sa + A67sa + A68sa + A69sa /.
subTransitionsBySexAsex]

Simplify[A71sa +A72sa+A73sa +A74sa+A75sa+A76sa+A77sa+A78sa+A79sa /.
subTransitionsBySexAsex]

Simplify[A8lsa + A82sa + A83sa + A84sa + A85sa + A86sa + A87sa + A88sa + A89sa /.
subTransitionsBySexAsex]
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Simplify[A3las + A32as + A33as + A34as + A35as + A36as + A37as + A38as +A39as /.
subTransitionsByAsexSex]

Simplify[Ad4las + Ad42as + Ad43as + Ad4das + A45as + Adbas + Ad47as + A48as + Ad49as /.
subTransitionsByAsexSex]

Simplify[A51las + A52as + A53as + A54as + A55as + A56as + A57as + A58as + A59as /.
subTransitionsByAsexSex]

Simplify[A6las + A62as + A63as + A64as + A65as + A66as + A67as + A68as + A69as /.
subTransitionsByAsexSex]

Simplify[A71las + A72as + A73as + A74as + A75as + A76as + A77as + A78as + A79as /.
subTransitionsByAsexSex]

Simplify[A8las + A82as + A83as + A84as + A85as + A86as + A87as + A88as + A89as /.
subTransitionsByAsexSex]

Full transition probabilities combining across reproductive modes

Here we weight the conditional probabilities defined above via the chance that the focal individuals were
created via different reproductive modes.

Note that, for book-keeping purposes, we use “aij” to denote these non-conditional transition probabili-
ties but later use substitutions where we switch to refering to them as “Aj/".
all =

oAlls + (1-0) Alla /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

al2 =
oAl2s + (1 -0) Al2a /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

al3 =
oAl3s + (1-0) Al3a /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

al4 =
oAl4s + (1-0) Al4a /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

als =
oAl5s + (1 -0) Al5a /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

alé6 =
oAl6s + (1-o0) Al6a /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

al7 =
ocAl7s + (1-0) Al7a /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

al8 =
o0Al8s + (1-0) Al8a /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify
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al9 =
oAl9s + (1-0) Al9a /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

a2l =
oA2ls + (1-0) A2la /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

a22 =
oA22s + (1 - 0) A22a /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

a23 =
o0A23s + (1 -0) A23a /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

a24 =
o0A24s + (1-0) A24a /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

a25 =
ocA25s + (1 -0) A25a /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

a26 =
O0A26s + (1-0) A26a /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

az27 =
oA27s + (1-0) A27a /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

a28 =
oA28s + (1 -0) A28a /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

a29 =
0A29s + (1-0) A29a /. subTransitionsBySex /. subTransitionsByAsex // FullSimplify

a3l =
0”2A31ss+0 (1-0) A3lsa+ (1-0) ocA3las + (1-0) “"2A3laa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a32 =
0"2A32ss+0 (1-0) A32sa+ (1-0) cA32as + (1-0) “"2A32aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a33 =
0”2A33ss+0 (1-0) A33sa+ (1-0) ocA33as + (1-0) “"2A33aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a34 =
0”"2A34ss+0 (1-0) A34sa+ (1-0) cA34as+ (1-0) “2A34aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a35 =
0”2A35ss+0 (1-0) A35sa+ (1-0) oA35as + (1-0) “"2A35aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
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subTransitionsByAsexAsex // FullSimplify

a36 =
0~2A36ss+0 (1-0) A36sa+ (1-0) oA36as + (1-0) “"2A36aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a37 =
0”2A37ss+0 (1-0) A37sa+ (1-0) cA37as + (1-0) “"2A37aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a38 =
0”2A38ss+0 (1-0) A38sa+ (1-0) cA38as + (1-0) “"2A38aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a39 =
0c”2A39ss+0 (1-0) A39sa+ (1-0) cA39as + (1-0) “2A39aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a4l =
0"2A41ss+0 (1-0) Adlsa+ (1-0) oRdlas+ (1-0) “2A4d4laa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

ad42 =
0"2RA42ss +0 (1-0) Ad42sa+ (1-0) ocRd42as + (1-0) “2A42aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a43 =
0"2A43ss+0 (1-0) Ad43sa+ (1-0) ocRd43as + (1-0) “2A43aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a44d =
0"2A44ss +0 (1-0) Add4sa+ (1-0) oRdd4as + (1-0) “2A4d4aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a45 =
0"2A45ss +0 (1 -0) A45sa+ (1-0) oRd45as + (1 -0) “2A45aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a46 =
0”"2A46ss+0 (1-0) Ad6sa+ (1-0) cAd6as + (1-0) "2 Ad6aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

ad47 =
0"2A47ss+0 (1-0) Ad7sa+ (1-0) ocRd47as + (1-0) “"2A47aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
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subTransitionsByAsexAsex // FullSimplify

a48 =
0"2A48ss +0 (1 -0) R48sa+ (1 -0) ocRd48as + (1-0) “2A48aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

ad9 =
0"2RA49ss +0 (1-0) Ad49sa+ (1-0) ocRd49as + (1-0) “2A49aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a51 =
0”2A51ss+0 (1-0) AS51lsa+ (1-0) oA5las + (1-0) “"2A51laa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a52 =
0”~2A52ss+0 (1-0) A52sa+ (1-0) oA52as + (1-0) “2A52aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a53 =
0"2A53ss+0 (1-0) A53sa+ (1-0) oA53as + (1-0) “"2A53aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a54 =
0”2A54ss +0 (1 -0) A54sa+ (1-0) oA54as + (1 -0) “2A54aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

ab55 =
0”2 A55ss+0 (1-0) A55sa+ (1-0) cA55as+ (1-0) “2A55aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a56 =
0"2A56ss +0 (1-0) A56sa+ (1-0) oA56as + (1 -0) “"2A56aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a57 =
0"2A57ss+0 (1-0) A57sa+ (1-0) oA57as + (1 -0) “"2A57aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a58 =
0"2A58ss+0 (1-0) A58sa+ (1-0) oA58as + (1-0) “2A58aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a59 =
0"2A59ss +0 (1-0) A59sa+ (1-0) oA59as + (1 -0) “2A59aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify
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a6l =
0”2A6lss+0 (1-0) A6lsa+ (1-0) oR6las + (1-0) “2A6laa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a62 =
0"2A62ss+0 (1-0) A62sa+ (1-0) oR62as + (1-0) “2A62aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a63 =
0"2A63ss+0 (1-0) A63sa+ (1-0) ocR63as + (1-0) “"2A63aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a64 =
0"2A64ss +0 (1 -0) R64sa+ (1-0) oR64as + (1 -0) “2A64aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a65 =
0"2A65ss+0 (1-0) A65sa+ (1-0) ocR65as + (1-0) “2A65aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a66 =
0"2A66ss +0 (1-0) A66sa+ (1-0) oR66as + (1 -0) “2A66aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a67 =
0c”"2A67ss+0 (1-0) A67sa+ (1-0) cA67as + (1-0) “2A67aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a68 =
0"2A68ss+0 (1-0) A68sa+ (1-0) cR68as + (1-0) “2A68aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a69 =
0"2R69ss+0 (1-0) A69sa+ (1 -0) ocR69as + (1 -0) “2A69aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a7l =
0c”2A71ss+0 (1-0) A7lsa+ (1-0) cA7las+ (1-0) “2A71aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a72 =
0"2A72ss+0 (1-0) A72sa+ (1-0) cA72as + (1-0) “"2A72aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
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subTransitionsByAsexAsex // FullSimplify

a73 =
0”2A73ss+0 (1-0) A73sa+ (1-0) ocA73as + (1 -0) “"2A73aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a74 =
0"2A74ss+0 (1-0) A74sa+ (1-0) cA74as + (1-0) “"2A74aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a75 =
0”2A75ss+0 (1-0) A75sa+ (1-0) oA75as + (1-0) “"2A75aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a76 =
c”2A76ss+0 (1-0) A76sa+ (1-0) cA76as + (1-0) “2A76aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a7l =
0”2A77ss+0 (1-0) A77sa+ (1-0) cA77as + (1-0) “"2A77aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a78 =
0"2A78ss+0 (1-0) A78sa+ (1-0) ocA78as + (1-0) “"2A78aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a79 =
0"2A79ss+0 (1-0) A79sa+ (1-0) ocA79as + (1-0) “"2A79aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a8l =
0"2A8lss+0 (1-0) A8lsa+ (1-0) ocA8las + (1-0) “2A8laa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a82 =
0"2A82ss+0 (1-0) A82sa+ (1-0) ocA82as + (1-0) “2A82aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a83 =
0"2A83ss+0 (1-0) A83sa+ (1-0) ocA83as + (1-0) “2A83aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify

a84 =
0"2A84ss+0 (1-0) A84sa+ (1-0) ocA84as + (1-0) “2A84aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.
subTransitionsByAsexAsex // FullSimplify
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c”2A85ss+0 (1-0) A85sa+ (1-0) cA85as+ (1-0) “2A85aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.

subTransitionsByAsexAsex // FullSimplify

a86 =

0"2A86ss+0 (1-0) A86sa+ (1-0) ocA86as + (1-0) “2A86aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.

subTransitionsByAsexAsex // FullSimplify

a87 =

0"2A87ss+0 (1-0) A87sa+ (1-0) ocA87as + (1-0) “"2A87aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.

subTransitionsByAsexAsex // FullSimplify

a88 =

0"2A88ss+0 (1-0) A88sa+ (1-0) cA88as + (1-0) “2A88aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.

subTransitionsByAsexAsex // FullSimplify

a89 =

0"2A89ss+0 (1-0) A89sa+ (1-0) ocA8%9as + (1-0) “2A89aa /. subTransitionsBySexSex /.
subTransitionsBySexAsex /. subTransitionsByAsexSex /.

subTransitionsByAsexAsex // FullSimplify
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1
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1
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2 (2F11+F12) (F12°p? 1 +2F11F12r (q-2pu) (g-pu) +4F11%r (q-pu)?) o+
(4F11 (2F11+F12)2q* r* -4 F11 (2F11+F12) pqgr (-F12+4 (F11+F12) r) pu+
p® (F12? (2F11+F12) -8 F11F12 (F11+F12) r+ 16 F11 (F11+F12)% r?) 1)
o?) / (2F11F12 (2F11+F12)?nq?)

subTransitions = {All -» all, A12 » al2, A13 - al3, Al4 » al4, Al15 » al5, Al6 —» alé6,

Al7 - al7, A18 -» al8, A19 » al9, A21 - a2l1, A22 » a22, A23 -» a23, A24 » a24, A25 - a25,
A26 » a26, A27 -» a27, A28 » a28, A29 -» a29, A3l -» a3l, A32 -» a32, A33 » a33, A34 - a34,
A35 -» a35, A36 » a36, A37 » a37, A38 » a38, A39 » a39, A4l - a4l, A42 - a42,

A43 » a43, A44 > a44, A45 » a45, A46 » ad46, A47 » a47, A48 » a48, A49 > a4)9,

A51 -» a51, A52 » a52, A53 » a53, A54 » a54, A55 » a55, A56 » a56, A57 » a57, A58 -» a58,
A59 » a59, A61 » a6l, A62 » a62, A63 » a63, A64 » a64, A65 » a65, A66 » a66,

A67 -» a67, A68 -» a68, A69 » a69, A71 » a7l1, A72 - a72, A73 » a73, A74 - a74,

A75 -» a75, A76 » a76, A77 » a77, A78 - a78, A79 - a79, A8l -» a8l1, A82 - a82,

A83 -» a83, A84 -» a84, A85 » a85, A86 » a86, A87 » a87, A88 » a88, A89 -» a89};

First-Step analysis: Equations for expected coalescent times based on “time to
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leave current state” approach. (Eq. 3 of text)

Here we use the method given by equation 3 in the main text. This the “First Step” approach described
in Chapter 5 of John Wakely’s Coalescent Theory (2009) book.

Here Tirepresents the time to coalescence from state i.

This is the same as equation 3 of the text (though with all terms put on the left hand side so that the
right hand side is zero).

eqs = {T1-1/ (1-Al11) (1+A12T2+A13 T3 +A14T4+A15T5+A16T6+Al7T7 +A187T8) ==0,
T2-1/ (1-A22) (1+A21T1+A23 T3 +A24 T4 +A257T5+A26T6 + A27 T7 + A287T8) == 0,
T3-1/(1-A33) (1+A31T1+A32T2+A34T4+A35T5+A36T6+A37T7 +A387T8) ==0,
T4-1/(1-A44) (1+A41T1+A42T2 +A43 T3 +A45T5 + A46 T6 + A47 T7 +A48T8) == 0,
T5-1/ (1-A55) (1+A51T1+A52T2+A53 T3 +A54 T4 +A56 T6 +A57 T7 +A587T8) ==0,
T6-1/(1-2A66) (1+A61Tl1+A62T2+A63 T3 +A64T4+A65T5+A67T7 +A68T8) ==0,
T7-1/(1-A77) (1+A71T1+A72T2+A73 T3 +A74T4+A75T5+A76T6 +A787T8) ==0,
T8-1/(1-A88) (1+A81T1+A82T2+A83 T3 +A84T4+A85T5 +A86T6 +A87 T7) ==0}

{T1- (1+A12T2+A13T3 +A14T4+A15T5+A16 T6 +A17T7 +A18T8) / (1-All) =0,
T2 - (1+A21T1+A23 T3 +A24 T4 +A25T5 +A26T6 +A27 T7 +A28T8) / (1-A22) ==0,
T3 - (1+A31T1+A32T2+A34T4+A35T5+A36T6+A37T7+A38T8) / (1-A33) ==0,
T4 - (1+A41T1 +A42 T2 +A43 T3 +A45T5 +A46 T6 +A47 T7 +RA48T8) / (1-A44) ==0,
T5- (1 +A51T1+A52 T2 +A53 T3 +A54 T4 + A56 T6 + A57 T7 + A58 T8) / (1 -A55) =10,
T6 - (1 +A61 Tl +A62 T2 +A63 T3 +A64 T4 +A65T5+A67T7+A68T8) / (1-A66) ==0,
T7 - (1+A71T1+A72T2+A73 T3 +A74 T4 +A75T5+A76T6+A78T8) / (1-A77) =0,
-((1+A81T1+A82T2+A83 T3 +A84T4+A85T5+A86T6+A87T7)/ (1-A88)) +T8 =0}

Approximations (this section contains results given in equations [4] - [7]

Assumptions about the smallness of parameters.

Here we define some sets of substitutions about parameters that are assumed to be small. We assume
that ¢ << 1 and the other parameters are scaled to powers of ¢.

subsmallHighSexLowRec = {q >qf, hs>hs&, r>r&, no 13},
subsmallLowSexHighRec = {q »>q§,hs>hs§, 050§, n-> ;—3},
subsmallLowSexLowRec = {q-> qf,hs>hs§, 050§, r>r§, n-> 13},
subsmallLowLowSexHighRec = {q »>qf, hs>hs§, 05072, n> ;—3},

n
subsmallLowLowSexLowRec = {q—) g, hs>hs &, 0502, r>r&, n> —3},
3

Analysis assuming high sex and low recombination:

g ~O(l), r ~O(¢), n ~ O~

This is where eq. [4] in the text is derived.

This result reduces to classic result (Hudson & Kaplan 1994) for o = I.
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First we create a substitution where we decompose “T/” into components of different magnitudes of ¢.

For example T1 = T1n03 3 + T1n02 £2 + T1n01 &' + T1n0O + T1np01 ¢!
so “T1n03” represents a coefficient of £ raised to the negative (“n”) 3.
subTinBits = {T1 > TIn03 " -3 +TIn02§"-2 + TIn01 §7-1+ TInOO 70+ Tlp01§™1,
T2 > T2n03 £"-3 +T2n02£"-2 + T2n01 £°-1+ T2n00 €70+ T2p01 £°1,
T3 > T3n03 £"-3 +T3n02&£"-2 + T3n01 £%-1+ T3n00E70+ T3p01E™1,
T4 » T4n03 £”-3 +T4n02 £~-2 + T4n01l £7-1+ T4n00 £70+ T4p0l £°1,
T5 - T5n03 £~ -3 +T5n02 £"-2 + T5n01 £7-1+ T5n00 £70+ T5p01 £"1,
T6 » T6n03 £°-3 +T6n02 £~ -2 + T6n01 £~ -1+ T6n00 £°0+ T6p0l £°1,
T7 > TIn03 £7-3 +TTn02 " -2 + TTn01 7 -1+ TTnO0OE70+ T7p01E°1,
T8 » T8n03 £"-3 +T8n02 " -2 + T8n01 7 -1+ T8nOO £70+ T8p01 £7°1};

UseTheseAssumptionsOfSmallness = subsmallHighSexLowRec

n
{a-qg&, hs>hsg, r>ré, n> —}
53

The vector “SoFar” contains what we have learned about the “T/” as we move through the approxima-

tion procedure.

The function “f1” performs a Taylor series approximation to a specified order of ¢.

SoFar = {};

fl[x_, toorder_] := Series[x /. subTinBits /. subTransitions /. subl /.
UseTheseAssumptionsOfSmallness //. SoFar, {§, 0, toorder}]

Here we apply the Taylor series approximation to the system of equations described in “First-Step
analysis”.

We begin by doing a Taylor series to O(£-%), solve the system (and update “SoFar” with what we have
learned), and then repeat with higher orders of accuracy as needed.
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eqszl = {fl[eqs[[1]], -3], fl[eqs[[2]], -3], fl[eqs[[3]], -3], fl[eqs[[4]], -3],
flleqs[[5]], -3], fl[eqs[[6]], -3], f1[eqs[[7]], -3], f1[eqs[[8]], -3]}
Normal[%] /. £ 1 // Simplify

ans = Solve[eqsZl, {T1n03, T2n03, T3n03, T4n03, T5n03, T6n03, T7n03, T8n03}]

T1ln03 - T3n03 1 T2n03 - T5n03 1
{ + =0, + =0,
&3 0[&]? & 0[&]?
T3n03 - T4n03 1 ~-T3n03 + T4n03 1
+ =0, + =0,
&3 0[&]? &3 0[&]?
1
— (T5n03 - (hs T3n03 +r T4n03 0c+gT7n030) / (hs+gqo+xro)) + =0,
g3 0rg)?
2 T4n03+T3n03 0-2 T4n03
T6n03 + 240 R o2 Tene3e 1
+ == ’
&3 0r&]?
~T5n03 + T7n03 1 T8n03 + 2 IMBLTIN03C 1 |
+ == ’ + ==
g3 o[gl? g3 org)?

{T1n03::T3n03,T2n03::T5n03,T3n03::T4n03,T3n03::T4n03,
T5n03 == (hs T3n03 +r T4n03 0c+qT7n03 0) / (hs+ (g+x) o),

T6n03 +

(-2T4n03 (-1+0) +T3n030) == 0,

}

: Equationsnaynotgivesolutiongorall "solve variables>

-2+0

hs T5n03 + r T7n03 o
T5n03 == T7n03, T8n03 -=-

hs+ro

{{T1n03 - T3n03, T2n03 » T3n03, T4n03 - T3n03,
T5n03 - T3n03, T6n03 - T3n03, T7n03 - T3n03, T8n03 - T3n03}}
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SoFar = Join[SoFar, ans[[1]]]
eqszl = {fl[eqs[[1]], -2], fl[eas[[2]], -2], fl[eqs[[3]], -2], £f1[eqs[[4]], -2],
flleqs[[5]], -2], f1[eqs[[6]], -2], f£1[eqs[[7]], -2], f1[eqs[[8]], -2]}

Normal[%] /. § > 1 // Simplify
ans = Solve[eqsZl, {T1n02, T2n02, T3n03, T4n02, T5n02, T6n02, T7n02, T8n02}]
{T1ln03 » T3n03, T2n03 - T3n03, T4n03 - T3n03,

T5n03 - T3n03, T6n03 - T3n03, T7n03 » T3n03, T8n03 —» T3n03}

T1ln02 - T3n02 1 T2n02 - T5n02 1

{ + =0, + =0,

& 0[¢] & 0[¢&]
T3n02 - T4n02 1 -T3n02 + T4n02 1

& 0[¢] & 0[¢]

1
—(T5n02 + (-hs T3n02 - r T4n02 o -qT7n020) / (hs+gqo+ro)) + =
T6n02 + 2T4n02+T3{12f00—2 T4n02 o 1 . _T5n02 + T7n02 1

& 0o[¢] & 0[¢]

{T1n02 == T3n02, T2n02 = T5n02, T3n02 = T4n02, T3n02 = T4n02,
T5n02 = (hs T3n02 + r T4n02 6+ g T7n02 o) / (hs + (g+ 1) o),

T6n02 +

(-2 T4n02 (-1+0) +T3n020) == 0, T5n02 == T7n02,
-2+0

T8n02 + (T3n03-4hsngT5n02-4ngqrT/n020) / (4dhsng+4ngro) = }
: Equationsnaynotgivesolutiondorall "solvé' variables>

{{Tlnoz - T3n02, T2n02 - T3n02, T4n02 - T3n02, T5n02 - T3n02,

T3n03
T6n02 - T3n02, T7n02 - T3n02, T8n02 - T3n02 - ——— | }

4ng (hs+ro)

SoFar = Join[SoFar, ans[[1]]]

eqsZl = {fl[eqs[[1]], -1], f1[eqgs[[2]], -1], f1[eqas[[3]], -1], f1[eqgs[[4]], -1],
flleqs[[5]], -1]1, fl[eqs[[6]], -1]1, fl[eqs[[7]], -1], f1l[eqs[[8]], -1]}

Normal[%] /. § > 1 // Simplify

ans = Solve[eqsZl, {T1n0l1l, T2n01, T3n03, T4n0l1l, T5n01, T6n0l1l, T7n01l, T8n01l}]

{T1n03 - T3n03, T2n03 - T3n03, T4n03 - T3n03, T5n03 - T3n03, T6n03 - T3n03,
T7n03 > T3n03, T8n03 - T3n03, T1n02 - T3n02, T2n02 — T3n02, T4n02 - T3n02,

T3n03
T5n02 -» T3n02, T6n02 -» T3n02, T7n02 - T3n02, T8n02 - T3n02 -

4nqg (hs+ro)

| 27
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T1ln0l - T3n01 T2n01l - T5n01

[————+o0[£]°=0, —————+0[&]°=0,
£ 3
-2n+T3n03-4 T4n0l o
T3n01 4 —SASRip R . ~T3n01 + T4n01 0
+0[&]” =0, +0[&]" =0,
3 3

(T5n01+ (—4 hsn-4hs?nT3n0l1-4nro-4hsnrT3n0l o+r T3n03 o-

m | =

4hsnrT4n0lo-4hsnqgT7n0lo-4nr’T4n0l0°-4nqrT7n0l0°) /
(4n (hs+ro) (hs+qo+ro))) +0[£]° =0,

1
—(T6n01+ (-T3n03 +2T3n03 0+4ngT4n0l 0+2nqT3n0l0®-T3n030°-4nqT4n0l o) /

3
0 -T5n01 + T7n01 0
(2ngq (-2+0) 0)) +0[€£]° =0, E +0[€&]°% =0,
1 1 2 2 2
— |T8n01 + (-8hsn®qg®+4hsnqgT3n02-T3n03 -6 hs’nqT3n03+
3 16 n? g% (hs+ro)?

4hsng®T3n03-16hs’n?g?T5n01-8n°g?’ro+4nqrT3n020-
8hsngrT3n030-16hsn?®g?rT5n01 o-16 hs n? g r T7n01 o -

6nqr?T3n03o® - 16 n’ g’ r> T7n01 o?) | +0[&]° = 0}

{T1n01 = T3n01, T2n01 == T5n01,

(T3n03+n (-2 +4q (T3n01 - T4n01) o)) == 0, T3n01 == T4n01,
ngo
(4 hs?n (T3n01-T5n01) +4hsn (1+r (T3n01 + T4n01 - 2 T5n01) o+qg (-T5n01 + T7n01) o) +
ro (-T3n03+4n (1+r (T4n01l -T5n01) o+q (-T5n01 + T7n01) o)))/
(n (hs+ro) (hs+ (g+r) o)) =0,
(-T3n03 (-1+0)?+2nqo (T6n0l (-2+0) -2T4n01 (-1+0) +T3n01l0)) / (ng (-2+0) 0) =0,
T5n01 == T7n01,
(T3n03 +2hs’nq (3T3n03+8ngq (T5n01 - T8n01)) + 6 nqr> T3n03 o® +
nqg (hs+ro)
4hsng (-T3n02-gT3n03+2rT3n030+2nq (1+2r (T5n01 + T7n01 - 2 T8n01) o)) +
4nqro (-T3n02+2ngq (1+2r (T7n01-T8n01) 0))) =0}

{{T1n01 > T3no01,
T2n01 > - ((-2hs-2hs? T3n01-ro-4hsrT3n0l o-2r*T3n010%) /(2 (hs+ro)?)),
T3n03 - 2n, T4n0l1 - T3n01,
T5n01 > - ((-2hs-2hs? T3n01-ro-4hsrT3n0l0-2r*T3n010%) /(2 (hs+ro)?)),
T6n01 - - ((-1+20+2qT3n0l0-0”-qT3n010?) /(q(-2+0)0)),
T7n01 > - ((-2hs-2hs? T3n01-ro-4hsrT3n0l o-2r*T3n010%) /(2 (hs+ro)?)),

1
T8n01 - - (-1-6hs’ng-8hsng”’-8hs’ng® T3n01+2hsqT3n02-8hsng

8ng? (hs+ro)?
ro-8ng’ro-16hsng’rT3n0l0+2qrT3n020-6nqgr’o’-8ng®r’T3n0lo?)}}

SoFar = Join[SoFar, ans[[1]]]

eqsZl = {fl[eqs[[1]], O], f1[eqas[[2]], O], f1[eqas[[3]], O], f1[eqs[[4]], O],
fl[eqs[[5]], O], f1[eqs[[6]], O], f1[eqs[[7]], O], f1[eqs[[8]], O]}

Normal[%] /. £ > 1 // Simplify

ans = Solve[eqsZl, {T1n00, T2n00, T3n02, T4n00, T5n00, T6n00, T7n00, T8n0O0}]
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{T1n03 - T3n03, T2n03 - T3n03, T4n03 - T3n03, T5n03 - T3n03,
T6n03 > T3n03, T7n03 - T3n03, T8n03 — T3n03, T1n02 - T3n02,
T2n02 - T3n02, T4n02 - T3n02, T5n02 — T3n02, T6n02 - T3n02,

T3n03
T7n02 - T3n02, T8n02 - T3n02 - —————, T1n01 - T3n01,

4nqgq (hs+ro)
T2n01 > - ((-2hs-2hs’ T3n01-ro-4hsrT3n0l0o-2r*T3n010%) /(2 (hs+ro)?)),
T3n03 > 2n, T4n0l1 » T3n01,

T5n01 - - ((-2hs-2hs*T3n01-ro-4hsrT3n0l0-2r>T3n010°) /(2 (hs+ro)?)),
T6n01 > - ((-1+20+2qT3n0lo-0”>-qT3n010?) /(q (-2+0)0)),

T7n01 > - ((-2hs-2hs’T3n01-ro-4hsrT3n0lo-2r?T3n0lo?) /(2 (hs+ro)?)), T8n0l >
1

- (-1-6hs’ng-8hsng’-8hs®ng?T3n01+2hsqT3n02-8hsngro-
8nqg? (hs+ro)?

8ng’ro-16hsng?rT3n0loc+2grT3n02c-6ngqr? 02—8nq2r2T3n0102>}
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1
{(1 +T1n00 - T3n00 - —) +0[£]Y = 0, (T2n00-T5n00) +0[£]% = 0,
O

(T3n00 + (-8hs’ng-2hs*T3n02+10hs’ngo-8hsnqgro+hs®T3n020-4hsrT3n020+
8hs’nqgT4n00c-4hs’ngo?+16hsngro®-4nqgr?c?+2hsrT3n020?-
2r?T3n020%-4hs?>nqgT4n00c?+16 hsngr T4n00c?’-8hsngro’®+8nqr? o’ +
r’ T3n020° -8hsnqrT4n000°+8nqr’T4n000o° -4nqr’o’-4nqgr’T4n000*) /

(4ng (-2+0) o (hs+ro)?))+0[E]! =0,

(T4n00+ (1-20+2T3n000+0®-T3n000%) / ((-2+0) 0)) +0[&]" =

0!

<T5nOOJr (—16hs3nq+16h52nq2+16hs3an3n00+8hs3nq0—8hsznq20+2ro—
20hs?’ngro-8hs>ngT3n00c+32hs?ngrT3n00c-4hsqr T3n02 o+
16 hs? nqr T4n00 o+ 16 hs? ng? T7n00 oc-ro?+6hs’ngro®-24hsnqr?o® -

16 hs? ngqr T3n00 c? + 16 hs nqr? T3n00 0? + 2hs g r T3n02 ¢? - 4 g r? T3n02 &2 -
8 hs?nqgr T4n00 o> + 32 hs n g r? T4n00 ¢® - 8 hs? n g? T7n00 o? +
32hsng?rT/n00c?+4hsngr?o®-4nqr3c®-8hsnqgr?T3n00o°+
2gr?T3n02c°-16hsngr?T4n00 o’ +16ngr’ T4n00 o> - 16 hs ng? r T7n00 o +
16 ng’r’ T7n000° -2nqr’ o' -8nqr’T4n00 o' - 8 ng’ r? T7n00 o*) /

(8ng (-2+0) (hs+ro)? (hs+qo+ro)))+0[£]t =0,

1
T6n00 + -4hsn+8hsno+2T3n020-4hsno®’-2nqo?-

2nq (-2 +0)2 o?

5T3n02 02-8nqgT4n00c?>+4nqgo’-4nqgT3n00c°+4 T3n02 o> +

12nqT4n00 0> -2nqo* +2ngT3n00 0* - T3n02 0* - 4 nqT4n00 o*) | +0[&£]! =0,

<T7n00+ (—r+ro+2qT5n00 0-qT5n00 02> / (g (-2 +0) o)> +
o[g]t =0,

(T8n00+ (-2-24hs’ng-8hsng”’-8hs*n’qg’-16hs’n® g’ - 16 hs®’ n g* T3n01 +
4 hs gT3n02 + 24 hs®>ng? T3n02 - 16 hs? ng> T3n02 + 64 hs®n? q®> T5n00 + o +
12hs?ngo+4hsng’?o+4hs*n®?g?o0+8hs®n?qg’0-32hsnqro-16ng’ro-
32hs®n?qg?ro-64hs’?n?qg’ro+32hsn?q*ro-16hs?n?qg?r?c+8hs’?nqg? T3n0l o-
32hsng?rT3n0lc-2hsqT3n020-12hs*>ng? T3n02 c+8hs?nqg’® T3n02 o+
4grT3n02c+56hs?ng?rT3n02c-16hsnqg’ r T3n02 o- 32 hs* n? g°> T5n00 o +
128 hs?n? g® r T5n00 0+ 64 hs? n? g r T7n00 o+ 16 hsngro®?+8nqg?r o® +
16 hs’n®qg?ro®+32hs’?n?qg’ro?-16hsn®q*ro®-24nqr?c?-80hs?n?q?r? o +
16 hsn®q®r?c?-32hsn?q?r’*c?+16 hsng? r T3n01 o? - 16 ng? r? T3n01 o2 -
2grT3n02c%-28hs’ng?rT3n02c?+8hsnqg’rT3n02oc?+56hsng?r?T3n02oc-
64 hs?n? g°> r T5n00 0® + 64 hs n? g°> r? T5n00 ¢ - 32 hs? n? g r T7n00 &2 +
128 hsn? qg> r? T7n00c? +12nqgr2o®+40hs’?n® g’ r?c®-8hsn? g r? o° -
32hsn®qg’r3’c®-16n?q’r*c®*+8nqg?r? T3n01 0 -28hsnqg? r? T3n02 o3 +
24nqg®r’T3n02 ¢°-32hsn? g r? T5n00 ¢° - 64 hs n? g° r?> T7n00 &° +
64n2q>r®’T7n00c®>+16hsn®qg?’r’oc*-8n%qg?r*c*-12nqg?r®T3n02 o* -
320 * £’ T7n000* +4n’ g* r* 0°) / (32n%q® (-2+0) (hs+ro)?)) +0[£]! =0}
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1
{1 +T1n00 = T3n00 + —, T2n00 == T5n00,
(e}

(2hsro (T3n02 (-2+0) +4nq (-1+ (2-2T3n00+2T4n00) o+ (-1+T3n00 - T4n00) 0%} ) +
r? ¢® (T3n02 (-2+0) +4nq (-1+ (2-2T3n00+2T4n00) o+ (-1+T3n00 - T4n00) o?)) +
hs? (T3n02 (-2+0) +2nq (-4 + (5-4T3n00+4 T4n00) 0+ 2 (-1+T3n00 - T4n00) o) )) /

(ng (-2+0) o (hs+ro)) =0,
T4n00 + (1+2 (-1+T3n00) o- (-1+T3n00) o®) / ((-2+0) o) =0,
(-8hs’nqg (-1+T3n00-T5n00) (-2+0) -ro (-2+0+4grT3n020+
2gr (-T3n02+2n (r-4rT4n00 + 4 g T5n00 + 4 r T5n00 - 4 ¢ T7n00) ) o? +
2nqgr (r+4rT4n00-4qT5n00 -4 r T5n00 + 4 g T7n00) o) +
2hs?’nqg (ro (-10 + 8 T4n00 - 24 T5n00 - 8 T3n00 (-2 +0) +3 0- 4 T4n00 o+ 12 T5n00 o) +
49 (-2+0) (-1+T5n000-T7n000)) +
2hsgro (T3n02 (-2+0) +2no (449 (T5n00 - T7n00) (-2 +0) +
r (-6+4T3n00+8T4n00 - 12 T5n00 + 0 - 2 T3n00 0 - 4 T4n00 o+ 6 T5n000) ) ) ) /

(ng (-2+0) (hs+ro) (hs+ (g+r) o)) =0, !

ng (-2+0) o0
(4hsn (-1+0)*+0 (T3n02 (-2+0) (-1+0)%+
2nqo (1-T6n00 (-2+0)%-20+2T3n000+0°-T3n000°+2T4n00 (2-30+0)))) =
0, (r-ro+q (T5n00 -T7n00) (-2+0) 0) / (9 (-2+0) O) =
OI
(2-4hs*n*q* (-2+0) + (-1+16ng°r-4qrT3n02) o+
2gr (4n (3r+q (-1+2rT3n01)) + T3n02) o? -
4ngr? (3+2q (T3n01+3rT3n02) +4ngr (-r+4g (T7n00 - T8n00))) o +
4ng?rd (3T3n02+2n (r+4q (T7n00-T8n00))) o*-4n?>q?r* o+
4hs®ng® (-2+0) (3T3n02+n (q (-2+8T5n00-8T8n00) -4ro)) +
2hsq (T3n02 (-2+0) -2n (-2+0)
(a+4ro+4qrT3n0lo+2q*rT3n020-7qr?T3n020%) +4n’qro (2q* (-2+0) +
dr (1+4T5n00+8T7n00-12T8n00) (-2+0) 0-2r’0 (-2-20+0°))) +
4hs’nq (6-30-2q* (-2+0) (T3n02-4nr (-1+2T5n00+T7n00 - 3 T8n00) 0) +
g (-2T3n01 (-2+0) +ro (7T3n02 (-2+0) +2nr (2+100-50°))))) /
(ng (-2+0) (hs+ro)) =0}
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{{Tlnoo - -1+ T3n00 + i,
(e}

1
T2n00 - — (8hs*ng-8hs’ng’-8hs*nqT3n00-hsro+22hs’ngro-

8ng (hs+ro)*
12hs?ng?ro-32hs’nqrT3n00c-r?c?+34hs?nqgr?oc?-48hs?nqgr?T3n00c? +
26 hsnqgr’oc’-32hsnqgr’T3n000’+6nqgrc®-8nqr!T3n000%),

2hs’ngqg 5 )
T3n02 > - ——————, T4n00 - - ((1-20+2T3n00 0+ 0®-T3n000?) / ((-2+0) o)),
(hs +r o) 2
1
T5n00 - - (8hs*ng-8hs’ng’-8hs*nqT3n00-hsro+22hs’nqro-

8ng (hs+ro)*
12hs?’ng’ro-32hs®nqgrT3n000-r?0®+34hs’nqgr?c?-48hs’nqgr?T3n000%+
26hsngr®c®-32hsngr®T3n00c°+6nqgrt 04—8nqr4T3n0004), T6n00 -
-((-2hs’+4hs’0-4hs*qo-4hs’ro-2hs’o*+10hs*qo*+8hs’ro®*-4hsqro® -
2hsr?c?-4hs?qT3n000?-8hs?qo®-4hs?ro®+10hsqgro®+4hsr?c®-2qr?co’+
4hs?gT3n000°-8hsqrT3n00c®+2hs?qo*-8hsqro*-2hsric*+5qr?ot-
hs? qT3n00 0* +8hs qrT3n00c*-4qr?T3n00c*+2hsqro’®-4qric°-2hsqr
T3n00 0° + 4 g r? T3n00 o° + q r? Os—qr2T3n0006)/(q (-2+0)20% (hs+r0)2)>,
T7n00 > - ((-8hs*nr-16hs*nqo+16hs’ng’o+8hs*nro-32hs’nrio+
16 hs* ngT3n00o+8hs*ngo?-8hs®ng®c?+2hsro’-44hs’ngro?+
24hs’ng?ro?+32hs®nr?o?-48hs’nr’c?*-8hs*ngT3n000?+64hs®ngr
T3n00o?’-hsro®+22hs®ngro®-12hs’ng’ro®+2r?2c®-68hs’ngr?o’+
48hs’nr3c®-32hsnr*c®-32hs>nqgrT3n000®+96 hs?>ngr?T3n000° -r?o?+
34hs’nqgr?oc*-52hsngric?*+32hsnr'o*-8nr’c?-48hs’nqgr?T3n000* +
64hsngr®T3n000*+26hsngric®-12nqgric®+8nr®c®-32hsnqgrdT3n00o° +
16 ngr?T3n000°+6nqr* 06—8nqr4T3n0006>/(8nq (-2+0) O (hs+r6)4)),

1
T8n00 - -

(hs+12hs’ng+8hs’ng®+4hs’n’ g’ + 64 hs'*n’ ¢’ -
32n?q® (hs+ro)t
48hs3®n?qg*+16hs®n?qg?r?-32hs*n?q>T3n00+8hs®ng? T3n0l+ro+
28hs?’ngro+8hsng’ro+20hs*n®qg?ro+160hs®>n?q’ro-64hs?n?q*ro+
48hs?n?q?r®c-128hs’>n?q’r T3n000+24hs’ng?rT3n0l o+28 hsnqgr?o? +
4ng?r?c®+56hs®n?q?r?o®+184hs?n?qg®r?c?-16hsn?q*r?c®+48hsn?q?r*o? -
192hs’n? q® r?T3n00 02 +24hsng? r’ T3n0l c? +12nqgric®+56 hs?n? g? r3 o3 +
96 hsn?g’r3c®+16n2q?r°c>-128hsn?g® r’>T3n00 0>+ 8nqg? r®T3n01 o3 +
20hsn’ g’ r*o* +24n° ¢’ r* 0* - 32n° ¢’ r* T3n00 0* + 4 n* ¢* r* o) } }

SoFar = Join[SoFar, ans[[1]]];
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finalAns = Simplify[

Series[{T1, T2, T3, T4, T5, T6, T7, T8} /. subTinBits //. SoFar, {§, 0, -2}]11;

finalAns
Normal[finalAns] /. §->1

2n 2 (hsznq> 1 2n 2 (hsznq) 1 2n 2 (hsznq>

{ - + , — - + , — -

+
g3 (hs+ro)2&2 0[&] &3 (hs+ro)2&2 o[g] &3 (hs +r 0)2 &2
2n 2 (hs?nq) 1 2n 2 (hs?’nq) 1 2n 2 (hs?nq)
el N £2 + il

£ (hs+ro)2& 0[&] & (hs+ro)?& O0[&] &  (hs+ro)? &2

2n Z(hsznq> 1 2n hs+4hs’ng?+ro 1
£ N il

_ . }

&3 (hs+ro)2ég? ore] & 2 (q(hs+ro)?) &2 0[¢E]

2hs’ngq 2hs’ngq 2hs’ngq 2hs’ngq
{2n77,2n77,2n77,2n77,

(hs +r 0)? (hs +r 0)? (hs +r 0)? (hs +r 0)?

2hs’ngqg 2hs’ngqg 2hs’ngqg hs+4hs’ng?+ro
2n- 2 72 o 2P PR ol 22 P8 o

(hs + r 0)?2 (hs + r 0)?2 (hs + r 0)?2 2q (hs+ro)

As given in equation 4 of the text, the coalescence time for two randomly chosen alleles is

Simplify[Series[(1/n) (F11T1 + F12T2) + (1-1/n)

| 33

(F11°2T3 + F11F12 (T4+T5) +F12°2 ((1/4) T6+ (1/2) T7+ (1/4) T8)) /. subl /.

UseTheseAssumptionsOfSmallness /. subTinBits //. SoFar, {&, 0, -2}]]

(xcheck equivalence with eq. 4 *)

q

(1+ Z0)?

(Normal[%] /. §»1) - 2n [1—
hs

] // Simplify

2n 2<hsznq) 1
— +

&3 (hs+ro)?2 &2 0[&]

0

Analysis assuming low sex and high recombination:
g~0(&), r~0(),n~0(?

This is where equations [5] and [6] in the text are derived.

See “Analysis assuming high sex and low recombination” for an explanation of how the analysis is

done.

subTinBits = {T1 > TIn03 " -3 +TIn02&§"-2 + TIn01 7 -1+ TInOO 70+ T1p01E™1,
T2 > T2n03 £"-3 +T2n02 " -2 + T2n01 7 -1+ T2n00 70+ T2p01 &7 1,
+ T3n01&£”°-1+ T3n00E70+ T3p01E™1,
+ T4n01 7 -1+ T4n00 70+ T4p01E§~1,
+ T5n01 £-1+ T5n00 £°0 + T5p0l1 £°1,
T6 -» T6n03 £~ -3 +T6n02 £~ -2 + T6n01l £~ -1+ T6n00 £°0 + T6p0l £~1,
+
+

T3 » T3n03 £"-3 +T3n02 " -2
T4 » T4n03 £"-3 +T4n02 §" -2
T5 » T5n03 §°-3 +T5n02 £~ -2

T7 -» T7Tn03 " -3 +TTn02 " -2
T8 » T8n03 £" -3 +T8n02 " -2

T7n01 £ -1+ T7n00 £°0 + T7p01 £°1,
T8nO1 £" -1+ T8n0O £°0 + T8pO1 £~ 1};
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Note we are using a different set of assumptions regarding which parameters are small,
“subsmallLowSexHighRec”, than in the previous section.

UseTheseAssumptionsOfSmallness = subsmallLowSexHighRec

n
{q—>q§, hsehsg,aego,ne—}
53

SoFar = {};

fl[x_, toorder_] := Series[x /. subTinBits /. subTransitions /. subl /.
UseTheseAssumptionsOfSmallness //. SoFar, {§, 0, toorder}]

eqszl = {fl[eqs[[1]], -3], f1l[eqs[[2]], -3], f1l[eqgs[[3]], -3], fl[eqgs[[4]], -3],
flleqs[[5]], -3], fl[eqs[[6]], -3], fl[eqs[[7]], -3], fl[eqs[[8]], -3]}

Normal[%] /. £ > 1 // Simplify

ans = Solve[eqgsZl, {T1n03, T2n03, T3n03, T4n03, T5n03, T6n03, T7n03, T8n03}]

T1ln03 - T3n03 1

{ + =0,
&3 o[g]®

1 1

— (T2n03 - (hs T1n03 +r T4n03 o- (-1+r) T5n030) / (hs+0)) + =0,

& o[el?

1 1 -T3n03 + T4n03 1
—(T3n03 - T4n03 + r T4n03 - r T5n03) + =0, + =0,
& o[el? & o[&]?
T5n03 - RTINS ~T4n03 + T6n03 1

4 == 0, 4 == ,
g3 o0[&)? & o[g)?

1 1

— (T7n03 - (hs T4n03 + r T6n03 0+ T5n03 (hs+0)) / (2hs+o0+r0)) + =0,
& o[&l?

-hs T5n03-r T7n03 o
T8n03 + T 1
+ == 0}
&l o[&1?
{T1n03 == T3n03, T2n03 == (hs T1n03 + (r (T4n03 - T5n03) + T5n03) o),
hs+o
hs T3n03 + r T4n03 o

T3n03 + r T4n03 == T4n03 + r T5n03, T3n03 == T4n03, T5n03 == ’

hs+ro
T4n03 == T6n03, T7n03 == (hs (T4n03 + T5n03) + (T5n03 + r T6n03) o) / (2hs+o0+r o),

hs T5n03 + r T7n03 o
T8n03 == }

hs+ro

: Equationsnaynotgivesolutiongorall "solve variables>

{{T1n03 - T3n03, T2n03 - T3n03, T4n03 » T3n03,
T5n03 - T3n03, T6én03 -» T3n03, T7n03 - T3n03, T8n03 —» T3n03}}
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SoFar = Join[SoFar, ans[[1]]];

eqsZl = {fl[eqs[[1]], -2], f1[eqas[[2]], -2], f1[eqas[[3]], -2], f1[eqgs[[4]], -2],
flleqs[[5]], -2], fl[eqs[[6]], -2], fl[eqs[[7]1], -2], f1[eqs[[8]], -2]}
Normal[%] /. § > 1 // Simplify

ans =

Solve[eqgsZzl, {T1n02, T2n02, T3n03, T4n02, T5n02, T6n02, T7n02, T8n02}] // Simplify
T1ln02 - T3n02 1

+ =0,
& 0[¢&]
1 1
— (T2n02 + (-hs T1ln02 - r T4n02 0 - T5n02 o+ r T5n02 o) / (hs+0)) + =0,
1 1
—2(T3n02+ (-2n+T3n03-4ngqT4n020+4ngrT4n020-4ngrT5n020) / (4nqo)) + =
S 0[¢]
_T3n02 + T4n02 1 T5n02 + —hsT3nhOSZ+—rr(;I‘4n020 1
' + =0, + =0,
&? 0[¢] & 0[¢&]
1
— (Tén02 + (T3n03-4hsngT4n02-4ngT4n020) / (4ng (hs+0))) + =0,
3 0[¢]
1
— (T7n02 + (-hs T4n02 - hs T5n02 - T5n02 o -r Tén020) / (2hs+o0o+r o)) + =0,
1 1
— (T8n02 + (T3n03-4hsngT5n02-4ngqrT7/n020) / (dng (hs+ro))) + = 0}
{T1n02 = T3n02, T2n02 == (hs T1n02 + (r (T4n02 - T5n02) + T5n02) o),
hs+o
(T3n03+n (-2+4q9 (T3n02+ (-1+r) T4n02 - r T5n02) o)) == 0, T3n02 == T4n02,
ngo
hs T3n02 + r T4n02 o
T5n02 = ;, (-T3n03+4ngq (T4n02 -T6n02) (hs+o0)) / (nq (hs+0)) =10,

hs+ro
T7n02 = (hs (T4n02 + T5n02) + (T5n02 + r T6n02) o) / (2hs+o0+r o),

T8n02 + (T3n03-4hsngT5n02-4ngqrT/n020) / (4dhsng+4ngro) = }

{{T1n02 > T3n02, T2n02 - T3n02, T3n03 - 2 n, T4n02 - T3n02,
T5n02 - T3n02, T6én02 - (-1+2hsgT3n02+29gT3n020) / (2q (hs+0)),
T7n02 - (4hs? qT3n02+2hsq (3+r) T3n020+0 (2qT3n020+r (-1+2qT3n020))) /
(2q (hs+0) (2hs+0+ro)), T8n02 > (4 hs®> g T3n02 +
hs? (-2+6q (1+1) T3n020) +0® (-1+r (-1+2qT3n020) +r® (-1+2qgT3n020)) +
hso (-3+2qT3n020+2qr’T3n020+r (-1+8qT3n020)))/
(2q (hs +0) (hs+ro) (2hs+o+ro))}}

SoFar = Join[SoFar, ans[[1]]];
eqszl = {fl[eqs[[1]], -1], f1[eqs[[2]], -1], f1[eqs[[3]], -1], fl[eqs[[4]], -1],
flleqs[[5]], -1]1, fl[eqs[[6]], -1]1, fl[eqs[[7]], -1], f1l[eqs[[8]], -1]}
Normal[%] /. § > 1 // Simplify
ans =
Solve[eqgsZl, {T1n0l1l, T2n01l, T3n02, T4n0l, T5n01, T6n0l, T7n0l1l, T8nO1l}] // Simplify

-1-T3n01l o
T1n01 + -1-F3001c

3
(T2n01+ (74 hs?-4hs3TIn0l1-2hso-2hsro-4hsr?0c-2hs?T1ln0lo-6hs?r T1ln0l o-

+0[&]1% =0,

m | =

4hs?’rT4n01o-4hs?T5n01 0+4hs?rT5n0lo-ro?-2rdc?-2hsrTln0l o? -
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2hs r? T1n01 0 - 2 hs r T4n01 0® - 6 hs r? T4n01 0® - 2 hs T5n01 0 - 4 hs r T5n01 o2 +
6 hs r> T5n01 0® - 2 r> T4n01 ¢ - 2 r3 T4n01 0® - 2 r T5n01 o° + 2 r3 T5n01 03)/
(2 (hs+0) (hs+ro) (2hs+o+ro0))) +0[£]° =0,

1
—(T3n01+ (4ng+T3n02-4ngT4n0lo+4ngrT4n0lo-4ngrT5n0l10)/ (4ngqgo)) +

3
0[&1% =0,
1
— (T4n01+ (-4 hs?-4hs®T3n01-4hso-4hsro-10hs?T3n0l o-2 hs? r T3n0l o -
g
0?-2ro?>-8hsT3n010?-4hsrT3n0lo?-2T3n010°-2rT3n01 03)/
(2 (hs+0)? (2hs+o+ro0))) +0[E]% =0,
1
- (T5n01+ (74 hs®-4hs*T3n01-6hs?0-4hs?ro-6hs®T3n010-6hs®r T3n0lo-
3

4hs®rT4n0l1o0-2hso?-4hsro?-2hsr?o?-2hs?T3n01 0®>-8hs? r T3n01 o2 -
2hs? r? T3n01 0®> - 6 hs? r T4n01 0® - 6 hs? r? T4n01 6> - r 0> - 2 hs r T3n01 o3 -

2hs r? T3n01 0> -2 hs r T4n01 ¢ - 8 hs r? T4n01 o> - 2 hs r3 T4n01 &° -
2r’T4n010*-2r®T4n010*) /(2 (hs+0) (hs+ro)? (2hs+o+ro))) +0[£]° =0,

T6n01+ (-2hs-12hs®ng+4hs?qT3n02-16hs®nqg? T4n01-0-22hs’nqo-ro-
q q q

m | =

6hs?’ngro-8hsng’ro+6hsqgT3n02c0+2hsgr T3n02 o-40 hs? ng? T4n01 o -
8hs?ng?rT4n0lo-20hsngo®’-8hsngro?-4ng®ro®+2qgT3n020°+
2grT3n020°-32hsng?T4n010®>-16hsng?rT4n0l o’ -6ngo’-6nqgro’ -
8ng’T4n010°-8ng°rT4n0lc®) / (8ng® (hs+0)? (2hs+o+ro)))+0[£]° =0,

(T7n01+ (-8hs’ng®-8hs*ng® T4n01-8hs*ng® T5n01-12hs’ng’oc-hsro+

m | =

2hs®ngro-4hs?ng?ro-12hs®ng? T4n01o-12hs*ng? r T4n01l o -
20hs®ng?T5n010-12hs®>ng? r T5n01 0-8hs®ng? r T6n01 o-4 hsnqg? o? +
8hs’ngro’-8hsng?ro?-r?oc?+6hs’ngr?o®-4hs?ng?T4n01 o - 16 hs? n g2
r T4n01 o? - 4 hs?ng? r? T4n01 0® - 16 hs? n g? T5n01 0 - 28 hs? ng? r T5n01 o? -
4hs’ng?r?T5n0102-12hs?ng?rT6n010®-12hs?nqg? r?T6n01c*+2hsnqgro® -
2ng’ro®+12hsngr?c®+4hsngr®c®-4hsnqg?rT4n0l o®> -4 hsng? r? T4n0l o° -
4hsng?T5n010°-20hsng?rT5n010°-8hsng?r?T5n01c0°-4hsng?rTéndl o’ -
16 hsng?r?Tén0l1c®-4hsng?r®Tén0lo®+2ngriot+4ngrdo®-
4ng?rT5n0lc*-4ng?r?Ts5n0l10*-4nqg®r?Tén0loc*-4nqg?r®Ténol 04)/

(4ng® (hs+0) (hs+ro) (2hs+o+ro0)?)) +0[£]° =0,

(T8n01+ (-2hs?-12hs*ng+4hs®qT3n02-16 hs*ng? T5n01-3 hso-18hs’nqo-hsro-

m | =

22hs®ngqro-8hs?ng?ro+6hs?qT3n02 0+ 6 hs?qr T3n02 o-24 hs3>ng?T5n010-
24hs®ng?rT5n0lo-16hs>ng?r T7n0l o-0?-6hs?nqo®-ro?-30hs?nqro? -
12hsng’ro®-r?o?-22hs?nqgr?c®?+2hsqT3n020? +8hs qr T3n02 o® +
2hs qr?T3n02 o?-8hs?nqg? T5n01 0® - 32 hs®?nqg? r T5n01 0® - 8 hs? n g? r? T5n01 o° -
24hs?’ng?rT/n01c®>-24hs? ng?r? T7n01 c*-8hsngro’-4ng?ro’ -
24hsnqr?c®-4nqg’r’c®-4hsnqr’c®+2qrT3n020°+2qr?T3n020°-8hsn
ag’rT5n01c>-8hsng?r?Tsn01c0®-8hsng?rT7n0l o° -32hsng?r?T7n0l o’ -
8hsng’r’T7n01o0’-6nqgr’o*-4nqrio’-8ng’r’? T7n0l o* -8nqg” r’ T7n01 o*) /
(8ng® (hs+0) (hs+ro)? (2hs+o+ro))) +0[£]% =0}
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1
{T1n01 = T3n01 + —, (4 hs® (T1n01 - T2n01) +
O

r o? (1—2T2n01 o+2r (-T2n01 + T4n01) o+ 2 T5n01 o+ 2 r? (1+ T4n0l1l o-T5n01 a)) +
2hs? (-3 (1+r) T2n01 0+ T1n0l (c+3ro) +2 (1+r (T4n0l1 - T5n01) o+ T5n01 o)) +
2hs o (1-T2n01 0+ T5n01 0+ r? (2+T1n0l o-T2n01l o+ 3 T4n0l o -3 T5n01 0) +

r (1+T1n0l 0-4T2n0l o+ T4n0lo+2T5n010))) /

((hs+o0) (hs+ro) (2hs+o+ro)) =0, T3n0l+ (-1+r) T4n01 +

T3n02

G S r T5n01,

40
T4n01 = (4 hs®T3n01+4hso (1+r+2T3n0lo+rT3n0l0) +2hs® (2+ (5+r) T3n0lo) +
0? (1+2T3n010+2r (1+T3n010))) /(2 (hs+0)? (2hs+o+ro0)),
(4 hs* (T3n01-T5n01) +ro® (1+2r (T4n01-T5n01) o+2r? (T4n0l - T5n01) o) +
2hs® (2+3 (1+r) T3n01 0+ 2r T4n0l o-3T5n01 c-5r T5n01 o) +
2hs? 0 (3+T3n01 o+ r* (T3n01 + 3 T4n01 - 4 T5n01) o - T5n01 o +
r (2+4T3n010+3T4n01l0-7T5n010)) +2hso® (1+r® (T4n0l-T5n01) o+
r? (1+T3n010+4T4n01 0-5T5n010) +r (2+T3n01 0+ T4n0lo-2T5n010))) /
((hs+0) (hs+ro) (2hs+o+ro0)) =0, (4hs’ng (3+4q (T4n01l-T6n0l)) +
2hs?q (-2T3n02+n (11+r (3+4q (T4n01 -T6n01)) + 20 q (T4n01 - T6n01)) o) +

2hs (1-g (3+r) T3n020+
2nqo ((5+2r)0c+2g (r+4T4n0loc+2rT4n0l1oc-4Té6n0loc-2rT6n0lo))) +

o (1+8nqg® (T4n01-T6n01) 0> -2qo (T3n02-3no) +
r(1-29qT3n020+2nqo (30+q (2+4T4n0lo-4Tén0lo)))))/
(ng (hs+0) (2hs+o+ro)) =0, (8 hs*ng® (T4n01 +T5n01-2T7n01) +2hs’ngq (-ro+
2g(2+3 (1+r) T4n0lo+ (5+3r) T5n01 0+2r T6n0l1 o-8T7n0lo-8r T7n0l10)) +
ro® (4nqr® (-1+q (T6n01-T7n01)) 0> +2ng”o (1+2T5n01 0-2T7n010) +
r(l+2nq (-1+2gq (T5n01+T6n0l-2T7n01)) 0o°)) +2hs’nqgo
(-r (4+3r) 0+2q (3+T4n01 0+4T5n01 0+ r” (T4n0l + T5n01 +3 T6n01-5T7n01) o -
5T7n0lo+r (1+4T4n0lo+7T5n01 0+ 3 T6n0lo-14T7n0lo))) +
hso (4ngr? (-3+q (T4n01 +2 T5n01 + 4 T6n01 - 7 T7n01)) o® +
4nqgrd® (-1+q (T6n0l1-T7n01)) 6> +4nqg?o (1+T5n01 c-T7n01 o) +
r(l+2nqo (-0+2q (2+T4n0l o+5T5n01 0+ Tén0lo-7T7n010))))) /
(ng (hs+0) (hs+ro) (2hs+o+ro)) =0,
(4hs4nq(3+4q(T5n01—T8nOl))+2hs3q(—2T3n02+
n(r (11+4q (3T5n01+2T7n01-5T8n01)) +3 (3+4q (T5n01 - T8n01))) o) + hs?
(2-6q (1+r) T3n020+2nqgo ((3+15r+11r?) o+4q (r® (T5n01+3 T7n01 - 4 T8n01)
o+ (T5n01 - T8n01) o+ r (1+4T5n01 0+ 3 T7n0l o-7 T8n0lo)))) +
hso (3-2qT3n020+4nqgr’ (1+2q (T7n01-T8n01)) o®+
2gr?2c (-T3n02+4n (3+q (T5n01 + 4 T7n01 - 5 T8n01)) o) +
r(1-8qT3n020+4nqo (20+q (3+2T5n010+2T7n010-4T8n0lo)))) +

o (1+4ngr® (1+2q (T7n01-T8n01)) o*+r (1+4ng®o0-2qT3n020) +
r’ (1-2qT3n020+2nqo (30+q (2+4T7n010-4T8n010))))) /
(ng (hs+0) (hs+ro) (2hs+o+ro)) =0}

1
{{T1n01 - T3n0l1 + —, T2n01 -
O

(4hs® (1+T3n010) +2hs® (3+5r) 0 (1+T3n0lo) +r (1+r) o* (1+2r’+2rT3n0lo) +
hso® (2+2r® (4+T3n010) +r (5+4T3n010) +2r* (4+5T3n010)) +
2hs?0® (3+T3n010+r? (6+4T3n010) +r (5+7T3n0l0)))/
(20(hs+0) (hs +r 0)? (2hs+o+ro)>,
T3n02 » - ((2hs?’nqg (2hs?+ (1+4r?) 0*+2hs (0+2ro))) /((hs+0)? (hs+ro)?)),



38 | CoalescentWithBackgroundSelectionV6forSupMat.nb

T4n01 > (4hs3 T3n01+4 hs o i1+r+2'T3n01 o+rT3n01 o>'421{s2 (2+ (5+71) T3n01/clf) +
0> (1+2T3n0lo+2r (1+T3n010))) /(2 (hs+0)® (2hs+o+ro)), T5n01 -
(4 hs®>T3n01+2hs* (2+5 (1+r) T3n0l0) +ro* (1+r+2rT3n0lo+2r? (1+T3n0l0)) +
2hs’0 (5+4T3n010+4r*T3n0lo+4r (1+3T3n0l0)) +
2hso® (1+2r® (1+T3n010) +r (3+2T3n010) +r* (4+6T3n010)) +
2hs?0? (4+T3n010+r’T3n0lo+r® (5+9T3n010) +r (6+9T3n010))) /
(2 (hs+0)? (hs+ro)? (2hs+o+ro0)),
T6n01 > (4hs®nq (3+4qT3n01) +2hs’nq ((17+15r) o+4q (4+ (7+5r) T3n0l0)) +
r’o* (1+2nqo(2q+30+49gT3n0lo)+r (1+2nqo (6g+30+4gT3n0lo))) +
hs’c (3+2nqr?® (3+4qT3n01) 0> +2nqo (18q+130+209qT3n0lo0) +2nqgr’o
(31c+q (56 +52T3n010)) +r (5+2nq0(62q+490+84qT3n01o))) +2 hs* <1+
ngo ((21+41r+12r®) 0+4q (7+12r+9T3n01 0+ 17 rT3n0lo+4 r?T3n0lo))) +
hs? o? (1+2nqo(4q+30+4qT3n01o) +2nqrio (7o+4q (5+3T3n010)) +
r(7+2nqo (28g+290+449qT3n0lo)) +
2r?2 (2+5nqo (70+12¢g (1+T3n010)))) +hsrod
(2 (1+2nqo (2gq+30+49gT3n0lo)) +r (5+2ngo (22g+190+28gT3n0lo)) +
r’ (1+2nqo (70+6q (3+2T3n010)))))/
(8ng® (hs+0)* (hs+ro)? (2hs+o+ro)), T7n0l -
(32hs7nq2T3n01+8hs6nq (ro+2q (3+8T3n010+6rT3n0lo)) +
2hs’nqo (r (5+7r) 0+4q (20+17r+25T3n010+46rT3n0l o+ 13r’T3n0l0)) +
ro® (4nq20+8nq2ro(l+T3nOlo) +r3(1+2ngo (6g-0+4qT3n0lo)) +
r’ (3+2nqo (6q+0+8qT3n0lo))) +
hs’o® (2nqgr! (-1+49gT3n01) 0> +4ng®o (39+14T3n0l0) +
2nqric (-50+89g (9+10T3n010)) +r (7+2nqgo (176 g+0+192gT3n0l0)) +
r’ (9+2nqo (174q-30+256qT3n0l0))) +
hso* (8ng®o+4ng’ro (11+4T3n010) +r® (6+4nqo (19g+0+22qT3n0lo)) +r
(l1+2nqo (-50+6q (3+2T3n010))) +r3 (9+2nq0(—o+6q(7+8T3n010)))) +
2hs*o (2ngr® (1+12qT3n01) o®*+2ng’o (55+38T3n010) +
ngr’o(50+4q (24+47T3n010)) +r (2+nqo (0+4q (43+68T3n010)))> +
hs? o3 (8nq20(7+T3n01o) +2nqr*o (-50+4q (5+3T3n010)) +
r(3+2nqo (90g+0+64gT3n0lo)) +2r3 (3+ngqo (92g-90+96gT3n0lo)) +
r’ (15+2nqo (0+2q (61+80T3n010)))))/
(8ng* (hs+0)® (hs+ro)? (2hs+o+ro)?), T8n0l -
<8hsan (3+49gT3n01) +16hs’ng ((6+5r) 0+q (4+8 (1L+r) T3n0lo)) +
ro® (1+r (2+8nq20) +r* (1+2nqo (6g+0+4qT3n0lo)) +
4r’ (1+nqo (4q+30+49qT3n0lo))+2r* (l+nqo (8q+30+49gT3n0lo))) +
hs? o3 (19+2nqr5 (1+49gT3n01) 02+2nqo (42g+30+4gT3n0l o) +
2ngr*o (490+q (88+92T3n0lo)) +r? (29+8nqgo (106g+510+88gT3n0lo)) +
r (43+2nqo (228g+550+92gT3n0l0)) +
r’ (13+4nqo (159g+1040+176qT3n010))) +2hs® (2+nqgo
((75+154r+65r®) o+4q (28+30r+25T3n010+62rT3n0lo+25r’T3n0l0))) +
hs o° (1+r (9+16nq20> +2r? (6+nqo (44q+70+12gT3n0l o)) +
r* (11+2nqo (50q+290+52qT3n0l0)) +
2r3 (7+nqo (64q+350+52qT3n0l0)) +1r° (1+2nqo(o+6q(3+2T3n01o)))) n
hs?o* (7+12ng°0+2nqr’o (0+4q (5+3T3n0l0)) +
r (29+2nqo (68g+70+12gqT3n0lo)) +
2r? (14+3nqo (64q+210+36qT3n0l0)) +r3 (25+4ngo
(630+104q (1+T3n010))) +r* (7+2nqgo (530+6q (19+18T3n010)))) +
hs*o? (25+2nqgr* (19+289T3n01) 0>+2nqo (210+49 (29+7T3n010)) +2ng
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r3\o(169o+4q (44 +67T3n010)) +r (30+2ngqo (163 0+4q9g (97+67T3n010))) +
r® (11+4nqgo (1550+3q (79+88T3n010)))) +
2hs®o (8+nqr® (55+76qT3n0l) o> +nqo (160g+570+769T3n0l0) +ngr’
0 (2270+12q (17+31T3n010)) +r (4+nqgo (2290+4q (85+93T3n010))))) /
(8ng® (hs+0)® (hs+ro)® (2hs+o+r0)?)}}

SoFar = Join[SoFar, ans[[1]]]

{T1n03 > T3n03, T2n03 - T3n03, T4n03 - T3n03, T5n03 - T3n03, T6n03 - T3n03,
T7n03 > T3n03, T8n03 - T3n03, T1n02 - T3n02, T2n02 - T3n02, T3n03 > 2 n,
T4n02 - T3n02, T5n02 - T3n02, T6n02 > (-1 +2hsgT3n02+2gT3n020) / (2q (hs+0)),
T7n02 > (4 hs? qT3n02+2hsq (3+r) T3n020+0 (2qT3n020+r (-1+2qT3n020))) /
(2q (hs+0) (2hs+o0+ro)), T8n02 > (4 hs® gT3n02 +
hs? (-2+6q (1+r) T3n020) +0® (-1+r (-1+2qgT3n020) +r® (-1+2qT3n020)) +
hso (-3+2qT3n020+2qr’T3n020+r (-1+8qT3n020)))/
(29 (hs+0) (hs+ro) (2hs+o+r0)),TanlaT3n01+£, T2n01 >
(0}
(4hs* (1+T3n010) +2hs® (3+5r) 0 (1+T3n0lo) +r (1+r)o* (1+2r+2rT3n0lo) +
hso® (2+2r® (4+T3n010) +r (5+4T3n010) +2r (4+5T3n0l0)) +
2hs®0? (3+T3n010+r? (6+4T3n0l0) +r (5+7T3n0l0))) /
(20(hs+0) (hs+r0)2(2hs+<j+r0)),
T3n02 > - ((2hs’nq (2hs?+ (1+4r?) 0®+2hs (0+2ro0))) /((hs+0)? (hs+ro0)?)),
T4n01 - (4 hs® T3n01+4hso (1+r+2T3n0l o+ rT3n0l o) +2hs® (2+ (5+1r) T3n0l o) +
0? (1+2T3n010+2r (1+T3n010))) /(2 (hs+0)? (2hs+o+ro)), T5n01 >
(4hs®T3n01+2hs* (2+5 (1+r) T3n0lo) +ro® (1+r+2rT3n0lo+2r? (1+T3n0lo)) +
2hs’ 0 (5+4T3n010+4r’T3n0lo+4r (1+3T3n0l0)) +
2hso® (1+2r® (1+T3n010) +r (3+2T3n010) +r? (4+6T3n0l0)) +
2hs®0? (4+T3n010+r’T3n0lo+r® (5+9T3n010) +r (6+9T3n010))) /
(2 (hs+0)? (hs+ro)? (2hs+o+r o)),
T6n01 > (4hs®nq (3+4qT3n01) +2hs’nq ((17+15r) o+4q (4+ (7+5r) T3n0l0)) +
r?’c* (1+2nqo(2q+30+49gT3n0lo)+r (1+2nqgo (6g+30+4gT3n0lo))) +
hs*o (3+2nqr’® (3+49T3n01) 0> +2nqo (18q+130+209T3n0l0) +2ngr’o
(310+q (56+52T3n010)) +r (5+2nqo (62q+490+84qT3n0l0))) +2hs*
(l+ngo ((21+41r+12r%) 0+4q (7+12r+9T3n010+17rT3n0lo+4r*T3n0lo))) +
hs®0? (1+2nqo (49q+30+4qT3n0l0) +2nqgr’o (70+4q(5+3T3n010)) +r
(7+2nqo (28q+290+44qT3n0l10)) +2 r? (2+5nqo(7o+12q(1+T3n01o))))+
hs r &3 (2 (l1+2nqo (2g+30+49qT3n0lo)) +r (5+2nqgo (22g+190+289gT3n0lo)) +
r’ (1+2nqo (70+6q (3+2T3n010)))))/
(8 ng® (hs+0)* (hs+ro)? (2hs+o+ro)), T7n0l -
(32hs”"ng”’ T3n01+8hs®nqg (ro+2q (3+8T3n010+6rT3n0lo)) +
2hs’nqo (r(5+7r) 0+4q (20+17r+25T3n01 0+46 r T3n01 o+ 13 r’>T3n0lo)) +
ro’ (4ng®o+8ng’ro (1+T3n0l0) +r’ (1+2nqo (6q-0+4qT3n0lo)) +
r’ (3+2nqo (6gq+0+8gT3n0lo))) +
hs’o0® (2nqgr® (-1+49T3n01) 0> +4ng”o (39+14T3n0l0) +
2nqric (-50+89 (9+10T3n010)) +r (7+2nqo (176 g+ o+ 192 qT3n0l o)) +
r’ (9+2nqo (174q-30+256qT3n0l0))) +
hso* (8ng®o+4ng’ro (11+4T3n010) +r® (6+4nqo (19g+0+22qT3n0lo)) +
r* (1+2nqo (-50+6q (3+2T3n010))) +r>(9+2nqo (-0+6q (7+8T3n010)))) +
2hs*o (2nqr® (1+129T3n01) 6®+2ng? o (55+38T3n0l0) +
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nq£20<5o+4q(24+47T3n01o)> +r (2+nqo (0+4q (43+68T3n010)))) +
hs?o® (8ng® o (7+T3n010) +2ngrio (-50+4q (5+3T3n010)) +
r (3+2nqgo (90g+0+64gT3n010)) +2r® (3+ngqo (92g-90+96qT3n0lo)) +
r’ (15+2nqo (0+2q (61+80T3n010))))) /
(8ng® (hs+0)? (hs+ro)? (2hs+o+ro)?), T8n0l -
(8hs®nqg (3+4qT3n01) +16hs’nq ((6+5r) o+q (4+8 (L+r) T3n0lo)) +
r of (l+r <2+8nq20) +r* (1+2ngqo (6gq+0c+4gT3n0lo)) +
4r’ (1+nqo (49+30+4qT3n0l0)) +2r? (l+nqo (8gq+30+49gT3n0lo))) +
hs? o3 (19+2nqr5 (1+49gT3n01) 0?+2nqo (42q+30+4gT3n0lo0) +
2nqgrfoc (490+q (88+92T3n010)) +r? (29+8nqgo (106g+510+88gT3n0lo)) +
r (43+2nqo (228g+550+929gT3n0l10)) +
r’ (13+4nqo (159q+1040+176 qT3n010))) +2hs® (2+nqgo
((75+154r+65r?) 0+4q (28+30r+25T3n01 0+62r T3n01l o+25r°T3n0lo))) +
hso® (1+r (9+16ng”o) +2r? (6+nqo (44q+70+12qT3n0l0)) +r*
(11+2nqo (509+290+52qT3n010)) +2r3 (7+ngo (64g+350+52gT3n0lo)) +
r’ (1+2nqo (0+649 (3+2T3n010)))) +hs’0* (7+12ng*o+
2nqgr’oc (c+4q(5+3T3n010)) +r (29+2ngo (68g+70+12qT3n0lo)) +
2r? (14+3nqo (64q+210+36qT3n0lo)) +r3 (25+4nqo
(630+104q (1+T3n010))) +r* (7+2nqgo (530+6q (19+18T3n010)))) +
hs*o? (25+2nqgr® (19+28qT3n01) 0*>+2nqo (21o+4q (29+7T3n010)) +2n
qr30(1690+4q (44 +67T3n010)) +r (30+2ngqo (163 0+4q9g (97+67T3n010))) +
r’? (11+4nqo (1550+3q (79 +88T3n010)))) +
2hsSO(8+nqr3 (55+76 qT3n01) 0> +nqo (160g+570+76qT3n0lc) +nqgr?
0 (2270+12q (17+31T3n010)) +r (4+nqgo (2290+4q (85+93T3n010))))) /

(8nq2 (hs+0)3 (hs+ro)?3 (2hs+0+r0)2)}

finalAns = Simplify[
Series[{Tl1, T2, T3, T4, T5, T6, T7, T8} /. subTinBits //. SoFar, {§, 0, -2}]]
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{2—?—<2<hsznq<2hsz+<l+4r2)02+2hs(o+2r0)>))/(((hs+o)2(hs+ro)2)§2)+ ! ,
3 0[¢]
2 (2(ns’nq(2hs?+ (14472 0?4 2hs (0+210)])) /([ (hs+0)? (hs+ro)?) &%)+ ——,
3 0[¢]
2—?—(2 (hsznq(Zhs2+(1+4r2)02+2hs(o+2ro))))/(<(hs+o)2(hs+ro)2)§2)+;,
g o[¢]
2—3n—(2 (hs?’ngq (2hs®+ (1+4r?) o*+2hs (0+2r0)))) / (((hs+0)? (hs+ro0)?) &%) + ! ,
3 o[¢]
2—:—<2 (hsznq<2hsz+(l+4r2)02+2hs(O+2ro))))/(<(hs+o)2(hs+ro)2)§2)+ ! ,
g 0[¢]
2—?—(8hs4nq2+hsr(2+r)02+r203+h520(1+2r+4nq20+16nq2r20)+
g

hs3<1+8nq2(1+2r)0)>/(2<q(hs+0)2(hs+ro)2>§2)+L,

0[¢]

2—?—(16hs5nq2+8hs4nq2 (3+5r) c+hsr? (2+r) cd+riot+
g

hs30(r+16nq2o+24nq2ro+48nq2rzo)+

hs? o2 (r+4nq2o+4nq2r0+16nq2r3o+2r2(1+8nq20)))/

(2(q<hs+o)2(hs+ro)2(2hs+o+ro))§2)+i,

0[¢]

—3—(16hsan2+hs<l+5r+3r2+r3)o3+r(1+r+r2)o4+
3

hs* (2+8nqg®* (3+5r) o) +hs’o (5+16nqg*0+48nqg°r’o+3r (1+8nqg’o)) +
hs?o? (4+4ng’o+16ng°r’o+r (7+4ng’o) +2r’ (1+8nq20>))/
1

0[¢]

(2 (g (hs+0)? (hs+r0)? (2hs+o+r0)) E%) +

This result is equivalent to the prettier form shown in the main text.

(Normal[finalAns[[1]]] /. £~ 1) -

[Zn [1- % ((2+ (2+4r) ¢+ (1+4r2) ¢2)/(1+¢)2)] /. ¢—>c/hs] // Simplify

1+;—:)

0

As given in equation 5, the coalescence time for two randomly chosen alleles is

Simplify[Series[(1/n) (F11T1 + F12T2) + (1-1/n)
(F1172T3 + F11F12 (T4 +T5) +F12°2 ((1/4) T6+ (1/2) T7+ (1/4) T8)) /. subl /.
UseTheseAssumptionsOfSmallness /. subTinBits //. SoFar, {&, 0, -2}]]

(xcheck equivalence with equation 5%)
(Normal[%] /. §-» 1) -

[Zn l—ﬁ((2+(2+4r)¢+(1+4r2)¢2)/(1+¢)2)] /.¢—>cr/hs] // simplify
1+322
hs

z—n—(z (hs’ng (2hs®+ (1+4r%) o*+2hs (0+2r0)))) /(((hs+0)? (hs+ro)?) §2)+L

§3

0[¢]
0
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Analysis assuming low sex and low recombination:

a,r~0O(¢), n~0O(3)

See “Analysis assuming high sex and low recombination” for an explanation of how the analysis is
done.

subTinBits = {T1 -» T1n03 £"-3 +T1n02 £"-2 + T1n01 £”-1+ T1n00 £°0+ T1p0l £°1,
T2 » T2n03 £7-3 +T2n02 £”-2 + T2n01 £~ -1+ T2n00 £°0 + T2p01 £ 1,
T3 > T3n03 £7-3 +T3n02£”-2 + T3n01 -1+ T3n00 £70 + T3p0l "1,
T4 - T4n03 £°-3 +T4n02 £”-2 + T4n01 £~ -1+ T4n00 £°0 + T4p0l £°1,
T5 - T5n03 £° -3 +T5n02 £~ -2 + T5n01 £ -1+ T5n00 £°0 + T5p01 £"1,
T6 -» T6n03 £~ -3 +T6n02 £~ -2 + T6n0l £~ -1+ T6n00 £°0+ T6p0l £ 1,
T7 » T7n03 £ -3 +TTn02 £ -2 + TTn01l £ -1+ TTn00 £°0 + TTp01 £"1,
T8 -» T8n03 £°-3 +T8n02 £"-2 + T8nO1l £" -1+ T8nOO £°0 + T8pO1 £~ 1};

Note we are using a different set of assumptions regarding which parameters are small,
“subsmallLowSexLowRec”, than in the previous section.

UseTheseAssumptionsOfSmallness = subsmallLowSexLowRec

n
{q—>q§, hs shs ¢, 0-€80, r>ré, n-> —3}
3

SoFar = {};

fl[x_, toorder_] := Series[x /. subTinBits /. subTransitions /. subl /.
UseTheseAssumptionsOfSmallness //. SoFar, {§, 0, toorder}]

eqszl = {fl[eqs[[1]], -3], f1l[eqs[[2]], -3], fl[eqgs[[3]], -3], fl[eqgs[[4]], -3],
flleqs[[5]], -3], fl[eqs[[6]], -3], fl[eqs[[7]], -3], fl[eqs[[8]], -3]}

Normal[%] /. £ > 1 // Simplify

ans = Solve[eqgsZl, {T1n03, T2n03, T3n03, T4n03, T5n03, T6n03, T7n03, T8n03}]

hs T1 T
T2n03 — s T1n03+T5n03 o

T1n03 - T3n03 1 e 1 T3n03 - T4n03 1
{ " =0, + =0, + =0,
&3 0[&]? &3 0[&]2 &3 0[&]1?
~-T3n03 + T4n03 1 -T3n03 + T5n03 1 -T4n03 + T6n03 1
+ =0, + =0, + =0,
&3 0[&]? &3 0[&]? &3 0[&)?
T7n03 - ReTn030on03 (hero) 1 _T5n03 + T8n0O3 1
+ =0, + == }
g3 0[&]? &3 0[&]?
hs T1n03 + T5n03 o
{T1n03 = T3n03, T2n03 = , T3n03 == T4n03, T3n03 = T4n03, T3n03 == T5n03,
hs + o

T4n03 = T6n03, T7n03 == (hs (T4n03 + T5n03) + T5n03 o) / (2 hs + o), T5n03 == T8n03}

: Equationsnaynotgivesolutiondorall "solvé' variables>

{{T1n03 » T3n03, T2n03 - T3n03, T4n03 » T3n03,
T5n03 - T3n03, T6n03 » T3n03, T7n03 » T3n03, T8n03 » T3n03}}
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SoFar = Join[SoFar, ans[[1]]];
eqszl = {fl[eqs[[1]], -2], fl[eqs[[2]], -2], fl[eqgs[[3]], -2], fl[eqgs[[4]], -2],
flleqs[[5]], -2], fl[eqs[[6]], -2], fl[eqs[[7]], -2], fl[eqs[[8]], -2]}
Normal[%] /. § > 1 // Simplify
ans =
Solve[eqgsZzl, {T1n02, T2n02, T3n03, T4n02, T5n02, T6n02, T7n02, T8n02}] // Simplify
T1ln02 - T3n02 1
{ + == O,
&2 o[¢]

T2n02 + -hs T1n02-T5n02 o
hs+o

T3n02 + -2n+T3n03-4 ngT4nl02 o
1 4dnqgo 1
+ = O, + =0,

& 0[¢] &2 0[&]

-T3n02 + T4n02 1 -T3n02 + T5n02 1
+ =0, + —= 0,

& 0[&] &? 0o[¢]

1
—2(T6n02+ (T3n03-4hsngT4n02-4nqT4n020) / (dng (hs+0))) +
& 0[¢]

-0,

1

— (T7n02 + (-hs T4n02 - hs T5n02 - T5n020) / (2hs +0)) +
&2 0[¢]
T3n03-4 hs ng T5n02

= 4hsna +T8n02 1 }

&2 o[¢]
hs T1n02 + T5n02 o

{Tlnoz = T3n02, T2n02 == ,
hs + o

(T3n03+n (-2+4q9q (T3n02 -T4n02) o)) =0, T3n02 == T4n02,
nqo
T3n02 = T5n02, (-T3n03+4nq (T4n02 -T6n02) (hs+0)) / (ng (hs+0)) =0,

T3n03
T7n02 = (hs (T4n02 + T5n02) + T5n020) / (2hs+0), —— + T8n02 == T5n02}
4hsng

{{Tlnoz - T3n02, T2n02 - T3n02, T3n03 - 2 n, T4n02 - T3n02,
T5n02 - T3n02, T6n02 - (-1+2hsgT3n02+29gT3n020) / (2q (hs+0)),

T7n02 - T3n02, T8n02 - - + T3n02}}

2hsqg

SoFar = Join[SoFar, ans[[1]]];
eqsZl = {fl[eqs[[1]], -1], fl[eqs[[2]], -1], f1[eqs[[3]], -1], fl[eqs[[4]], -1],
fl[eqs[[5]], -1], fl[eqs[[6]], -1], f1l[eqs[[7]], -1], f1[eqs[[8]], -1]}
Normal[%] /. £ > 1 // Simplify
ans =
Solve[egsZzl, {T1n0l, T2n01l, T3n02, T4n0l, T5n01, T6n0l, T7n0l1l, T8nO1l}] // Simplify
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-1-T3n0l 0
T1n0l + —-130010

+0[&£]% =0,
g
-1-hs T1n01-T5n01 o 4ng+T3n02-4ngT4nl0l o
T2n01 + hsio . T3n01 + indo .
+0[&]1°% =0, +0[&]°% =0,
3 3
1 2 2 2 0
—(T4n01+ (-2hs-2hs®T3n01-0-4hs T3n010-2T3n010%) /(2 (hs+0)?)) +0[£]° =0,
3
—-hsT0L 4 r5n01
+0[&]1% =0,
3
1 1 2 2 2
— T6n01+—(—1—6hs ng+2hsgT3n02-8hs“ng“T4n0l1-8hsnqgo+
3 8ng? (hs +0)?

2gT3n020-16hsng’T4n0lo-6nqo’-8nqg® T4n0l o?) | +0[£]° =

- 14

1
—(T7n01+ (-2hsq-2hs? qT4n01-2hs? qT5n01-2qo+ro-2hs qT4n0l o-
g

4hsqT5n010-2qT5n010%) /(2q (hs+0) (2hs+0))) +0[£]° =0,

1—(T8n01+ (-1-6hs’ng+2hsqT3n02-8hs’ng’T5n01-4ngqro) /(8hs’nqg?)) +0[&]°

g
T3n02
1 1+hs T1n01 + T5n01 o 4+ g
{T1n01 = T3n01+ —, T2n01 = , T3n01l+ ———— == T4n01,
o hs +o0 40
T4n01 = (2hs +2hs® T3n01+0+4 hs T3n01 0+2T3n01 0%} / (2 (hs +0)?),
1 1
— +T3n01 == T5n01, T6n0l = —m———— (1+2 hs?ngq (3+4qT4n0l) +
hs 8ng? (hs+0)?2
8ng2T4n010?-29go (T3n02-3no0) +2hsqg (-T3n02+4n (1+2qgT4n01) o)),

1

(2hs®q (T4n01 + T5n01 - 2 T7n01) +
q (hs+0) (2hs+0)

2hsqg (1+T4n010+2T5n010-3T7n0l10) +0 (-r+29g (1+T5n010-T7n01 o))) =0,

1
ag t4TO  273n02
hs (6 +8q (T5n01 - T8n01)) + — }

hs n

1
{{T1n01 > T3n01+ —, T2n01 > (0® +hs? (1+T3n010) +hso (1+T3n0l0)) / (hso (hs+0)),
O

T3n02 - - ((2nq (2hs*+2hso+0?)) / (hs+0)?), T4n0l >

1
(2hs +2hs? T3n01+0+4 hs T3n01 0+2T3n010%) /(2 (hs+o0)?), T5n01 > — + T3n01,

hs
1

T6n0l > —————— (2hs’nq (3+4qT3n01) +2hs’ng (70+4q (2+3T3n0l0)) +
8ng? (hs+0)3

oc0(l+2nqo (4g+30+49gT3n0lo)) +hs (1+2nq0(7o+2q(5+6T3n01o)))),
T7n01 - (4 hs* qT3n01+2qo’+2hs’q (3+5T3n010) +hso® (-r+2q (4+T3n0l o)) +

hs®? o (-r+q (11+8T3n010))) /(2hsq (hs+0)? (2hs+0)),
1
T8n01l > (2hs*ng (3+4gT3n01) +0® (l+4ngro) +
8 hs?ng? (hs +0)?
2hso(l+2nq(3g+2r)o)+4hs’ng (30+4q (1+T3n0lo)) +
hs? (1+2nqo (2r+30+4q(3+T3n010))))}}
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SoFar = Join[SoFar, ans[[1]]]

{T1n03 - T3n03, T2n03 - T3n03, T4n03 - T3n03, T5n03 - T3n03, T6n03 - T3n03,
T7n03 > T3n03, T8n03 - T3n03, T1n02 — T3n02, T2n02 - T3n02, T3n03 - 2 n,
T4n02 - T3n02, T5n02 - T3n02, T6n02 > (-1+2hsqT3n02+2qT3n020) / (2q (hs+0)),

1
+T3n02, T1n0l - T3n01 + —,

2hsqg o
T2n01 - <02+hsz (1+T3n010) +hs o (1+T3n01 o))/(hso (hs +0)),

2nq (2hs?+2hs o+ 0?)

T7n02 - T3n02, T8n02 —» -

T3n02 - -

I

(hs + o) 2

1
T4n01 - (2 hs + 2 hs® T3n01 + o+ 4 hs T3n01 0+ 2 T3n01 0?) / (2 (hs +0)?), T5n01 > — + T3n01,
hs
1
T6n0l > —————— (2hs’nq (3+4qT3n01) +2hs’nqg (70+4q (2+3T3n010)) +
8nqg? (hs +0)3

c0(l+2nqo (49g+30+49gT3n0lo)) +hs (l+2ngo (70+2q (5+6T3n010)))),
T7n01 - (4 hs*qT3n01+2qgo°+2hs’>q (3+5T3n010) +hso? (-r+2q (4+T3n01 o)) +hs?

1
o(-r+q(11+8T3n010))) /(2hsq (hs+0)* (2hs+0)), T8nO1 -

8 hs?ng? (hs +0)?
(2hs*nq (3+4qT3n01) +0® (l1+4ngro)+2hso(l+2nqg (3q+2r) o) +
4hs®nqg (30+4q (1+T3n010)) +hs? (1+2nqo (2r+30+4q (3+T3n0l0))))}

finalAns = Simplify[

Series[{Tl1, T2, T3, T4, T5, T6, T7, T8} /. subTinBits //. SoFar, {§, 0, -2}]]

2n 1

— - (2 (nqg (2hs?+2hs o+ 0? (hs +0)2 &%) + ,

(22 (2 (na )/ )

22 (2 (ng(2hs?+2hso+o?))) / ((hs+0)? €2) + ——,

§3 [g}

2—n—<2 (ng (2hs*+2hso+0?))) / ((hs+0)? &%) + ! '

§3 o[g}

22 (2 (ng(2ns?+2hso+c?))) / ((hs+0)? £2) « ——,

53 0[&1

22 (2 (nq(2hs?+2hso+o?))) / ((hs+0)? €2) + ——,

2n 1

- (hs+8hs?ng?+0+8hsng?o+4ng?o? 2 (g (hs +0)2%) &2) «+ '

= )/ (2 ) &)+

2_n_<2 (nq(2hsz+2hso+02))>/((hs+o)2§2>+ ! ,

§3 o[§1

2n 1 1 4hs’ng 4hsngo 2ngo? 1 }

—+ — |- - - - +

g3 g2 2hsq (hs + 0)? 0[&]

_ 2+42¢+ ¢ N

(Normal[finalAns[[3]]] /. £>1) - [2n 1-q —————| /- ¢->0/hs|//Simplify

(1+9)

0

The coalescence time for two randomly chosen alleles is
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Simplify[Series[(1/n) (F11T1 + F12T2) + (1-1/n)
(F11*2T3+ F11F12 (T4+T5) +F1272 ((1/4) T6+ (1/2) T7+ (1/4) T8)) /. subl /.
UseTheseAssumptionsOfSmallness /. subTinBits //. SoFar, {§, O, —2}]]

(*check equivalencex)

2+2¢+ ¢? . .
(Normal[%] /. §-» 1) - [Zn [l-q —) /. ¢->c/hs] // Simplify
(1+¢)?
2n 2(nq<2hsz+2hso+02)) 1
—_— - +
g3 (hs +0)2 &2 0[&]

0

Analysis assuming very low sex and high recombination:
g~ O, r~O(l), n~O(r3)
This is where equation [7] in the text is derived.

See “Analysis assuming high sex and low recombination” for an explanation of how the analysis is
done.

subTinBits = {T1 > TIn03 £°-3 +TIn02&§"-2 + TIn01£7-1+ TInO0 70+ T1p01§™1,
T2 > T2n03 £°-3 +T2n02 7 -2 + T2n01 £7 -1+ T2n00 §70 + T2p01 §™°1,
T3 > T3n03 £7-3 +T3n02E"-2 + T3n01E7-1+ T3n0OOE"0+ T3p01E71,
T4 > T4n03 £°-3 +T4n02 7 -2 + T4n01 £7 -1+ T4n00 70+ T4p01E~1,
T5 > T5n03 §°-3 +T5n02 7 -2 + T5n01 £° -1+ T5n00 70+ T5p01§°1,
T6 - T6n03 £~ -3 +T6Nn02 -2 + T6n0l £° -1+ T6n0O0 70+ T6p01 §°1,
T7 - TTn03 £~ -3 +T7Tn02 £~ -2 + TTnO1 £~ -1+ TTn00 £°0+ T7p0l £°1,
T8 » T8n03 £~ -3 +T8n02 £~ -2 + T8nO1 £~ -1+ T8n0O £°0 + T8pOL £~ 1};

Note we are using a different set of assumptions regarding which parameters are small,
“subsmallLowSexLowRec”, than in the previous section.

UseTheseAssumptionsOfSmallness = subsmallLowLowSexHighRec

n

{a>q&, hs>hsg, 0560, n> —}
é‘3
SoFar = {};
fl1[x_, toorder_] := Series[x /. subTinBits /. subTransitions /. subl /.

UseTheseAssumptionsOfSmallness //. SoFar, {§, 0, toorder}]
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eqszl = {fl[eqs[[1]], -3], fl[eas[[2]], -3], f1l[eas[[3]], -3]1, fl[eqs[[4]], -3],
flleqs[[5]1], -3]1, fl[eas[[6]1], -3], fl[eqs[[7]1], -3], fl[eqs[[8]], -3]}
Normal[%] /. § > 1 // Simplify

ans = Solve[eqsZl, {T1n03, T2n03, T3n03, T4n03, T5n03, T6n03, T7n03, T8n03}]

{T1n03 - T3n03 1 0 -T1ln03 + T2n03 1
+ =0, + =0,
g o(g]? &l o[gl?
1 T1n03 1
—(T3n03—(n [1+ —2q(—1+r)T4n03o+2qu5n030))/(1+2nqo>)+ — o,
&3 2n o[&]?
-T3n03 + T4n03 1 -T3n03 + T5n03 1 -T4n03 + T6n03 1
+ == 0, + = 0, + == Ol
g3 0[&]? g o[g]? g o0[&)?
2 (-T4n03 - T5n03) + T7n03 1 _T5n03 + T8N03 1 |
+ == ’ + ==
& o0&l & o[&)?

{T1n03 = T3n03, T1ln03 = T2n03,
(-Tln03+2T3n03+n (-2+49g (T3n03 + (-1+r) T4n03 -r T5n03) o)) / (1+2nqo) =0,
T3n03 == T4n03, T3n03 == T5n03, T4n03 == T6n03, T4n03 + T5n03 == 2 T7n03, T5n03 == T8n03}

{{T1n03 - 2n, T2n03 - 2n, T3n03 » 2 n,
T4n03 - 2n, T5n03 > 2n, T6n03 > 2n, T7n03 - 2n, T8n03 > 2n}}
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SoFar

Join[SoFar, ans[[1]]]

eqszl = {fl[eqs[[1]], -2], fl[eqs[[2]], -2], fl[eqgs[[3]], -2], fl[eqgs[[4]], -2],
flleqs[[5]], -2], f1[eqs[[6]], -2], f£1[eqs[[7]], -2], f1[eqs[[8]], -2]}

Normal[%] /. § > 1 // Simplify

ans = Solve[eqsZl, {T1n02, T2n02, T3n02, T4n02, T5n02, T6n02, T7n02, T8n02}]

{T1ln03 > 2n, T2n03 > 2n, T3n03 - 2n,
T4n03 - 2n, T5n03 > 2n, T6n03 > 2n, T7n03 > 2n, T8n03 - 2 n}

T1n02 + —-TR02C _T1n02 + T2n02 1
+ == O, + == 0,
&2 0r[¢] & 0o[¢]
1
—2(T3n02+ (4ng-Tln02-4ngT4n020+4ngqrT4n02o0-4ngrT5n020)/ (2 (1+2nqo))) +
3
1 -T3n02 + T4n02 1 -T3n02 + T5n02 1
=0, + =0, + =0,
0o[¢] & o[¢] &2 0o[¢&]
FEIITR0E 1 T6n02 1 5 (~T4n02 - T5n02) + T7n02 1
+ =0, + =0,
&2 0[¢] & 0[¢&]
1—21';sthT5n02 4+ T8n02 1
4 + = 0}
&2 0[¢]

1
{Tlnoz = T3n02 + —, T1ln02 = T2n02,
(e}
(-T1n02 +2T3n02+4nq (1+T3n020+ (-1+r) T4n020-r T5n020)) / (L+2ngo) =0,

T3n02 = T4n02, T3n02 == T5n02, +Té6n02 == T4n02,

2hsq
T4n02 + T5n02 == 2 T7n02, +T8n02 == T5n02}
2hsqg
2(-1+2nqo 2(-1+2nqo -l+4nqgo
{{Tlnoz - - ﬁ, T2n02 > - A, T3n02 —» - 7(3,
o o o
-l+4ngo -l+4nqgo -2hsg+o0+8hsng?o
T4n02 > - —— =, T5n02 5 - ——————, T6n02 — - ,
o o 2hsqgo
-l+4nqgo -2hsgq+0+8hsng?o
T7n02—>—7q,T8n02e— d d }
o 2hsqgo

SoFar = Join[SoFar, ans[[1]]]

{T1n03 -»2n, T2n03 »>2n, T3n03 >2n, T4n03 - 2n, T5n03 - 2n, T6n03 - 2 n,

2(-1+2nqo) 2(-1+2nqo)
T/n03->2n, T8n03-2n, TlIn0O2 - ——F—+, T2n02 > - —mMmMM8M8M8M8m —,
o o
-1+4nqgo -1+4nqgo -1+4nqgo
T3n02 5 - — >~ T4n02 5 - ——— " T5p02 5 - —— =~
o o o
-2hsg+o0+8hsng?o -l+4ngo -2hsg+o0+8hsng?o
T6n02 - — d 4 ,T7n02»—7q,T8n02a— 4 d I

2hsqgo o 2hsqgo
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finalAns = Simplify[
Series[{T1, T2, T3, T4, T5, T6, T7, T8} /. subTinBits //. SoFar, {&, 0, -2}]1]

2n -4ng+2 1 2n -4ng+2
{—Jr + y — + + ,

&3 &2 org] & &2 0[¢]

2n -4ng+>* 1 2n -4ng+> 1 2pn -4ng+:

— 1 + , — + + , — + + ,

&3 &2 ofgl &3 &2 ofgl &3 &? 0[¢]

2n " znsq DA+ 1 2n -4ng+ 1 2n  “Insq ARA+ 3 1
— 4 + , — + + , — + + }
&3 &2 0[¢&] &3 &2 0[¢] &3 &2 0[¢&]

(Normal[finalAns[[3]]] /. £~ 1) - (2 n(l-2q)+ i) // Simplify
o

0

As given by equation 7, the coalescence time for two randomly chosen alleles is

Simplify[Series[(1/n) (F11T1 + F12T2) + (1-1/n)
(F11°2T3+ F11F12 (T4 +T5) +F12°2 ((1/4) T6+ (1/2) T7+ (1/4) T8)) /. subl /.
UseTheseAssumptionsOfSmallness /. subTinBits //. SoFar, {&, 0, -2}]]

(*check equivalencex)

1
(Normal[%] /. £ » 1) - (2 n(l-2q)+~|//Simplify

[}
2n -4ng+> 1
— + +
&3 &2 0[¢]
0

Analysis assuming very low sex and low recombination:
g~ O(§%),r~0O(). n~0(57)
(gives same result as above with high recombination, i.e., eq. [7])

See “Analysis assuming high sex and low recombination” for an explanation of how the analysis is
done.

subTinBits = {T1 > TIn03 £°-3 +T1In02&§"-2 + TIn01£7-1+ TInOO0 70+ Tlp01§™1,
T2 > T2n03 £°-3 +T2n02 7 -2 + T2n01 §7-1+ T2n00 §70 + T2p01 §™1,
T3 5> T3n03§7-3 +T3n02E7-2 + T3n01 7 -1+ T3n00 70+ T3p01 &1,
T4 > T4n03 £7-3 +T4n02 7 -2 + T4n01 7 -1+ T4n00 70+ T4p01E~1,
T5 > T5n03 £°-3 +T5n02 7 -2 + T5n01 £° -1+ T5n00 70+ T5p01§°1,
T6 - T6n03 £~ -3 +T6Nn02 " -2 + T6n01 £° -1+ T6n00 70+ T6p01 £°1,
T7 - TTn03 £~ -3 +T7n02 £~ -2 + TTnO1 £~ -1+ TTn00 £°0+ T7p01 £°1,
T8 » T8n03 £~ -3 +T8n02 £~ -2 + T8nO1 £~ -1+ T8n0O £°0 + T8pOl £~ 1};

Note we are using a different set of assumptions regarding which parameters are small,
“subsmallLowSexLowRec”, than in the previous section.

UseTheseAssumptionsOfSmallness = subsmallLowLowSexLowRec;
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SoFar = {};

fl[x_, toorder_] := Series[x /. subTinBits /. subTransitions /. subl /.
UseTheseAssumptionsOfSmallness //. SoFar, {§, 0, toorder}]

eqszl = {fl[eqs[[1]], -3], f1l[eqs[[2]], -3], f1l[eqgs[[3]], -3], fl[eqgs[[4]], -3],
flleqs[[5]], -3]1, fl1[eqs[[6]], -3]1, fl[eqs[[7]], -3], f1l[eqs[[8]], -3]}

Normal[%] /. £ > 1 // Simplify

ans = Solve[eqgsZl, {T1n03, T2n03, T3n03, T4n03, T5n03, T6n03, T7n03, T8n03}]

T1n03 - T3n03 1 -T1n03 + T2n03 1
{ + =0, + =0,
& 0[&]? & o[&1?
-2n-Tln03-4 T4n03
T3n03 + = T T 1 ~T3n03 + T4n03 1
+ == ’ + == 2
& o[gl? &’ o[gl?
-T3n03 + T5n03 1 -T4n03 + T6n03 1
+ == ’ + == ’
& 0[&]? & 0[&]?
;7 (-T4n03 - T5n03) + T7n03 1 _T5n03 + T8n03 1 }
+ == ’ + ==
& 0[&]? & 0[&]?
2n+T1ln03+4ngT4n03 c
{T1n03 = T3n03, T1n03 == T2n03, T3n03 = , T3n03 == T4n03,
2+4ngo

T3n03 == T5n03, T4n03 == T6n03, T4n03 + T5n03 == 2 T7n03, T5n03 == T8n03}

{{T1n03 > 2n, T2n03 - 2 n, T3n03 > 2n,
T4n03 - 2n, T5n03 - 2n, T6n03 - 2n, T7n03 -2 n, T8n03 - 2 n}}
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SoFar

Join[SoFar, ans[[1]]]

eqszl = {fl[eqs[[1]], -2], fl[eqs[[2]], -2], fl[eqgs[[3]], -2], fl[eqgs[[4]], -2],
flleqs[[5]], -2], f1[eqs[[6]], -2], f£1[eqs[[7]], -2], f1[eqs[[8]], -2]}

Normal[%] /. § > 1 // Simplify

ans = Solve[eqsZl, {T1n02, T2n02, T3n02, T4n02, T5n02, T6n02, T7n02, T8n02}]

{T1ln03 > 2n, T2n03 > 2n, T3n03 - 2n,
T4n03 - 2n, T5n03 > 2n, T6n03 > 2n, T7n03 > 2n, T8n03 - 2 n}

T1n02 - T3n02- = 1 ~T1n02 +T2n02 1
+ =0, + =0,
&2 o[¢] &2 0[¢]
4 -T1ln02-4 T4n02
T3n02 + "R TAEEES _T3n02+T4n02 1
+ == ’ + == v
&2 o[¢] &2 0[¢]
1-2h T4n02
-T3n02 + T5n02 1 L+ Ten02
+ =0, N -0,
&2 o[¢] &2 0[¢]
> (-T4n02 - T5n02) + T7n02 | FEIRATER0E 4 T8N02 1
+ == 0, + == }
&2 o[¢] &2 0[¢]

1
{Tlnoz = T3n02 + —, T1n02 = T2n02,

O
T3n02 = (TIn02+4ngqg (-1+T4n020)) / (2+4nqo), T3n02 == T4n02, T3n02 == T5n02,

+T8n02 == T5n02}

+Tén02 == T4n02, T4n02 + T5n02 == 2 T7n02,

2hsqg 2hsqg
2 (-1+2nqgqo 2(-1+2nqgqo -l1+4nqgqo
{{TanZe—#, T2n02%—¥, T3n02—>—7q,
(0} (0] [e)
-l1+4ngo -l+4ngo -2hsg+o0+8hsng?o
T4n02 » - —————, T5n02 > - ——————, T6n02 > - ,
o o 2hsqgo
-l+4nqgo -2hsg+o0+8hsng?o
77002 » - —— 239 pgno2 o - d k! 1
o 2hsqgo

SoFar = Join[SoFar, ans[[1]]]

{T1n03 - 2n, T2n03 - 2n, T3n03 > 2n, T4n03 > 2n, T5n03 > 2n, T6n03 » 2 n,

2 (-1+2ngo) 2 (-1+2nqo)
T7n03 >2n, T8n03-»>2n, TIn02 > - ——F——, T2n02 > - —Mm™—,
o o

-l1+4ngo -l1+4ngo -l1+4ngo

T3n02 > - ——, T4n02 > - ——, T5n02 » - —M8M,
o o o

-2hsg+o0+8hsng?o -l+4ngo -2hsgq+o0+8hsng?o

76002 - - d T 7m0z 5 - 2299 ngnoz - 4 d

2hsqgo o 2hsqgo

| 51

}
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finalAns = Simplify[
Series[{T1, T2, T3, T4, T5, T6, T7, T8} /. subTinBits //. SoFar, {&, 0, -2}]1]

2n -4ng+2 1 2n -4ng+2
{—Jr + y — + + ,

&3 &2 org] & &2 0[¢]

2n -4ng+>* 1 2n -4ng+> 1 2pn -4ng+:

— 1 + — 1+ + , — + + ,

&3 &2 ofgl &3 &2 ofgl &3 &? 0[¢]

2n 2h15q74nq+g 1 2n —4nq+;— 1 2n thSq—4nq+g 1
— + , — + + , — + + }
&3 &2 0[¢&] &3 &2 ofgl &3 &2 0[¢&]

Simplify[Series[(1/n) (F11T1 + F12T2) + (1-1/n)
(F1172T3 + F11F12 (T4 +T5) +F12°2 ((1/4) T6+ (1/2) T7+ (1/4) T8)) /. subl /.
UseTheseAssumptionsOfSmallness /. subTinBits //. SoFar, {&, 0, -2}]]

(*check equivalencex)

1
(Normal[%] /. € » 1) - (z n(l-2q)+—| //Simplify

o
2n -4ng+: 1
— +
&3 &2 o[¢]
0

Results summary (corresponding to the different sets of assumptions above)
[Eq. 4] High sex, low rec: g ~ O(¢), r ~ O(1), n ~ O(£73)

Low sex, low rec: g,r ~ O(£), n~O(£72)
(¢ = alhs)

2
2n (l_q2+2¢+ [} ]
(1+¢)2
[Eq. 5] Low sex, high rec: g ~ O(£2), r ~ O(1), n ~ O(£%)

2+ (2+4 1) ¢+ (1+4 r?) ¢?
(1+¢)2

[Eq. 7] Very low sex: g ~ O(£?), n ~ O(£73)

where T =

1
2n(l1-2q) + —
o

Extension to multiple loci
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Clear[" x"];
Ooff [ inumr];

Recombination mapping functions
Mapping functions (recombination as a function of distance x measured in Morgans)

R[x_] := (1-Exp[-2x]) /2
R2[x_] := x (*linear functionx)

Haldane’s mapping function is approximately linear for small x (e.g., x < 0.05)

Plot[{R[x], R2[x]}, {x, 0, 0.5}, PlotStyle » {Black, Blue}]
Plot[{R[x], R2[x]}, {x, 0, 0.05}, PlotStyle -» {Black, Blue}]

0.5

T T T

0.4

T

T T T

0.3

T

T T T

0.2

T T T

T

0.1

T T T

0.02

1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0.01 0.02 0.03 0.04 0.05

Background selection across the genome
U is diploid genome-wide mutation rate
Numerical integration based on equation 9 of main text.

The equations below follow from equation 9 in the text, using the result given in equation 5.

As explained in the text, we consider the case where the total map length of the genome is L Morgans.
The focal site is at the center of a 1 Morgan chromosome.

Assuming selected sites are evenly distributed throughout the genome, then u = (U/2)/L where U is the
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diploid genome-wide rate of deleterious mutation.

First we consider background selection from “unlinked” sites, i.e., sites on chromosomes other than the
focal site’s chromosome. For such sites r=1/2.

In the functions below “SubVals” is an argument that is a set of substitutions providing values for the
relevant parameters.

BackgroundSelectionUnlinked[o_, SubVals_] := Exp|NIntegrate|
(-((hs ((1+4r®) c*+2hs?*+20 (hs+2rhs)) (U/2)) /(L (oc+hs)? (ro+hs)?)) /.
r-1/2) //.subvals, {x, 1, L/. SubVals}]]

Next we consider “linked” sites (those on the same chromosome as the focal site).

The first function considers all linked sites.

The second funcntion considers only those that are tightly linked (i.e., within a distance of mmax Mor-
gans of the focal neutral site).

The third function considers only those that are loosely linked (i.e., beyond a distance of mmax Mor-
gans).

BackgroundSelectionLinked[o_, SubVals_] :=
Exp[Z*NIntegrate[— ((hs ((1+4R[x]2) o2+2hs?+20 (hs + 2R[x] hs)) (U/2)) /
(L (o+hs)? (R[x] o+hs)?)) //. SubVals, {x, 0, 1/2}]]

BackgroundSelectionTIGHTLYLinked[o_, SubVals_] :=
Exp[2 * NIntegrate[- ((hs ((1+4R[x]?) o +2hs®+20 (hs+2R[x] hs)) (U/2))/
(L (o+hs)? (R[x] o+hs)?)) //. SubVals, {x, O, mmax /. SubVals}]]
BackgroundSelectionLOOSELYLinked[o_, SubVals_] :=
Exp[2 » NIntegrate[- ((hs ((1+4R[x]?) o®+2hs’+2 0 (hs+2R[x] hs)) (U/2))/
(L (o+hs)? (R[x] o+hs)?)) //. SubVals, {x, mmax /. SubVals, 1/2}]]

The total background selection can be obtained by combining the effects from unlinked and linked loci.
BackgroundSelection[o_, SubVals_] :=

BackgroundSelectionUnlinked[o, SubVals] x» BackgroundSelectionLinked[oc, SubVals]

Make plots for background selection (this is Figure 3).
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thesevVals2a = {hs - 0.01, U-»0.1, L » 20};
thesevVals2b = {hs - 0.001, U-» 0.1, L » 20};
thesevVals2e = (hs - 0.01, U->0.1, L -» 2};
thesevVals2f = (hs - 0.001, U->0.1, L » 2};

LogLinearPlot[ {1, BackgroundSelection[o, theseVals2a],
BackgroundSelection[o, theseVals2b], BackgroundSelection[o, theseVals2e],
BackgroundSelection[o, thesevals2f]}, {o, 0.001, 1},
PlotStyle -» {{Gray, Dotted}, {Black}, {Black, Dashed}, Gray, {Gray, Dashed}},
AxesLabel » {HoldForm[Rate of Sex], HoldForm[Background Selection Coefficient B]},
LabelStyle » {12, GrayLevel[0]}]

thesevVals2h = (hs - 0.005, U»>0.1, L. » 10, mmax » 0.025}

LogLinearPlot[ {1, BackgroundSelection[S, theseVals2h],
BackgroundSelectionTIGHTLYLinked[S, theseVals2h],
BackgroundSelectionLOOSELYLinked[S, theseVals2h],
BackgroundSelectionUnlinked[S, thesevals2h]}, {S, 0.001, 1},

PlotStyle » {{Gray, Dotted}, Black, {Black, Dashing[0.01]},

{Black, Dashing[0.02]}, {Black, Dashing[{0.04, 0.02}]} },
AxesLabel » {HoldForm[Rate of Sex], HoldForm[Background Selection Coefficient B]},
LabelStyle » {12, GrayLevel[0]}]

Background Selection Coefficient B
1.0r

0.8f
0.6
0.4r
0.2

0010 0.100 1~ RateofSex

{hs - 0.005, U->0.1, L~ 10, Dmax > 0.025}

Background Selection Coefficient B
1.0f

0.8r
0.6
0.4t
0.2r

Rate of Sex

0.010 0.100 1
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Background Selection Coefficient B
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Systems with selfing

Note the selfing results below are based on Nordborg (1997) which assumes tight linkage. As shown to
AFA by Denis Roze (and later confirmed by AFA using a different approach), for loosely linked loci, the
expressions below underestimate the strength of background selection.

A set of expressions for selfing analogous to those given for partial asexuality.
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BackgroundSelectionWithSelfingUnlinked[o_, SubVals_] :=Exp[
NIntegrate[(- (((U/2) s (h+F-hF)) /(L ((1-F)r+ s (h+F-hF))"2)) /.xr> 1/2) /.

Self
F» ————/.Self>1-0//. SubVals, {x, 1, L /. SubVals}]]
2 - Self

BackgroundSelectionWithSelfingLinked[o_, SubVals_] :=
Exp[2 NIntegrate[- (((U/2) s (h+F-hF)) /(L ((1-F)R[x]+ s (h+F-hF))"2)) /.

Self
F» ——— /.Self»>1-0//. Subvals, {x, O, 1/2}]]
2 - Self

BackgroundSelectionWithSelfingTIGHTLYLinked[o_, SubVals_] :=
Exp[2 NIntegrate[- (((U/2) s (h+F-hF)) /(L ((1-F)R[x]+ s (h+F-hF))"2)) /.

Self
F» ——— /.Self»>1-0//. Subvals, {x, O, mmax /. SubVals}]]
2 - Self

BackgroundSelectionWithSelfingLOOSELYLinked[o_, SubVals_] :=
Exp[2 NIntegrate[- (((U/2) s (h+F-hF)) /(L ((1-F) R[x]+ s (h+F-hF))"2)) /.

Self
F» ————/.Self>1-0//. SubVals, {x, mmax /. SubVals, 1/2}]]

2 - Self

BackgroundSelectionWithSelfing[o_, SubVals_] :=
BackgroundSelectionWithSelfingUnlinked[o, SubVals]
BackgroundSelectionWithSelfingLinked[o, SubVals]

Approximations: Background selection across the genome in 3 components:
BTightlyLinked’ BLooserLinked’ and BUnIinked for with partial asexuality.
This section contains the results give in equations [10] - [13] of the main text.

Note that the values we calculate below are Log[B] (see eq. [9] of main text).

Let us define “tightly linked” to mean within distance mmax (measured in Morgans) of the focal site
where mmax << 0.5 (e.g., mmax < 0.05). So here we can use the simple linear mapping function R2[x]
rather than R[x].

“UTightlyLinked” is the diploid mutation rate within this region .
In a genome with total map length of L Morgans (and assumign gene density and mutation rates are
uniformily distributed) and where the focal neutral locus is at the center of a 1 Morgan chromsomsome,

then UTightlyLinked = U*(1/L)(2*mmax)

Here is Log [BTight/yLinked]
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TheTightlyLinkedRegionOnFocalChromosomeLogBSAns = FullSimplify [2 * Integrate[
-((hs ((1+4R2[x]%) 0> +2hs®+2 0 (hs + 2R2[x] hs) ) u) / ( (c+hs)? (R2[x] o+hs)?)) +
SecondOrderOfSmallness, {x, O, mmax}] ’
Assumptions » {hs >0, hs <1, 0>0,0<1,U>0, mmax > 0, mmax < 1 /2}]

2 [mmax SecondOrderOfSmallness -

2 2 2 hs
(u (mmaxa(Ghs +0%+2hs (0+2mmax o)) + 4 hs? (hs + mmax o) Log[—}))
hs + mmax o

(o (hs+0)? (hs+mmaxo))]

Doing a Taylor series approximation, and assuming that selection is weak relative to sex (hs << g), we
find that Log[BT9Linked] is given by the result below (as given in eq. [10a])

Series|
TheTightlyLinkedRegionOnFocalChromosomeLogBSAns /. u-»>u*§°2 /. mmax > mmax*§ /.
hs » hs x § /. SecondOrderOfSmallness ->
SecondOrderOfSmallness * £°2, {§, 0, 2}] // FullSimplify;

ApproxTheTightlyLinkedRegionOnFocalChromosomeLogBSAnsSEXnotWeakComparedToSel =
Normal[% /. u - (1/2) UTightlyLinked/ (2mmax) // Simplify| /. £-1

UTightlyLinked

2 (hs + mmax o)

This is equivalent to Hudson & Kaplan (1995) eq. 8 (when o = 1); note their R is equal to our (2*mmax)

Below, we assume assume sex is low (i.e., not strong relative to selection). This gives a different
answer that doesn’t match well with numerical evaluations of the integral when o > hs but is much
better than the approximation above when g < hs (shown in later section).

This is eq. [10b] of the main text.

Series[TheTightlyLinkedRegionOnFocalChromosomeLogBSAns /. u-»u*x§~2 /. 0o-»0%x§ /.
mmax »>mmax*§ /. hs » hs x§ /. SecondOrderOfSmallness ->
SecondOrderOfSmallness * §°2, {§, 0, 2}] // FullSimplify;
ApproxTheTightlyLinkedRegionOnFocalChromosomelL.ogBSAnsSEXWeakComparedToSel =
Normal[% /. u - (1/2) UTightlyLinked/ (2mmax) /. o » ¢ hs // Simplify] /. €51

- ((uTightlyLinked (2+2¢+¢?)) / (2hs (1+¢)?))

Below we calculate Log(B) from loosely linked loci, i.e., mmax < r < 1/2; this covers the region on the
remainder of the focal chromosome outside the “tightly linked” region. This caculation assumes that the
focal neutral site is at the center of a 1 Morgan chromosome.

UlLooselyLinked is the diploid mutation rate within this region.

In a genome with total map length of L morgans (and assuming gene density and mutation rates are
uniformily distributed) where the focal neutral locus is at the center of a 1 Morgan chromosme, then
ULooselyLinked= U*(1/L)(1 - 2*mmax)
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Here is Log[BLooselyL/nked]

TheLoosleyLinkedFocalChromosomeLogBSAns =
FullSimplify[2 « Integrate[- ((hs ((1+4R[x]?) 0> +2hs®+20 (hs+2R[x] hs)) u) /
( (o+hs)? (R[x] o+hs)?)), {x, mmax, 1/2}],
Assumptions » {hs >0, hs <1, 0>0,0<1,u>0, mmax >0, mmax < 1 /2}]

-((4hsu (1-2mmax+ (0 (2hs®?+2hso+0?)) /((2hs+0)? (0-e (2hs+0))) +
(0(2hs?+2hso+0?)) /((2hs+0)? (-o+e*™* (2hs+0))) + ((-2hs®+o?)
Log|(2ehs+ (-1+e) o)/ (-0+e*™* (2hs+0))])/(2hs+0)?)) / (hs+0)?)

Below is the Taylor series approximation of Log[B-°°s¢¥Linked] assuming low sex.

Series[TheLoosleyLinkedFocalChromosomeLogBSAns /. u-su*§"2 /. 0->0%§ /.
mmax >mmax*§ /. hs shs+x§, {§, 0, 1}] // FullSimplify;

ApproxTheLoosleyLinkedFocalChromosomeLogBSAns =
%/.u-» (1/2) ULooselyLinked/ (2(1/2 - mmax)) // Normal /. § » 1 // FullSimplify

- ( (2 hs ULooselyLinked &

1 o hs - ehs 3
( + ; +((e+e’)hs)/((-1+e) (2ehs+ (-1+e) o)) +
l-e 2hs 2hs+0
((—2hs2+oz)Log[e+%} /(2hs+0)2)]/((1—2mmax) (hs+o)2))

Below is the Taylor series approximation for the Log[B-°°s®¥-i"ked] assuming high sex.

TheLoosleyLinkedFocalChromosomeLogBSAnsHighSex =

hs u
FullSimplify[2 « Integrate|[- RLx] he? , {x, mmax, 1/2}],
x] o+hs

Assumptions -» {hs >0, hs <1, >0, 0<1, u>0, mmax > 0, mmax < 1/2}]

~((4hsu (o (1/(0-e(2hs+0)) +1/(-0+e*™* (2hs+0))) +
Log[2ehs+ (-1+e) 0] -Log[-0+e*™* (2hs+0)])) / (2hs+0)?)

| 59

Series[TheLoosleyLinkedFocalChromosomeLogBSAnsHighSex /. mmax »mmax* § /. hs - hs % §,

{§, 0, 1}] // FullSimplify

ApproxTheLoosleyLinkedFocalChromosomeLogBSAnsHighSex =
%/.u-> (1/2) ULooselyLinked/ (2 (1/2 - mmax)) // FullSimplify

2 (hsu) 1 e hs (3 hs + 4 mmax o)
= Z2hsu + + +
o (hs +mmax o) o2 -l+e -l+e (hs + mmax o) 2
2Log[f] -2Log[(-1+e) 0] +2Log[2 (hs +mmaxo)] | E+0[&]2
(hs ULooselyLinked) / ((-1+2mmax) o (hs +mmax o)) +
1 1 e

hs ULooselyLinked +

+ (hs (3hs +4mmax o)) / (hs + mmax o)
-l+e -l+e

(1 -2 mmax) o?

2Log[&] -2Log[(-1+e) o] +2Log[2 (hs +mmaxo)]) E+0[&]2

Finally we consider sites that are unlinked (r = 1/2).
UUnlinked is the diploid mutation rate to unlinked sites.

+
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In a genome with total map length of L morgans (assuming gene density and mutation rates are uni-
formily distributed) and where the focal neutral locus is at the center of a 1 Morgan, then UUnlinked =
U*(L-1)/L

Below is Log[BLoosevtinked] (35 given by eq. [12] of the main text).

LogBfromUnlinked =
- ((u (1/ns) hs? ((1+4r?) 02+2hsz+20(hs+2rhs)))/((c+hs)2 (ro+hs)?)) /.
r-» 1/2// Simplify;

LogBfromAllUnlinkedSites =
nUnlinkedSites LogBfromUnlinked /. u-> (1/2) UUnlinked/nUnlinkedSites // Simplify

4 hs UUnlinked
(2hs +0)?

BTightIyLinked BUnIinked

Here we check how well the approximations for and given

above and in the main text (egs. [10] and [12]) match the full integrals.

The approximation for BU"Mked nicely match the intergral.

Dashed red line is analytical approximation (eq. [12] of main text) and black line is the integral (e.g.,
following eq. [9] of main text)
subthis = {s -0.001, h->1/4, hs >sh, U-0.1, L» 10, mmax -» 0.025}
LogLinearPlot[ {1, BackgroundSelectionUnlinked[SO, subthis],
Exp[LogBfromAllUnlinkedSites] /. UUnlinked »U (L-1) /L /. 0> SO //. subthis},
{so, 10"-3, 1}, PlotStyle » {{Gray, Dotted}, Black, {Red, Dashed}},

AxesLabel » {HoldForm[Rate of sex],
HoldForm[Background Selection Coefficient B for unlinked sites]}]

1
{s >0.001, h> —, hs >hs, U>0.1, L > 10, mmax > 0.025}
4

Background Selection Coefficient B for unlinked sites

1.0
0.8
0.6
0.4

0.2

- - . L Rate of sex
0.001 0.010 0.100 1

Here we consider BT'9htlyLinked

The black line is the integral (e.g., following eq. [9] of main text)

The dashed blue line is the approximation given in eq. [10a] of the main text; this approximation works
well when g > hs.

The dashed red line is the approximation given in eq. [10b] of the main text; this approximation works



CoalescentWithBackgroundSelectionV6forSupMat.nb | 61

well when g < hs.

subthis = {s -0.005, h»1/4, hs>sh, U->0.1, L »> 10, mmax » 0.025}
LogLinearPlot[{l, BackgroundSelectionTIGHTLYLinked[SO, subthis],
UTightlyLinked

Exp|- | /- UTightlyLinked » U (2 xmmax) /L /. o - SO //. subthis

2 (mmax o + hs)
(Exp[- (((o® + 2 ohs + 2 hs?) UTightlyLinked) / (2hs (o+hs)?))] /.
UTightlyLinked » U (2 *mmax) /L /. o> SO //. subthis)}, {so, 10"-4, 1},

PlotStyle -» {{Gray, Dotted}, Black , {Blue, Dashed}, {Red, Dashed}},
AxesLabel » {HoldForm[Rate of sex],

HoldForm[Background Selection Coefficient B for tightly linked sites] }]

1
{s >0.005, h> ~, hs 5hs, U>0.1, L > 10, mmax > 0.025}
4

Background Selection Coefficient B for tightly linked sites

1.00

0.80

0.75

1 0.001 0.010 0.100 1

4

Rate of sex



Supporting Information File S2
Partial Asexuality with balancing
selection

For Agrawal & Hartfield “Coalescence with background and balancing selection in systems with bi- and
uniparental reproduction: contrasting partial asexuality and selfing”

Preliminaries

States

Balancing selection occurs at the A locus.

Two allelic samples x and y can be found in the following states.

State 1: Both in single A1/A7 individual: {x A1/y A1}

State 2: Both in single A2/A2 individual: {x A2/y A2}

State 3: Both in single A1/A2 individual: {x A1/y A2}

State 4: Each in a different A1/A1 individual: {{x A1/_ A1}, {y A1/_ A1}}; note the “_” symbol indi-
cates that the allele at the neutral site on this haplotype is not one of our two focal samples (i.e., “ "is a
place-holder).

State 5: Each in a different A2/A2 individual: {{x A2/_A2},{y A2/_ A2}

State 6: One in an A1/A1 individual other on A1 haplotype in an A1/A2 individual: {{x A1/_ A1}, {y A1/
_AZ}}

State 7: One in an A1/A1 individual other on A2 haplotype in an A1/A2 individual: {{x A1/_ A1}, {_ A1
/y A2}}

State 8: One in an A2/A2 individual other on A7 haplotype in an A1/A2 individual: {{x A2/_ A2}, {y A1/
_AZ}}

State 9: One in an A2/A2 individual other on A2 haplotype in an A1/A2 individual: {{x A2/_ A2}, { A1
/y A2}}

State 10: One on A7 haplotype in A7/A2 individual and other on A7 haplotype in an A1/A2 individual:
{xA1/_A2}, {y A1/_A2}

State 11: One on A1 haplotype in A1/A2 individual and other on A2 haplotype in an A1/A2 individual:
{xA1/_A2}, {_A1/y A2}

State 12: One on A2 haplotype in A1/A2 individual and other on A2 haplotype in an A1/A2 individual: {{
_A1/x A2}, {_A1/y A2}

State 13: One in an A1/A1 individual; other on A2/A2 individua: {{x A1/_A1},{y A2/_ A2}

State 14: Coalsced (could be on either A7 or A2 haplotype)

Note: The states are not numbered in the same way as described in the text (or as in the background
selection model).

States 1-13 are depicted schematically in Fig. S1.

Let p be the frequency of the A7 allele and q = 1 - p be the frequency of the A2 allele.
Let frequency of A1/A1, A1/A2, and A2/A2 be P11, P12, and P22.
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ris the recombination rate between the A locus and the focal neutral site.
n is the population size (we do not use the symbol “N” as in the text because it is a restricted symbol
within Mathematica).

Gene conversion (this is mitotic gene conversion)

Let gs be the probablilty of a gene conversion that includes only the selected site

Let gf be the probablilty of a gene conversion that includes only the focal site

Let gsf be the probablilty of a gene conversion that includes both the selected site and the focal site
Note: In the relevant results, gsfis not important. Later we will assume gs = gf = y but in deriving the
results these different types of gene conversion events are kept separately for clarity in bulding the
equations so that they reflect the biology.

Let pNewA1HapCondA1Hap is the probability that an “A7” haplotype is a newly created via gene conver-
sion (conditional on it being an A7 haplotype).
Let pNewA2HapCondA2Hap is the probability that an “A2” haplotype is a newly created via gene conver-
sion (conditional on it being an A2 haplotype).

P12 (gs + gsf) /2

subpNewGameteBackground = { pNewAlHapCondAlHap -
2 P11 + P12

P12 (gs + gsf) /2
2 P22 + P12

pNewA2HapCondA2Hap -

}i

Explanatory notes on the next several sections.

In the sections that follow we give the transition probabilties for each of the 13 (non-coalesced) states
described in “Preliminaries”. We first present transition probabilities that are conditional on the individu-
al(s) in which the sample is found having been produced by a specific reproductive mode (sex or asex).
For states 4-13 involving two individuals, there is possibility that one individual was created via sex and
the other via asex.

We use the notation “Aitojk” to denote the transition probability from State n to State m given reproduc-
tive mode k. i, je {1-14}and ke {s, a, ss, aa, sa, as}. Forie {1-3}, k= s or a (as there is only one
individual who is either produced via sex [s] or via asex [a]). For i=4-13, k = ss, aa, sa, or as where
the first and second letters indicates the reproductive mode by which the first and second individual,
respectively, were produced. The “first” and “second” individual follow the definitions of the states give
in “Preliminaries”.

Note that L‘ﬁ Aitojk = 1, i.e., the transition rates out the current state i (conditional on reproductive
mode) sum to unity.

Transition probabililities conditional on both samples being in individuals that
were produced by sex
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With sexual reproduction, we are considering the descent of two gametes. Because the descent of one
sexual gamete is independent of other sexual gametes, we only need to know the A-locus haplotype of
our focal sample; the diploid genotype in which the sample is found does not affect the probabilities of
which diploid genotype the focal haplotype came from. For example, the transition probabilties “x A1”
and “y A1” will be the same regardless of whether x and y are in the same individual (State 1) or in
different individuals (States 4, 6, or 10). In other words, A1tojs = A4tojss = A6tojss = A10jss. Similarly,
A2tojs = Abtojss = A9tojss = A12tojss and A3tojs = A7tojss = A8tojss = A11tojss = A13tojss.

Both samples in gametes of “Al” background type
We first consider the case where both gametes are of the A7 type.

Let Gameteland1FromState1 be the probability that two gametes of the first background type (A7) both
descended from state 1 (i.e., the same A1/A1 individual).

More generally, we use Gamete_i_and_j FromState_k as the probablity that two gametes of types i and
j descended from state k.

2P1l1

2
GameteslandlFromStatel = | (1 - pNewAlHapCondAlHap) ) (1/2);
2P1l1 + P12 Plln
GameteslandlFromState2 = 0;
GameteslandlFromState3 =
P12 2 gf gf
2 [((1 - pNewAlHapCondAlHap) —) (1 - r- —] (r+ —] +
2P11 + P12 2 2
P12 gf gs
(1 - pNewAlHapCondAlHap) ———— (1 - r- —] * pNewAlHapCondAlHap ——— +
2P11 + P12 2 gs + gsf
P12 gf gsf
(1 - pNewAlHapCondAlHap) ——— (r + —) * pNewAlHapCondAlHap ——— +
2 P11 + P12 2 gs + gsf
s sf 1
pNewAlHapCondAlHap? g g ] ;
gs +gsf gs+gsf/ Pl12n
2P11 2 1
GameteslandlFromState4 = ((1 - pNewAlHapCondAlHap) —) (1 - );
2P11 + P12 Plln
GameteslandlFromState5 = 0;
2P11
GameteslandlFromState6 = 2 ((1 - pNewAlHapCondAlHap) —)
2P11 + P12

P12 gf gsf
((1 - pNewAlHapCondAlHap) ——mMm (1 - r- —) + pNewAlHapCondAlHap —J;
2P1l1 + P12 2 gs + gsf
2P11
GameteslandlFromState7 = 2 ((1 - pNewAlHapCondAlHap) —)
2P1l1 + P12

4

2

P12
((1 - pNewAlHapCondAlHap) ——— (
2P11 + P12

f
r+ g_) + pNewAlHapCondAlHap )
gs +gsf
GameteslandlFromState8 = 0;
GameteslandlFromState9 = 0;

GameteslandlFromStatelO =
gsf ]2

P12
((1 - pNewAlHapCondAlHap) (
gs + gsf

f
—_—— |1 - r- g_) + pNewAlHapCondAlHap
2P11 + P12

2
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1
- san)
P12 n

GameteslandlFromStatell =

gf gsf
1-r- —] + pNewAlHapCondAlHap —]

P12
2 ((1 - pNewAlHapCondAlHap) [
2 gs +gsf

2P11 + P12
P12 gf
(r + —) + pNewAlHapCondAlHap

((1 - pNewAlHapCondAlHap)
2

1
- o)
P12 n

GameteslandlFromStatel2 =

2P1l1 + P12 gs+gsf)

P12 gf gs 2
((1 - pNewAlHapCondAlHap) —M8M (r + —] + pNewAlHapCondAlHap —]
2P11 + P12 2 gs +gsf
1
- wza)
Pl2n

GameteslandlFromStatel3

1]
(=]
~e

2 P11 2
2P11 + P12) Plln

GameteslandlFromStatel4 (1/2) +

(1 - pNewAlHapCondAlHap)

gsf )2

P12
((1 - pNewAlHapCondAlHap) (
gs + gsf

f
—_— (1 - r- g_) + pNewAlHapCondAlHap
2 P11 + P12

2
1

P12n

+

P12 f 2
((1 - pNewAlHapCondAlHap) ——Mm (r + g_) + pNewAlHapCondAlHap )
gs + gsf

2P1l1 + P12 2
1
i
P12 n

Both samples in gametes of “A2” background type
We next consider the case where both gametes are of the A2 type.

Let Gamete2and2FromState1 be the probability that two gametes of the first background type (A2) both
descended from state 2 (i.e., the same A2/A2 individual).

More generally, we use Gamete i and_j FromState k as the probablity that two gametes of types i and
j descended from state k.

Gametes2and2FromStatel

0;
2 P22
(1/72);

Gametes2and2FromState2 (1 - pNewA2HapCondA2Hap)

2
2P22 + PlZ) P22 n

Gametes2and2FromState3

P12 2 gf gf
2 (((1 - pNewA2HapCondA2Hap) —J (1 - r- —) [r+ —J +
2 P22+ P12 2 2
P12 gf gs
(1 - pNewA2HapCondA2Hap) —MM (1 - r- —) * pNewA2HapCondA2Hap ——— +
2 P22 + P12 2 gs +gsf
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P12 gf gsf
(1 - pNewA2HapCondA2Hap) ———— (r + —) * pNewA2HapCondA2Hap ——— +
2 P22 + P12 2 gs + gsf
2 gs gsf 1
pNewA2HapCondA2Hap } ;
gs +gsf gs+gsf/ Pl2n
Gametes2and2FromState4 = 0;
2 P22 2 1
Gametes2and2FromState5 = ((1 - pNewA2HapCondA2Hap) —) (1 - );
2P22 + P12 P22 n
Gametes2and2FromState6 = 0;
Gametes2and2FromState7 = 0;
2 P22
Gametes2and2FromState8 = 2 ((l - pNewA2HapCondA2Hap) —)
2 P22 + P12

P12
( (1 - pNewA2HapCondA2Hap) (

gf gs
_ |r+ —) + pNewA2HapCondA2Hap —);
2 P22 + P12

2 gs +gsf

2 P22
Gametes2and2FromState9 = 2 ((1 - pNewA2HapCondA2Hap) )

2 P22 + P12

P12 gf gsf
((1 - pNewA2HapCondA2Hap) ——— (l - r- —) + pNewA2HapCondA2Hap —);
2 P22 + P12 2 gs + gsf
Gametes2and2FromStatelO =
P12 gf gs 2
((1 - pNewA2HapCondA2Hap) —— (r + —] + pNewA2HapCondA2Hap —]
2 P22 + P12 2 gs + gsf
1
ik
P12 n
Gametes2and2FromStatell =
P12 gf gsf
2 ((1 - pNewA2HapCondA2Hap) ————— [1 -r- —) + pNewA2HapCondA2Hap —]
2P22 + P12 2 gs + gsf
P12 gf
((1 - pNewA2HapCondA2Hap) ——— (r + —) + pNewA2HapCondA2Hap )
2P22 + P12 2 gs +gsf
1
- eza)
Pl2n
Gametes2and2FromStatel2 =
P12 gf gsf 2
((1 - pNewA2HapCondA2Hap) ——— (1 - r- —] + pNewA2HapCondA2Hap —)
2 P22 + P12 2 gs +gsf
1
il
Pl2n
Gametes2and2FromStatel3 = 0;
2 P22 2
Gametes2and2FromStatel4 = | (1 - pNewA2HapCondA2Hap) ] (1/72) +
2 P22 + P12 P22 n
P12 gf gsf 2
(1 - pNewA2HapCondA2Hap) ———— (1 - r- —) + pNewA2HapCondA2Hap ———
2P22 + P12 2 gs + gsf

1

P12 n

| 5



6 | CoalescentWithBalancingSelectionV4forSupMat.nb

P12 f
(1 - pNewA2HapCondA2Hap) —— (r + g_) + pNewA2HapCondA2Hap
2P22 + P12

2 gs +gsf

1
14
P12 n

One sample in gamete of “Al” background type and the other sample in gamete of
“A2” type

We next consider the case where both one sample came from an A1 gamete and the other sample
came from an A2 gamete.

Let Gamete1and2FromState3 be the probability that two gametes, one of which is of A1 type and the
other which is A2 type, descended from state 3 (i.e., the same A1/A2 individual).

More generally, we use Gamete i _and j FromState k as the probablity that two gametes of types i and
j descended from state k.
Gametesland2FromStatel = 0;

Gametesland2FromState2 = 0;
Gametesland2FromState3

P12
[((1 - pNewAlHapCondAlHap) —)
2 P11 + P12
P12 gf\2 gf\2
((1 - pNewA2HapCondA2Hap) —) (1 - r- —] + (r+ —] +
2 P22 + P12 2 2
P12 gf gsf
(1 - pNewAlHapCondAlHap) —MmM8 ((1 - r- —) * pNewA2HapCondA2Hap —— +
2P1l1 + P12 2 gs + gsf
gf
(r + —) * pNewA2HapCondA2Hap ) +
2 gs + gsf
P12 gf gsf
(1 - pNewA2HapCondA2Hap) ——MmM ((l -r- —) * pNewAlHapCondAlHap — +
2P22 + P12 2 gs + gsf
gf gs
(r + —) * pNewAlHapCondAlHap —) +
2 gs +gsf
gs 2 gsf 2 1
pNewAlHapCondAlHap pNewA2HapCondA2Hap ( ] + ( ] ;
gs + gsf gs + gsf P12 n
Gametesland2FromState4 = 0;
Gametesland2FromState5 = 0;
2P11
Gametesland2FromState6 = ((1 - pNewAlHapCondAlHap) —)
2P1l1 + P12
P12 gf s
(1 - pNewA2HapCondA2Hap) ——— (r + —] + pNewA2HapCondA2Hap ;
2 P22 + P12 2 gs + gsf
2P11
Gametesland2FromState7 = ((1 - pNewAlHapCondAlHap) —)
2P11 + P12
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P12 gf gsf
((1 - pNewA2HapCondA2Hap) — (l -r- —) + pNewA2HapCondA2Hap —];
2 P22 + P12 2 gs +gsf
2 P22
Gametesland2FromState8 = ((1 - pNewA2HapCondA2Hap) —)
2P22 + P12
P12 gf gsf
((1 - pNewAlHapCondAlHap) ———— (1 -r- —) + pNewAlHapCondAlHap —);
2P11 + P12 2 gs + gsf
2 P22
Gametesland2FromState9 = ((1 - pNewA2HapCondA2Hap) —)
2P22 + P12
P12 gf
((1 - pNewAlHapCondAlHap) —— (r + —] + pNewAlHapCondAlHap ];
2P11 + P12 2 gs +gsf
Gametesland2FromStatelO =
P12 gf gsf
((1 - pNewAlHapCondAlHap) —— (1 - r- —] + pNewAlHapCondAlHap —]
2P11 + P12 2 gs + gsf

P12 gf gs
((1 - pNewA2HapCondA2Hap) ——— (r + —] + pNewA2HapCondA2Hap —]
2 P22 + P12 2 gs +gsf
1
(- rza)
Pl2n
Gametesland2FromStatell =
P12 P12
[((1 - pNewAlHapCondAlHap) —) ((1 - pNewA2HapCondA2Hap) —J
2P1l1 + P12 2 P22 + P12
gf\2 gf \2 P12 gf
(1 - r- —) + (r+ —] + (1 - pNewAlHapCondAlHap) ——— ((1 - r- —) *
2 2 2P1l1 + P12 2
gsf gf
pNewA2HapCondA2Hap ——— + (r + —) * pNewA2HapCondA2Hap ] +
gs +gsf 2 gs +gsf
P12 gf gsf
(1 - pNewA2HapCondA2Hap) —— ((l - r- —) * pNewAlHapCondAlHap ——— +
2 P22 + P12 2 gs + gsf

gf gs
(r + —) * pNewAlHapCondAlHap —) +
2 gs + gsf

gs 2 gsf 2 1
pNewAlHapCondAlHap pNewA2HapCondA2Hap ( ) + ( ] (1 - ) ;
gs +gsf gs +gsf P12 n

Gametesland2FromStatel2 =

P12
( (1 - pNewAlHapCondAlHap) (

£
—_— |+ g_] + pNewAlHapCondAlHap
2P11 + P12

2 gs+gsf)

P12 gf gsf
((1 - pNewA2HapCondA2Hap) —— (1 -r- —) + pNewA2HapCondA2Hap —]
2 P22 + P12 2 gs +gsf
1
(- eza)
P12 n
Gametesland2FromStatel3 =
2P11 2 P22
((l - pNewAlHapCondAlHap) —J ((1 - pNewA2HapCondA2Hap) —);
2P1l1 + P12 2P22 + P12

Gametesland2FromStatel4 =
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P12

(((1 - pNewAlHapCondAlHap) —M8M
2P11 + P12

P12
) ((1 - pNewA2HapCondA2Hap) )

2 P22 + P12

gf gf P12 gf
(2 (1 -r- —) (r+ —)] + (1 - pNewAlHapCondAlHap) ——— ((r+ —) *
2 2 2P1l1 + P12 2

sf f
pNewA2HapCondA2Hap L + ( l1-r- g_] * pNewA2HapCondA2Hap

+
gs + gsf 2 gs+gsf]

P12 gf gsf
(1 - pNewA2HapCondA2Hap) —M8M ((r + —) * pNewAlHapCondAlHap ——— +
2P22 + P12 2 gs + gsf
f
( l-r- g_) * pNewAlHapCondAlHap ) +
2 gs + gsf
gs gsf )) 1

14
P12n

pNewAlHapCondAlHap pNewA2HapCondA2Hap (2
gs +gsf gs +gsf

Check transitions (conditional on sexual reproduction) sum to unity

GameteslandlFromStatel + GameteslandlFromState2 + GameteslandlFromState3 +
GameteslandlFromState4 + GameteslandlFromState5 + GameteslandlFromState6 +
GameteslandlFromState7 + GameteslandlFromState8 + GameteslandlFromState9 +
GameteslandlFromStatelO + GameteslandlFromStatell + GameteslandlFromStatel2 +
GameteslandlFromStatel3 + GameteslandlFromStatel4 // Simplify

Gametes2and2FromStatel + Gametes2and2FromState2 + Gametes2and2FromState3 +
Gametes2and2FromState4 + Gametes2and2FromState5 + Gametes2and2FromState6 +
Gametes2and2FromState7 + Gametes2and2FromState8 + Gametes2and2FromState9 +
Gametes2and2FromStatelO + Gametes2and2FromStatell + Gametes2and2FromStatel2 +
Gametes2and2FromStatel3 + Gametes2and2FromStatel4 // Simplify

Gametesland2FromStatel + Gametesland2FromState2 + Gametesland2FromState3 +
Gametesland2FromState4 + Gametesland2FromState5 + Gametesland2FromState6 +
Gametesland2FromState7 + Gametesland2FromState8 + Gametesland2FromState9 +
Gametesland2FromStatelO + Gametesland2FromStatell + Gametesland2FromStatel2 +
Gametesland2FromStatel3 + Gametesland2FromStatel4 // Simplify

Transition probabililities conditional on both samples being in individuals that were
produced by sex
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Below we define “subTransitionsBySex” to be a set of substitutions for the transitions out of states 1, 2,
and 3 (i.e., states where both samples come from a single individual), conditional on the current individ-
ual having been produced via sex.

subTransitionsBySex =

{Altols -» GameteslandlFromStatel, Alto2s » GameteslandlFromState2,
Alto3s » GameteslandlFromState3, Alto4s » GameteslandlFromState4,
Alto5s -» GameteslandlFromState5, Alto6s » GameteslandlFromState6,
Alto7s -» GameteslandlFromState7, Alto8s » GameteslandlFromState8,
Alto9s -» GameteslandlFromState9, Altol0Os » GameteslandlFromStatelO,
Altolls -» GameteslandlFromStatell, Altol2s » GameteslandlFromStatel2,
Altol3s » GameteslandlFromStatel3, Altol4s -» GameteslandlFromStatel4,
A2tols » Gametes2and2FromStatel, A2to2s » Gametes2and2FromState2,
A2to3s » Gametes2and2FromState3, A2to4s » Gametes2and2FromState4,
A2to5s -» Gametes2and2FromState5, A2to6s » Gametes2and2FromState6,
A2to07s -» Gametes2and2FromState7, A2to8s » Gametes2and2FromStates8,
A2t09s -» Gametes2and2FromState9, A2t0l1l0s » Gametes2and2FromStatelO,
A2tolls -» Gametes2and2FromStatell, A2tol2s » Gametes2and2FromStatel2,
A2to0l3s -» Gametes2and2FromStatel3, A2tol4s » Gametes2and2FromStatel4,
A3tols » Gametesland2FromStatel, A3to2s » Gametesland2FromState2,
A3to3s -» Gametesland2FromState3, A3to4s » Gametesland2FromState4,
A3to5s » Gametesland2FromState5, A3to6s » Gametesland2FromState6,
A3to7s -» Gametesland2FromState7, A3to8s » Gametesland2FromState8,
A3to09s -» Gametesland2FromState9, A3tol0s » Gametesland2FromStatelO,
A3tolls » Gametesland2FromStatell, A3tol2s -» Gametesland2FromStatel2,
A3tol3s -» Gametesland2FromStatel3, A3tol4s » Gametesland2FromStatel4};

Below we define “subTransitionsBySexSex” to be a set of substitutions for the transitions out of states
4-13 (each sample in a separate individual), conditional on both of the current individuals having been
produced via sex.

subTransitionsBySexSex =

{A4tolss » GameteslandlFromStatel, A4to2ss » GameteslandlFromState2,
Ad4to3ss » GameteslandlFromState3, A4todss » GameteslandlFromState4,
A4to5ss » GameteslandlFromState5, A4tobss -» GameteslandlFromState6,
A4to7ss -» GameteslandlFromState7, A4to8ss » GameteslandlFromState8,
A4to9ss » GameteslandlFromState9, A4tol0ss -» GameteslandlFromStatelO,
Ad4tollss -» GameteslandlFromStatell, A4tol2ss » GameteslandlFromStatel2,
A4tol3ss -» GameteslandlFromStatel3, A4toldss » GameteslandlFromStatel4,
A5tolss -» Gametes2and2FromStatel, A5to2ss » Gametes2and2FromState2,
A5to3ss » Gametes2and2FromState3, A5to4ss » Gametes2and2FromState4,
A5to5ss » Gametes2and2FromState5, A5to6ss » Gametes2and2FromState6,
A5to7ss » Gametes2and2FromState7, A5to8ss » Gametes2and2FromState8,
A5t09ss -» Gametes2and2FromState9, A5tol0ss » Gametes2and2FromStatelO,
A5tollss -» Gametes2and2FromStatell, A5tol2ss » Gametes2and2FromStatel2,
A5to0l3ss -» Gametes2and2FromStatel3, A5tol4dss » Gametes2and2FromStatel4,
A6tolss » GameteslandlFromStatel, A6to2ss -» GameteslandlFromState2,
A6to3ss » GameteslandlFromState3, A6toé4ss » GameteslandlFromState4,
A6to5ss » GameteslandlFromState5, A6to6ss » GameteslandlFromState6,
A6to7ss » GameteslandlFromState7, A6to8ss -» GameteslandlFromState8,
A6to9ss » GameteslandlFromState9, A6tol0Oss -» GameteslandlFromStatelO,
A6tollss -» GameteslandlFromStatell, A6tol2ss » GameteslandlFromStatel2,
A6tol3ss -» GameteslandlFromStatel3, A6tol4ss » GameteslandlFromStatel4,
A7tolss » Gametesland2FromStatel, A7to2ss -» Gametesland2FromState2,
A7to3ss » Gametesland2FromState3, A7to4ss -» Gametesland2FromState4,
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A7to5ss » Gametesland2FromState5, A7to6ss -» Gametesland2FromState6,
A7to7ss -» Gametesland2FromState7, A7to8ss » Gametesland2FromState8,
A7to9ss » Gametesland2FromState9, A7tol0ss -» Gametesland2FromStatelO,
A7tollss -» Gametesland2FromStatell, A7tol2ss » Gametesland2FromStatel2,
A7tol3ss » Gametesland2FromStatel3, A7tol4ss » Gametesland2FromStatel4,
A8tolss » Gametesland2FromStatel, A8to2ss -» Gametesland2FromState2,
A8to3ss » Gametesland2FromState3, A8to4ss -» Gametesland2FromState4,
A8to5ss » Gametesland2FromState5, A8to6ss -» Gametesland2FromState6,
A8to7ss » Gametesland2FromState7, A8to8ss -» Gametesland2FromState8,
A8to9ss —» Gametesland2FromState9, A8tol0ss » Gametesland2FromStatelO,
A8tollss -» Gametesland2FromStatell, A8tol2ss » Gametesland2FromStatel2,
A8tol3ss » Gametesland2FromStatel3, A8tol4dss » Gametesland2FromStatel4,
A9tolss » Gametes2and2FromStatel, A9to2ss » Gametes2and2FromState2,
A9to3ss » Gametes2and2FromState3, A9todss » Gametes2and2FromState4,
A9to5ss » Gametes2and2FromState5, A9to6ss -» Gametes2and2FromState6,
A9to7ss » Gametes2and2FromState7, A9to8ss -» Gametes2and2FromState8,
A9to09ss » Gametes2and2FromState9, A9tol0ss -» Gametes2and2FromStatelO,
A9tollss -» Gametes2and2FromStatell, A9tol2ss » Gametes2and2FromStatel2,
A9tol3ss -» Gametes2and2FromStatel3, A9tol4dss » Gametes2and2FromStatel4,
AlOtolss » GameteslandlFromStatel, A10to2ss » GameteslandlFromState2,
Al0to3ss » GameteslandlFromState3, A10to4ss » GameteslandlFromState4,
Al0to5ss -» GameteslandlFromState5, A10to6ss » GameteslandlFromState6,
AlOto7ss -» GameteslandlFromState7, A10to8ss » GameteslandlFromState8,
Al0to9ss -» GameteslandlFromState9, A10tol0Oss » GameteslandlFromStatelO,
Al0tollss -» GameteslandlFromStatell, A10tol2ss » GameteslandlFromStatel2,
Al0tol3ss » GameteslandlFromStatel3, A10tol4ss » GameteslandlFromStatel4,
Alltolss » Gametesland2FromStatel, Allto2ss » Gametesland2FromState2,
Allto3ss » Gametesland2FromState3, Allto4ss » Gametesland2FromState4,
Allto5ss » Gametesland2FromState5, Allto6ss » Gametesland2FromState6,
Allto7ss -» Gametesland2FromState7, Al1lto8ss » Gametesland2FromState8,
Allto9ss -» Gametesland2FromState9, Alltol0Oss -» Gametesland2FromStatelO,
Alltollss -» Gametesland2FromStatell, Alltol2ss -» Gametesland2FromStatel2,
Alltol3ss -» Gametesland2FromStatel3, Alltol4ss » Gametesland2FromStatel4,
Al2tolss -» Gametes2and2FromStatel, Al2to2ss » Gametes2and2FromState2,
Al2to3ss » Gametes2and2FromState3, Al2to4ss » Gametes2and2FromState4,
Al2to5ss » Gametes2and2FromState5, Al2to6ss » Gametes2and2FromState6,
Al2to7ss » Gametes2and2FromState7, Al2to8ss » Gametes2and2FromState8,
Al2to9ss -» Gametes2and2FromState9, A12tol0ss » Gametes2and2FromStatelO,
Al2tollss -» Gametes2and2FromStatell, Al2tol2ss -» Gametes2and2FromStatel2,
Al2tol3ss -» Gametes2and2FromStatel3, Al2tol4ss -» Gametes2and2FromStatel4,
Al3tolss » Gametesland2FromStatel, Al3to2ss -» Gametesland2FromState2,
Al3to3ss -» Gametesland2FromState3, Al3to4ss » Gametesland2FromState4,
Al3to5ss » Gametesland2FromState5, Al3to6ss » Gametesland2FromState6,
Al3to7ss » Gametesland2FromState7, Al3to8ss » Gametesland2FromState8,
Al3to9ss » Gametesland2FromState9, Al3tol0ss » Gametesland2FromStatelO,
Al3tollss -» Gametesland2FromStatell, Al3tol2ss » Gametesland2FromStatel2,
Al3tol3ss -» Gametesland2FromStatel3, Al3tol4ss » Gametesland2FromStatel4 };

Transition probabililities conditional on both samples being in individuals
produced by asexual reproduction

Conditional on the current individuals having been produced via asexual reproduction, the transitions
are simple. The only time the state changes is via gene conversion.
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Let pNew11given11 be the probability that an A7/A1 was newly created via gene conversion
(conditional on the individual being A1/A7).
Let pNew22given22 be the probability that an A2/A2 was newly created via gene conversion
(conditional on the individual being A2/A2).

subpNewHomozygote =

{pNewllgivenll - P12 £ (gs + gsf) /Pll, pNew22given22 -» P12 l (gs + gsf) /P22};
2 2

We define “subTransitionsByAsex” to be a set of substitutions for the transitions out of states 1-3 (states
where both samples in a single individual), conditional on the current individual having been produced
via asex.

subTransitionsByAsex

subTransitionsByAsex = {Altola » (1-pNewllgivenll) (1-gf), Alto2a -0,
s
Alto3a -» pNewllgivenll g—, Alto4a -» 0, Alto5a -» 0, Alto6a » 0, Alto7a-> O,
gs +gsf
Alto8a -» 0, Alto9a-» 0, Altol0a-» 0, Altolla-» 0, Altol2a -» 0, Altol3a-» 0,

sf
Altol4a - (1 - pNewllgivenll) gf + pNewllgivenll g—, A2tola-» 0,

gs +gsf
s
A2to2a - (1 - pNew229iven22) (1 - gf) , A2to3a -» pNew22given22 g—,
gs +gsf
A2to4a -» 0, A2to5a » 0, A2to6a » 0, A2to7a » 0, A2to8a - O,
A2to9%9a -» 0, A2tol0a -» 0, A2tolla -» 0, A2tol2a -» 0, A2tol3a-> 0,
sf

A2tol4da -~ (1 - pNeWZZgivenZZ) gf + pNew22given22 g—, A3tola » 0, A3to2a-» O,

gs + gsf

A3to3a -» 1-gf, A3to4a » 0, A3to5a » 0, A3to6a » 0, A3to7a » 0, A3to8a > 0,
A3to9a -» 0, A3tol0a -» 0, A3tolla -» 0, A3tol2a -» 0, A3tol3a -»> 0, A3tol4a - gf};

Check transitions sum to unity

Altola +Alto2a +Alto3a +Alto4a +Alto5a +Altoba +Alto7a +Alto8a +Alto9a +Altolla +
Altolla +Altol2a +Altol3a +Altol4a /. subTransitionsByAsex // Simplify

A2tola +A2to2a +A2to3a +A2to4a + A2to5a + A2tob6a + A2to7a + A2to8a +A2to9a +A2tolla +
A2tolla +A2tol2a +A2tol3a +A2tol4a /. subTransitionsByAsex // Simplify

A3tola +A3to2a +A3to3a +A3to4a +A3to5a +A3to6a +A3to7a +A3to8a +A3to%9a +A3tolla +
A3tolla +A3tol2a +A3tol3a +A3tol4a /. subTransitionsByAsex // Simplify

Probability that FOCAL site descended from a particular haplotype background,
given that descent was asexual
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When only one of the two copies of the neutral site is part of our focal sample, we have to consider
more carefully where that site came from in the previous generation even when reproduction was
asexual. (The probabilities defined below are conditional on reproduction having been asexual.)

Let ProbA1HaploIinA1A1DescendViaAsexFromA1A1 be the probability that an A7 haplotype in an
A1/A1 individual descended from an A1/A1, given that reproduction was via asex.

Let ProbA1HaploIinA1A1DescendViaAsexFromA1HaploinA1A2 be the probability that an A7 haplotype
in an A1/A1 individual descended from the A1 haplotype in an A1/A2, given that reproduction was via
asex.

Let ProbA1HaploinA1A1DescendViaAsexFromA2HaploInA1A2 be the probability that an A7 haplotype
in an A1/A1 individual descended from the A2 haplotype in an A1/A2, given that reproduction was via
asex.

Terms beginning with ProbA2... are defined analogously.

ProbAlHaploInAlAlDescendViaAsexFromAlAl = 1 - pNewllgivenll;

1 sf
ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 = pNewllgivenll — (1 + g—);
2 gs + gsf
. . 1 gs
ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 = pNewllgivenll — ——m—;
2 gs+gsf
ProbA2HaploInA2A2DescendViaAsexFromA2A2 = 1 - pNew22given22;
1 sf
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 = pNew22given22 — (1 + g—],
2 gs +gsf
. . 1 gs
ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 = pNew22given22 — ——;
2 gs +gsf

subTransitionsByAsexAsex

We define “subTransitionsByAsexAsex” to be a set of substitutions for the transitions out of states 4-13
(each sample in a different individual), conditional on both of the current individuals having been pro-
duced via asex.

subTransitionsByAsexAsex =

{A4tolaa - ProbAlHaploInAlAlDescendViaAsexFromAlAl2 (1/2),

Plln
Ad4to2aa -» 0, A4to3aa -» 2 ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2

1
ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 ,

P12 n
1
A4to4aa » ProbAlHaploInAlAlDescendViaAsexFromA1A12 (1 - ) ’
Plln

Ad4to5aa -» 0, Ad4to6aa -» 2 ProbAlHaploInAlAlDescendViaAsexFromAlAl
ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2,

A4to7aa -» 2 ProbAlHaploInAlAlDescendViaAsexFromAlAl
ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2, A4to8aa » 0, A4to9aa~» O,

1
A4dtolOaa » ProbAll-laploInI-\lJ-\lDescendviazl\sexFromI-\lI-[aploInz-\lz-\22 (1 - ) ’
P12 n
Adtollaa -» 2 ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 *

ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 (1 - ] ’
P12 n
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1
A4tol2aa » ProbAlHaploInAlAlDescendViaAsexFromA2HaploInA1lA2?2 (1 - ) '
P12 n

Adtol3aa - 0, Adtoldaa » ProbAlHaploInAlAlDescendViaAsexFromAlAl? (1/2) +

Plln
(ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlAZ2 +

ProbAlHaploInAlAlDescendViaAsexFromAZHaploInAlAZz) , A5tolaa - 0,

P12 n

A5to2aa » ProbA2HaploInA2A2DescendViaAsexFromA2A22

(1/2),
P22 n

A5to3aa » 2 ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2

, A5to4aa > 0,
P12 n

A5to5aa » ProbAZHaploInAZAZDescendViaAsexFromAZAZ2 (1 - ) , ASto6aa -» 0,

P22 n

A5to7aa -» 0, A5to8aa -» 2 ProbA2HaploInA2A2DescendViaAsexFromA2A2
ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2,

A5to9aa -» 2 ProbA2HaploInA2A2DescendViaAsexFromA2A2 *
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2,

A5tol0aa » ProbA2HaploInA2A2DescendViaAsexFromAlHaploInA1lA2?2 (1 - ) '
A5tollaa -» 2 ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 * rian
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 (1 - ) ’
P12 n

A5tol2aa » ProbA2HaploInA2A2DescendViaAsexFromA2HaploInA1A22 (1 - 012 ) ’

n
A5tol3aa » 0, A5tol4aa » ProbA2HaploInA2A2DescendViaAsexFromA2A22 22 (1/2) +

n

(ProbAZ HaploInA2A2DescendViaAsexFromAlHaploInAlA22 +

ProbAZHaploInAZAZDescendViaAsexFromAZHaploInAlAZ2) , A6tolaa-» 0,

P12 n

A6to2aa -» 0, A6to3aa » (ProbAlHaploInAlAlDescendViaAsexFromAZHaploInAlAz *

f f 1
[1 - g_) + ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 * g_) ’
2 2 P12 n

A6to4aa » 0, A6to5aa » 0, A6to6aa » ProbAlHaploInAlAlDescendViaAsexFromAlAl

f f
(1 - g_] , A6to7aa » ProbAlHaploInAlAlDescendViaAsexFromAlAl * g—,
2 2

A6to8aa » 0, A6to9%9aa » 0, A6tol0aa -»

£ 1
ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 x (1 - g_) (1 - ) ’
2 P12 n

f
A6tollaa -» (ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlAZ * il +
2

f 1
ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 (1 - g_)) (1 - ) ’
2 Pl2n

£ 1
A6tol2aa -» ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 ELll (l - ) ’
2 P12 n
f
A6tol3aa » 0, A6tol4aa » |(ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 ELl +
2
. gf
ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 * (1 - —))
2
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, A7tolaa » 0, A7to2aa » 0, A7to3aa -»
P12 n

f
ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 Ehl +
2

f 1
ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 (1 - g_)] ’
2 P12 n
A7to4aa » 0, A7to5aa » 0, A7to6aa » ProbAlHaploInAlAlDescendViaAsexFromAlAl &

2 2
A7to8aa » 0, A7to9%9aa » 0, A7tol0aa -

f f
g—, A7to7aa » ProbAlHaploInAlAlDescendViaAsexFromAlAl (1 - g_) ,

f 1
ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 & = (1 - ) ’
2 P12 n

f
A7tollaa -» (ProbAlHaploInAlAlDescendViaAsexFromAlHaploInA1A2 * (1 - g_] +
2

f 1
ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 g_] (1 - ) ’
2 Pl2n
A7tol2aa -» ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 *

(l_%] (l_pllzn)'

A7tol3aa -» 0, A7tol4aa - (ProbAlHaploInAlAlDescendViaAsexFromAZHaploInAlAZ *

f f
[1 - g_) + ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 * g_)
2 2

, A8tolaa » 0, A8to2aa » 0, A8to3aa -
P12 n

f
(ProbAZHaploInA2A2DescendViaAsexFromAlHaploInAlAZ * Ehll +
2

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 (1 - %)J P112 '
A8to4aa » 0, A8to5aa -» 0, A8to6aa » 0, A8to7aa-» O, :
A8to8aa -» ProbA2HaploInA2A2DescendViaAsexFromA2A2 * (1 - gzi) ,
A8to9%aa » ProbA2HaploInA2A2DescendViaAsexFromA2A2 x %, A8tolOaa -

f 1
ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 * (1 - g_) (1 - ) ’
2 P12 n
f
A8tollaa » |ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 & EAl +
2

f 1
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 * (1 - g_]) (1 - ) ’
2 P12 n

£ 1
A8tol2aa -» ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 LAl (1 - ) ’

2 P12 n
A8tol3aa -» 0, A8tol4aa -

f
ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 (1 - g—J +
2

£
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 g_] , A9tolaa-» O,

2 P12 n
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A9to2aa -» 0, A9to3aa » (ProbAZHaploInA2A2DescendViaAsexFromAlHaploInAlAZ *

f £ 1
(1 - g_) + ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 * g_) ’
2 2 P12 n
A9to4aa » 0, A9to5aa -» 0, A9tobaa » 0, A9to7aa-» O,
£
A9to8aa -» ProbA2HaploInA2A2DescendViaAsexFromA2A2 * g—,
2
. gf
A9to9aa » ProbA2HaploInA2A2DescendViaAsexFromA2A2 * (1 - —] ’
2

f 1
A9tolOaa » ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 & = (1 - ] ’
2 P12 n

f
A9tollaa -» (ProbAZHaploInA2A2DescendViaAsexFromAlHaploInAlAZ * (1 - g_] +
2

f 1
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 * g_] (1 - ) ’
2 P12 n

A9tol2aa -» ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 *

(1_%] (l_pllzn)'

f
A9tol3aa -» 0, A9tol4aa ~» (ProbAZHaploInA2A2DescendViaAsexFromAlHaploInAlAZ * Ll +
2

f 1
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 (1 - g_)) ,
2 P12 n

gf gf 1
AlOtolaa » 0, Al10to2aa » 0, Al0to3aa -» (2 —_— (1 - —] ) ’
2 2 P12 n

AlOto4aa » 0, AlOto5aa-» 0, AlOto6aa » 0, AlOto7aa-» O,

£ 12 1
AlOto8aa - 0, Al0to9aa —» 0, AlOtolOaa - (1 - g—) (1 - ),

2 P12n
gf gf 1 gf 2 1
AlOtollaa - (2 (1 - —] . —) (1 . ), AlOtol2aa - (—) (1 . ),
2 2 P12 n 2 P12 n

gf \2 (gf)?
Al0tol3aa -» 0, AlOtol4aa ~» (1 - —] + (—) , Alltolaa » 0, Allto2aa - O,

2 2 P12 n

gf |2 gf |2 1
Allto3aa ~» (1— —] + (—] , Allto4aa » 0, Allto5aa -» 0, Allto6aa-» O,

2 2 P12 n
gf gf 1
Allto7aa -» 0, Allto8aa -» 0, Allto9aa -» 0, AlltolOaa -~ (1 - —) * — (1 - ),
2 2 P12 n
£ \2 £ \2 1 f £ 1
Alltollaa - ((1 - g—] " [g—) ] (1 - ) Alltol2aa - (1 - g—] « 5 (1 - )
2 2 P12 n 2 2 P12 n

f f
Alltol3aa -» 0, Alltol4aa - (2 LAl (1 - g_)] , Al2tolaa » 0, Al2to2aa > O,

2 2
f f
Al2to3aa -~ (2 g_ (1 - g_] )
2 2

P1l2n

, Al2to4aa » 0, Al2to5aa -» 0, Al2to6aa-» O,
P12 n

£12 1
Al2to7aa -» 0, Al2to8aa - 0, Al2to9aa -» 0, Al2tol0aa - (g—) (1 - ),

2 P12 n
gf gf 1 gf |2 1
Al2tollaa » (2 (1 - —] * —] (1 - ), Al2tol2aa -~ (1 - —) (1 - ),
2 2 P12 n 2 P12 n

gf |2 gf \2 1
Al2tol3aa » 0, Al2tol4aa » (1 - —] + (—) , Al3tolaa-» 0,
2 2 P12 n
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Al3to2aa » 0, Al3to3aa ~» (ProbAlHaploInAlAlDescendViaAsexFromAlHaploInA1A2 *
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 +
ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2

ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 ) , Al3to4aa-» O,

P12 n

Al3to5aa » 0, Al3to6aa » ProbAlHaploInAlAlDescendViaAsexFromAlAl *
ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2,

Al3to7aa » ProbAlHaploInAlAlDescendViaAsexFromAlAl %
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2,

Al3to8aa -» ProbA2HaploInA2A2DescendViaAsexFromA2A2 %
ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2,

Al3to9aa » ProbA2HaploInA2A2DescendViaAsexFromA2A2
ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2,

Al3tolOaa -» (ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlAZ *

1
ProbA2HaploInAZAZDescendViaAsexFromAlHaploInAlAZ) (1 - ) ’
P12 n

Al3tollaa - (ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlAZ *
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 +
ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2

1
ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 ) (1 - ) '
Pl2n

Al3tol2aa - (ProbAlHaploInAlAlDescendViaAsexFromAZHaploInAlA2 *

1
ProbA2HaploInAZAZDescendViaAsexFromAZHaploInAlAZ) (1 - ) ’
P12 n

Al3tol3aa » ProbAlHaploInAlAlDescendViaAsexFromAlAl
ProbA2HaploInA2A2DescendViaAsexFromA2A2,
Al3tol4aa - (ProbA1HaploInAlAlDescendViaAsexFromAlHaploInAlAZ *
ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 +
ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2

ProbAZHaploInAZAZDescendViaAsexFromAZHaploInAlAZ) } ;

P12 n

Check the transitions sum to unity
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A4dtolaa + A4to2aa +A4to3aa +Adtodaa + A4dto5aa +Adtobaa +Ad4to7aa +
Ad4to8aa + Ad4to9aa + Adtollaa +Adtollaa + Ad4tol2aa +Ad4tol3aa +Ad4toldaa
subTransitionsByAsexAsex // Simplify

A5tolaa + A5to2aa +A5to3aa +A5to4aa + A5to5aa + AS5to6aa +A5to7aa +
A5to8aa + AS5to9aa + A5tol0aa +A5tollaa +A5tol2aa +A5tol3aa +A5tol4aa
subTransitionsByAsexAsex // Simplify

A6tolaa + A6to2aa +A6to3aa + A6todaa + A6toS5aa + A6tobaa +A6to7aa +
A6to8aa + A6to9aa +A6tol0aa + A6tollaa + A6tol2aa +A6tol3aa +A6toldaa
subTransitionsByAsexAsex // Simplify

A7tolaa +A7to2aa +A7to3aa +A7tod4aa +A7to5aa +A7tobaa +A7to7aa +
A7to8aa +A7to%9aa +A7tol0aa +A7tollaa + A7tol2aa +A7tol3aa +A7tol4aa
subTransitionsByAsexAsex // Simplify

A8tolaa + A8to2aa +A8to3aa +A8tod4aa + A8to5aa +A8to6aa +A8to7aa +
A8to8aa + A8to9aa +A8tol0aa +A8tollaa +A8tol2aa +A8tol3aa +A8toldaa
subTransitionsByAsexAsex // Simplify

A9tolaa + A9to2aa +A9to3aa +A9todaa + A9toS5aa + A9tobaa +A9to7aa +
A9to8aa + A9to9aa +A9tollaa +A9tollaa +A9tol2aa +A9tol3aa +A9toldaa
subTransitionsByAsexAsex // Simplify

AlOtolaa +Al0Oto2aa +AlOto3aa +AlOto4aa +AlOto5aa +AlOtobaa +
Al0to7aa +AlOto8aa +AlO0to9aa +Al0tolOaa +AlOtollaa +AlOtol2aa +
AlOtol3aa +AlOtol4aa /. subTransitionsByAsexAsex // Simplify

Alltolaa +Allto2aa +Allto3aa +Allto4aa +Allto5aa +Allto6aa +
Allto7aa +Allto8aa +Allto9aa +Alltol0aa +Alltollaa +Alltol2aa +
Alltol3aa +Alltol4aa /. subTransitionsByAsexAsex // Simplify

Al2tolaa +Al2to2aa +Al2to3aa +Al2tod4aa +Al2to5aa +Al2tobaa +
Al2to7aa +Al2to8aa +Al2to9aa +Al2tol0aa +Al2tollaa +Al2tol2aa +
Al2tol3aa +Al2tol4aa /. subTransitionsByAsexAsex // Simplify

Al3tolaa +Al3to2aa +Al3to3aa +Al3to4aa +Al3to5aa +Al3to6aa +
Al3to7aa +Al3to8aa +Al3to9%9aa +Al3tol0aa +Al3tollaa +Al3tol2aa +
Al3tol3aa +Al3tol4aa /. subTransitionsByAsexAsex // Simplify

| 17
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Transition probabililities conditional on one sample being in an individual that was
produced by sex and the other sample being in an individual that was produced
via asex

We define “subTransitionsBySexAsex” to be a set of substitutions for the transitions out of states 4-13
(each sample in a different individual), conditional on the first individual having been created via sex and
the second individual via asex. (“First” and “second” follow order as given in the description of the
states in “Preliminaries”; see also Fig. S2.)

We define “subTransitionsByAsexSex” to be a set of substitutions for the transitions out of states 4-13
(each sample in a different individual), conditional on the first individual having been created via asex
and the second individual via sex.

subTransitionsBySexAsex

2P11
subTransitionsBySexAsex = {A4tolsa - ((1 - pNewAlHapCondAlHap) )

2P1l1 + P12

ProbAlHaploInAlAlDescendViaAsexFromAlAl

(1/2),
Plln

P12
Ad4to2sa » 0, A4to3sa -» ( ((1 - pNewAlHapCondAlHap) )

2P1l1 + P12

£ £
[(1 - r- g_) ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 + (r + g_)
2 2

ProbAlHaploInAlA1DescendViaAsexFromA1HaploInA1A2] + pNewAlHapCondAlHap

sf
{g_ * ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 +

gs +gsf
gs
gs + gsf

* ProbAlHaploInAlAlDescendViaAsexFromAlHaploInA1A2) ] ’
P12 n

2 P11
Adtoédsa - ((1 - pNewAlHapCondAlHap) )

2P1l1 + P12

ProbAlHaploInAlAlDescendViaAsexFromAlAl (1 - ) ’
Plln
2P11 )

2P11 + P12
ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 +
P12 ( gf )

+

_ |1 - r- —
2P1l1l + P12 2

Adto5sa » 0, A4dtobsa -~ ((1 - pNewAlHapCondAlHap)

((1 - pNewAlHapCondAlHap)

sf
pNewAlHapCondAlHap g—] ProbAlHaploInAlAlDescendViaAsexFromAlAl,

gs + gsf

2P11
Adto7sa - ((1 - pNewAlHapCondAlHap) )

2P11 + P12

ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 +
P12 gf gs

_— (r+ —) + pNewAlHapCondAlHap

2P11 + P12 2 gs +gsf

ProbAlHaploInAlAlDescendViaAsexFromAlAl, A4to8sa -» 0, Ad4to9sa -» 0, A4tol0sa -»

((1 - pNewAlHapCondAlHap)
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gsf

P12
((1 - pNewAlHapCondAlHap) (
gs +gsf

£
—_— |1 - r- g—J + pNewAlHapCondAlHap
2P1l1 + P12

2

ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 (1 - ) , Adtollsa -»

P12 n

P12
(((1 - pNewAlHapCondAlHap) (

£
—_— (1 - r- g_) + pNewAlHapCondAlHap
2P1l1 + P12

2

sf
J ] ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 +
gs + gsf
P12 gf gs
((1 - pNewAlHapCondAlHap) ———— (r+ —) + pNewAlHapCondAlHap —]
2P11 + P12 2 gs + gsf

ProbAlHaploInAlAlDescendViaAsexFromAlHaploInA1A2) (1 - ) , Adtol2sa »

P12 n

P12 gf
( (1 - pNewAlHapCondAlHap) (

—_— [+ —) + pNewAlHapCondAlHap
2P11 + P12

2 gs+gsf]

ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 (1 - ) ,
Pl2n

2P11 )

Ad4tol3sa » 0, Adtoldsa - ((1 - pNewAlHapCondAlHap) ————
2P11 + P12

ProbAlHaploInAlAlDescendViaAsexFromAlAl

(1/2) +
Plln

P12
(((1 - pNewAlHapCondAlHap) )

2P1l1 + P12

f f
((1 - r- g_] ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 + (r + g_]
2 2

ProbA1HaploInAlAlDescendViaAsexFromAZHaploInAlAZ) + pNewAlHapCondAlHap

sf
(g— * ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 +
gs + gsf

gs
gs + gsf

* ProbAlHaploInA1A1DescendViaAsexFromAzHaploInAlAZ] ) ’
P12 n

2 P22
A5tolsa » 0, A5to2sa -~ ((1 - pNewA2HapCondA2Hap) )

2P22 + P12

ProbA2HaploInA2A2DescendViaAsexFromA2A2

(1/2),
P22 n

P12
A5to3sa - (((l - pNewA2HapCondA2Hap) )

2 P22 + P12

f f
[(1 - r- g_) ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 + (r + g_)
2 2

ProbAZHaploInAZAZDescendViaAsexFromAZHaploInAlAZ) + pNewA2HapCondA2Hap

sf
[g— * ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 +

gs + gsf
gs
gs +gsf

* ProbAZHaploInA2A2DescendViaAsexFromAZHaploInAlAZ) ] '
Pl2n

2 P22
A5to4sa » 0, A5to5sa -~ ((1 - pNewA2HapCondA2Hap) )

2P22 + P12

ProbA2HaploInA2A2DescendViaAsexFromA2A2 (1 -
P22 n

), A5to6sa - O,
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2 P22
A5to7sa » 0, A5to8sa > ((1 - pNewA2HapCondA2Hap) ]

2 P22 + P12
ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 +
P12 (

2 P22 + P12

ProbA2HaploInA2A2DescendViaAsexFromA2A2,
2 P22 )

f
((1 - pNewA2HapCondA2Hap) r+ g_) + pNewA2HapCondA2Hap

2 gs+gsf)

A5to9sa - ((1 - pNewA2HapCondA2Hap) ——MM
2P22 + P12

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 +

P12 gf gsf
_— (1 -r- —) + pNewA2HapCondA2Hap —J
2P22 + P12 2 gs +gsf

ProbA2HaploInA2A2DescendViaAsexFromA2A2, A5tol0Osa »

P12 gf gs
_ (r + —) + pNewA2HapCondA2Hap —]
2P22 + P12 2 gs + gsf

((1 - pNewA2HapCondA2Hap)

((1 - pNewA2HapCondA2Hap)

ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 (1 - ) , AStollsa -»

P12 n

P12
(((1 - pNewA2HapCondA2Hap) (

£
_ |l r+ g_) + pNewA2HapCondA2Hap
2 P22 + P12 2

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 +
P12 (

2P22 + P12

gs+gsf)

£
((1 - pNewA2HapCondA2Hap) 1-r- g_] + pNewA2HapCondA2Hap

2
gsf
gs + gsf

1
] ProbAZHaploInA2A2DescendViaAsexFromAll-laploInAlAz) (1 - ) ’
P12 n
P12 gf
A5tol2sa -» ((1 - pNewA2HapCondA2Hap) ( ) +

_ [ 1-r-=
2 P22 + Pl2 2

gsf
pNewA2HapCondA2Hap —)
gs +gsf

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 (1 - ) ,
P12 n
2 P22
A5tol3sa » 0, A5tol4sa » ((1 - pNewA2HapCondA2Hap) —)
2 P22 + P12

ProbA2HaploInA2A2DescendViaAsexFromA2A2 (1/72) +

P22 n

P12
(((1 - pNewA2HapCondA2Hap) )

2P22 + P12

f f
((1 - r- g_] ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 + (r + g_J
2 2

ProbAZHaploInA2A2DescendViaAsexFromAlHaploInAlAZ) + pNewA2HapCondA2Hap

sf
(g— * ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 +
gs +gsf

s

g * ProbAZHaploInA2A2DescendViaAsexFrom.AlHaploInAlAZ] ) '

gs +gsf P12n
P12
A6tolsa » 0, A6to2sa - 0, A6to3sa - (((1 - pNewAlHapCondAlHap) —)
2P11 + P12

-39+ () 2+ B-%1):
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sf £ s f
pNewAlHapCondAlHap [g_ * (g—) + % * [1 - g—))] , A6todsa > 0,

gs +gsf 2 gs + gsf 2 P12 n

2p11 gf
A6to5sa - 0, A6to6sa - ((1 - pNewAlHapCondAlHap) —) . (1 - —) ,
2P11 + P12 2

2P11 gf
A6to7sa -» ((1 - pNewAlHapCondAlHap) —) * (—),
2P1l1 + P12 2

A6to8sa-» 0,
A6to9sa-» O,

P12 gf
A6tolOsa » (((1 - pNewAlHapCondAlHap) —) (1 - r- —) +
2P11 + P12 2

gsf gf 1
pNewAlHapCondAlHap —) (1 - —) (l - ),
gs + gsf 2

P12
A6tollsa -» (((1 - pNewAlHapCondAlHap) )

-2+ () 2+ (-2

sf £ s f 1
pNewAlHapCondAlHap (g—* (g_) + g—* (1 - g—))] (1 - ),
2
g9

gs +gsf 2 gs +gsf Pl2n
P12 f
A6tol2sa -» (((1 - pNewAlHapCondAlHap) —) (r+ —J +
2P1l1 + P12 2
gs gf 1
pNewAlHapCondAlHap —) [—) (1 - ) ’
gs +gsf 2 P12 n
P12
A6tol3sa » 0, A6tol4dsa -~ ((((1 - pNewAlHapCondAlHap) —)
2P11 + P12

o2 5): - 5)- (5

sf f S £ !
pNewAlHapCondAlHap (_g * (1 - g_) * > * (g_] ] )J ( ) ’

gs +gsf 2 gs +gsf 2 Pl2n
P12
A7tolsa » 0, A7to2sa -» 0, A7to3sa -~ ((1 - pNewAlHapCondAlHap) —)
2P1l1 + P12

gf gf gf gf
(=2 ) (5):
2 2 2 2
sf f s f
pNewAlHapCondAlHap (g—* (1 - g_] + _95 * (g_)))
gs + gsf 2 gs + gsf 2

, A7tod4sa - 0,
P12 n

2 P11 gf
A7to5sa » 0, A7to6sa - ((1 - pNewAlHapCondAlHap) —] * (—] ’
2 P11 + P12 2

2P11 gf
A7to7sa > ((1 - pNewAlHapCondAlHap) —) * (1 - —] ’
2P11 + P12 2

A7to8sa-»> 0,
A7to9sa-> O,

P12 gf
A7tol0sa -» (((1 - pNewAlHapCondAlHap) —) (1 - r- —J +
2P1l1 + P12 2
gsf gf 1
pNewAlHapCondAlHap —) [—) (1 - ),
gs + gsf 2 P12 n
P12
A7tollsa -» (((1 - pNewAlHapCondAlHap) —)
2P11 + P12
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-39+ -5 ) ()

gsf gs gf 1
pNewAlHapCondAlHap [— * (1 - —) _— (—) )] (1 - ) ’
gs +gsf 2 gs +gsf 2 P12 n
P12 gf
A7tol2sa -» (((1 - pNewAlHapCondAlHap) —) (r+ —] +
2P1l1 + P12 2
gs gf 1
pNewAlHapCondAlHap —) (1 - —] (1 - ) '
gs +gsf 2 Pl2n
P12
A7tol3sa -» 0, A7tolé4sa -~ ((((1 - pNewAlHapCondAlHap) —)
2P1l1 + P12

=-2)- () (=395

gsf g gf 1
pNewAlHapCondAlHap ( (—] (1 - —) ] )) ( ) ’
gs +gsf 2 gs + gsf 2 P12 n

P12 )

A8tolsa » 0, A8to2sa - 0, A8to3sa - ((1 - pNewA2HapCondA2Hap)

(N (z—f) )

e ()
— =27 ==
gs + gsf gs + gsf 2 P12 n ’

A8to4sa » 0, A8to5sa -» 0, A8to6sa » 0, A8to7sa-» 0,

2P22 + P12

pNewA2HapCondA2Hap (

2 P22 gf
A8to8sa -» ((1 - pNewA2HapCondA2Hap) —) * (1 - —] ,
2P22 + P12

2 P22 gf
A8to9sa -» ((1 - pNewA2HapCondA2Hap) —) * (—),

2P22 + P12 2
A8tol0sa -»
P12 gf gs
(((1 - pNewA2HapCondA2Hap) —) (r + —) + pNewA2HapCondA2Hap ————
2P22 + P12 2 gs + gsf
f 1
-5 b )
2 P12 n
P12
A8tollsa -» (((1 - pNewA2HapCondA2Hap) —)
2P22 + P12

gf gf gf gf
2 2 2 2
sf f s f 1
pNewA2HapCondA2Hap (g— (1 - g_] + _9%5 * (g_))] (1 - ),
gs +gsf 2 gs +gsf 2 P12 n

P12 gf
A8tol2sa -» (((1 - pNewA2HapCondA2Hap) —) (1 -r- —) +
2P22 + P12 2

gsf gf 1
pNewA2HapCondA2Hap —) (—) (1 - ) ’
gs +gsf 2 P12 n

A8tol3sa » 0, A8tolédsa - [(((1 - pNewA2HapCondA2Hap)

-5+ 22
pNewA2HapCondA2Hap (sﬁ* (gf ] P2, (1_ "ﬁ)])) ( ! ),

P12
2 P22 + PlZ)
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A9tolsa -» 0, A9to2sa -» 0, A9to3sa - (((1 - pNewA2HapCondA2Hap)

gf gf gf gf
== %) () %) -2
2 2 2 2
sf f s f 1
pNewA2HapCondA2Hap (g—* (g_) + g—* (1 - g_)))

14
gs +gsf 2 gs +gsf 2 P12 n
A9to4sa » 0, A9to5sa -» 0, A9tobsa » 0, A9to7sa-» 0,

P12 )
2 P22 + P12

2 P22 gf
A9to8sa -» ((1 - pNewA2HapCondA2Hap) —) * (—) ,
2P22 + P12 2

2 P22 gf
A9to9sa -» ((l - pNewA2HapCondA2Hap) —) * (1 - —] ’

2 P22 + P12 2
A9tolOsa -»
P12 gf gs
(((1 - pNewA2HapCondA2Hap) —) (r + —] + pNewA2HapCondA2Hap
2P22 + P12 2 gs + gsf
£ 1
(7] (- )
2 P12 n
P12
A9tollsa -» (((1 - pNewA2HapCondA2Hap) —)
2P22 + P12
gf gf gf gf
(=) ) )0 5))
2 2 2 2
sf £ s £ 1
pNewA2HapCondA2Hap [g—* (g_) + g—* (1 - g—J J (1 - ),
gs + gsf 2 gs + gsf 2 Pl2n
P12 gf
A9tol2sa -» (((1 - pNewA2HapCondA2Hap) —) (1 -r- —) +
2P22 + P12 2
gsf gf 1
pNewA2HapCondA2Hap —) (1 - —J (1 - ) ’
gs + gsf 2 Pl2n
P12
A9tol3sa - 0, A9toldsa - ((((1 - pNewA2HapCondA2Hap) —)
2 P22 + P12
gf gf gf gf
(=) ) = ) ()
2 2 2 2
sf £ s £ 1
pNewA2HapCondA2Hap (g— * (1 - g_) + g—* (g—)])) ( ),
gs + gsf 2 gs +gsf 2 P12 n
P12
AlOtolsa -» 0, AlOto2sa » 0, Al0to3sa » (((1 - pNewAlHapCondAlHap) —)
2P11 + P12

(b= 5)- () (-3 -):

sf f s f
pNewAlHapCondAlHap [g_* (g_) + g_* [1 - g_])]

, AlOto4sa -» 0,

gs +gsf 2 gs + gsf 2 P12 n
2 P11 gf
AlOto5sa » 0, AlOto6sa - ((1 - pNewAlHapCondAlHap) —) . (1 - —] ,
2P1l1 + P12 2
2 P11 gf
AlOto7sa -» ((1 - pNewAlHapCondAlHap) —) * (—] ’
2P1l1 + P12 2
AlOto8sa -» 0, Al10to9sa-» O,
P12 gf
Al0OtolOsa -» (((1 - pNewAlHapCondAlHap) —) (1 - r- —] +
2P1l1 + P12 2

gsf gf 1
pNewAlHapCondAlHap —) (1 - —) (1 - ),
gs + gsf
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P12
AlOtollsa -» (((1 - pNewAlHapCondAlHap) )

(e T (S fer ) o

sf £ s f 1
pNewAlHapCondAlHap (g—* (g_) + g—* (1 - g_))) (1 - ),

gs +gsf 2 gs +gsf 2 P12 n
P12 gf
Al0tol2sa - (((1 - pNewAlHapCondAlHap) —) (r+ —) +
2P11 + P12 2

gs gf 1
pNewAlHapCondAlHap —) (—) (1 - ) ’
gs +gsf 2 P12 n

AlOtol3sa -» 0, AlOtolédsa -~ ((((1 - pNewAlHapCondAlHap)

-39+ 25+ (39 )

sf f s £ !
pNewAlHapCondAlHap (_9 * (1 - g_) * > * [g_) ) )) ( ) '

P12
2P11 + P12)

gs + gsf 2 gs + gsf 2 P12 n
P12
Alltolsa-» 0, Allto2sa-» 0, Allto3sa - (((1 - pNewAlHapCondAlHap) —)
2P11 + P12

gf gf gf gf
(-5 () 2 2):
2 2 2 2
sf £ s £
pNewAlHapCondAlHap [g—* (1 - g_] + _95 * (g_J)]
gs +gsf 2 gs + gsf 2

, Allto4sa-» 0,
P12n

2 P11 £
Allto5sa » 0, Allto6sa - ((1 - pNewAlHapCondAlHap) —) * (g_] ’
2P11 + P12 2

2 P11 gf
Allto7sa -» ((1 - pNewAlHapCondAlHap) —] * (1 - —) ’
2P11 + P12 2

Allto8sa -» 0, Allto9sa-» O,

P12 gf
AlltolOsa - (((1 - pNewAlHapCondAlHap) —) {1 - r- —] +
2P11 + P12 2
gsf gf 1
pNewAlHapCondAlHap —) (—) (1 - ),
gs + gsf 2 P12 n
P12
Alltollsa -» (((1 - pNewAlHapCondAlHap) —)
2 P11 + P12

=)+ (-5 b-2)- (%))

gsf gs gf 1
pNewAlHapCondAlHap (— * (1 - —] + —— (—] )] (1 - ),
2

gs + gsf gs +gsf 2 P12 n
P12 gf
Alltol2sa - (((1 - pNewAlHapCondAlHap) —) (r+ —) +
2P1l1 + P12 2
gs gf 1
pNewAlHapCondAlHap —) (1 - —] (1 - ) ’
gs +gsf 2 P12 n
P12
Alltol3sa -» 0, Alltol4dsa - ((((1 - pNewAlHapCondAlHap) —)
2P1l1l + P12

gf gf gf gf
-2 (22 %)
2 2 2 2
sf £ s £ !
pNewAlHapCondAlHap (_g * (g_] §— * (1 ) g_)])J ( ),
gs+gsf | 2 ) gs+gsf 2 PiZn
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Al2tolsa -» 0, Al2to2sa - 0, Al2to3sa - (((l - pNewA2HapCondA2Hap)

gf gf gf gf
== 2] () %) -2
2 2 2 2
sf f s f 1
pNewA2HapCondA2Hap (g—* (g_) + g—* (1 - g_)))

14
gs +gsf 2 gs +gsf 2 P12 n
Al2to4sa » 0, Al2to5sa-»> 0, Al2to6sa -» 0, Al2to7sa - 0,

P12 )
2 P22 + P12

2 P22 gf
Al2to8sa -» ((1 - pNewA2HapCondA2Hap) —) * (—J ’
2 P22 + P12 2

2 P22 gf
Al2to9sa -» ((1 - pNewA2HapCondA2Hap) —) * (1 - —) ’
2P22 + P12 2

Al2tol0sa »
gs

P12 f
(((1 - pNewA2HapCondA2Hap) —) (r + g_] + pNewA2HapCondA2Hap
gs +gsf

2P22 + P12 2
£ 1
) B san)
2 P12 n

Al2tollsa > (((1 - pNewA2HapCondA2Hap)

P12
2 P22 + P12)

(o295 29 )

sf £ s £ 1
pNewA2HapCondA2Hap [g—* (g_) + g—* (1 - g—J)J (1 - ),

gs + gsf 2 gs + gsf 2 Pl2n
P12 gf
Al2tol2sa -~ (((1 - pNewA2HapCondA2Hap) —) (1 -r- —] +
2 P22 + P12 2

gsf gf 1
pNewA2HapCondA2Hap —) (1 - —J (1 - ) ’
gs + gsf 2 Pl2n

Al2tol3sa -» 0, Al2tolé4sa - ((((1 - pNewA2HapCondA2Hap)

-] ) (- )- ()

gsf gf gs gf 1
pNewA2HapCondA2Hap (— * (1 - —) + — % (—)])) ( ),
gs + gsf 2 gs +gsf 2 P12 n

P12
2P11 + PlZ)

P12
2 P22 + P12)

Al3tolsa » 0, Al3to2sa » 0, Al3to3sa > (((1 - pNewAlHapCondAlHap)

£ £
((1 -r- g_) * ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 + (r + g_] *
2 2

ProbAZHaploInA2A2DescendViaAsexFromA1HaploInA1A2J + pNewAlHapCondAlHap

sf
[g— * ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 +
gs + gsf

s
g * ProbAZHaploInA2A2DescendViaAsexFromAlHaploInAlAZ) ] r
gs + gsf P12n
2 P11
Al3to4sa » 0, Al3to5sa » 0, Al3to6sa » ((1 - pNewAlHapCondAlHap) —) *
2P11 + P12

ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2,
2P11 J
*

2P1l1 + P12
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2, Al3to8sa »

Al3to7sa » ((1 - pNewAlHapCondAlHap)
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P12 gf gsf
((1 - pNewAlHapCondAlHap) —MmM (1 -r- —) + pNewAlHapCondAlHap —) *
2P11 + P12 2 gs + gsf
ProbA2HaploInA2A2DescendViaAsexFromA2A2, Al3to9sa —»
P12 gf gs
((1 - pNewAlHapCondAlHap) —— (r + —) + pNewAlHapCondAlHap —] *
2P11 + P12 2 gs +gsf
ProbA2HaploInA2A2DescendViaAsexFromA2A2, Al3tol0Osa -
P12 gf gsf
((1 - pNewAlHapCondAlHap) —— [1 -r- —) + pNewAlHapCondAlHap —) *
2 P11 + P12 2 gs + gsf

ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 (1 - ) , Al3tollsa -

P12 n

P12 gf gsf
(((1 - pNewAlHapCondAlHap) —MmM8M (1 -r- —] + pNewAlHapCondAlHap —J *
2P11 + P12 2 gs + gsf
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 +

P12
( (1 - pNewAlHapCondAlHap) (

gf gs
—_——— |+ —) + pNewAlHapCondAlHap —) *
2P1ll + P12

2 gs + gsf

ProbAZHaploInAZAZDescendViaAsexFromAlHaploInAlAZ) (1 - ) , Al3tol2sa -

P12 n

P12 gf gs
((1 - pNewAlHapCondAlHap) —— [r + —] + pNewAlHapCondAlHap —) *
2P1l1 + P12 2 gs + gsf
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 (1 - ) ’
P12 n
2 P11
Al3tol3sa > (1 - pNewAlHapCondAlHap) — *
2P1l1 + P12
ProbA2HaploInA2A2DescendViaAsexFromA2A2,
P12 gf
Al3tolédsa -~ (((1 - pNewAlHapCondAlHap) ——mMmM (1 -r- —) +
2P11 + P12 2
gsf
pNewAlHapCondAlHap —] *
gs + gsf
ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 +
P12 gf gs
((1 - pNewAlHapCondAlHap) ———— (r + —) + pNewAlHapCondAlHap ———— | *
2P11 + P12 2 gs + gsf

}i

ProbAZHaploInAZAZDescendViaAsexFromAZHaploInAlAZ)
P12 n

Check these transitions sum to unity
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Adtolsa + A4d4to2sa +Ad4to3sa +Adtodsa + AdtoS5sa + Adtobsa +
Adto7sa +Ad4to8sa +Ad4to9sa + AdtolOsa + Adtollsa +Adtol2sa +
Adtol3sa +A4toldsa /. subTransitionsBySexAsex // Simplify

A5tolsa + ASto2sa +A5to3sa + A5toé4sa + A5toS5sa +A5to6sa +
A5to7sa + ASto8sa + ASto9sa + A5tol0Osa +A5tollsa +AS5tol2sa +
A5tol3sa +A5toldsa /. subTransitionsBySexAsex // Simplify

A6tolsa + Abto2sa +A6to3sa + A6todsa + A6to5sa + A6tobsa +
A6to7sa + A6to8sa +A6to9sa + A6tol0sa + A6tollsa +A6tol2sa +
A6tol3sa +A6toldsa /. subTransitionsBySexAsex // Simplify

A7tolsa + A7to2sa +A7to3sa +A7toédsa +A7toS5sa +A7tobsa +
A7to7sa +A7to8sa + A7to9sa + A7tol0Osa +A7tollsa +A7tol2sa +
A7tol3sa +A7toldsa /. subTransitionsBySexAsex // Simplify

A8tolsa + A8to2sa + A8to3sa + A8to4sa + A8to5sa + A8tob6sa +
A8to7sa + A8to8sa + A8to9sa + A8tol0Osa + A8tollsa +A8tol2sa +
A8tol3sa +A8tol4sa /. subTransitionsBySexAsex // Simplify

A9tolsa + A9to2sa +A9to3sa + A9todsa + A9toSsa +A9tobsa +
A9to7sa + A9to8sa + A9to9sa + A9tol0sa +A9tollsa +A9tol2sa +
A9tol3sa +A9toldsa /. subTransitionsBySexAsex // Simplify

AlOtolsa +Al0Oto2sa +AlOto3sa +AlOtod4sa + Al0to5sa +AlOtoébsa +
Al0to7sa +Al0Oto8sa +AlO0to9sa + Al0tolOsa +AlOtollsa +AlOtol2sa +
AlOtol3sa +AlOtol4sa /. subTransitionsBySexAsex // Simplify

Alltolsa +Allto2sa +Allto3sa +Alltoé4sa +Allto5sa +Alltoé6sa +
Allto7sa +Allto8sa +Allto9sa +AlltolOsa +Alltollsa +Alltol2sa +
Alltol3sa +Alltold4sa /. subTransitionsBySexAsex // Simplify

Al2tolsa +Al2to2sa +Al2to3sa +Al2tod4sa +Al2to5sa +Al2toé6sa +
Al2to7sa +Al2to8sa +Al2to9sa +Al2tol0Osa +Al2tollsa +Al2tol2sa +
Al2tol3sa +Al2tolé4sa /. subTransitionsBySexAsex // Simplify

Al3tolsa +Al3to2sa +Al3to3sa +Al3toé4sa +Al3to5sa +Al3to6sa +
Al3to7sa +Al3to8sa +Al3to9sa +Al3tol0Osa +Al3tollsa +Al3tol2sa +
Al3tol3sa +Al3tol4sa /. subTransitionsBySexAsex // Simplify

| 27
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subTransitionsByAsexSex

2P11
subTransitionsByAsexSex = {A4tolas - ((1 - pNewAlHapCondAlHap) )

2Pll + P12

ProbAlHaploInAlAlDescendViaAsexFromAlAl (1/72),

Plln

P12
Adto2as » 0, A4dto3as - ( ((1 - pNewAlHapCondAlHap) )

2P1ll + P12

f f
[(1 -r- g_) ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 + (r + g_)
2 2

ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlAZ) + pNewAlHapCondAlHap

sf
(g— * ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 +

gs + gsf
gs
gs +gsf

* ProbAlHaploInAlAlDescendViaAsexFromAlHaploInA1A2) ] ’
P12 n

2P11
Adtodas - ((l - pNewAlHapCondAlHap) )

2Pll + P12

ProbAlHaploInAlAlDescendViaAsexFromAlAl (1 - ) ’
Plln

2P1l1 )

2P11 + P12
ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 +
P12 f
—— (1 “r- 9_) R
2P11 + P12

2
gsf .
pNewAlHapCondAlHap —] ProbAlHaploInAlAlDescendViaAsexFromAlAl,
gs +gsf

AdtoS5as » 0, A4dtobas - ((1 - pNewAlHapCondAlHap)

((1 - pNewAlHapCondAlHap)

2P11
Adto7as -» ((1 - pNewAlHapCondAlHap) )

2P1l1 + P12
ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 +

P12 gf gs
_ (r+ —) + pNewAlHapCondAlHap —]
2P11 + P12 2 gs + gsf

ProbAlHaploInAlAlDescendViaAsexFromAlAl, A4to8as - 0, Ad4to9as -» 0, A4tolOas -»
P12 (

2Pll + P12

((1 - pNewAlHapCondAlHap)

£ sf
((1 - pNewAlHapCondAlHap) l1-r- g—J + pNewAlHapCondAlHap g_)

2 gs +gsf

ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 (1 - ) , Adtollas -»

P12 n

P12
(((1 - pNewAlHapCondAlHap) (

£
—_— (1 - r- g_) + pNewAlHapCondAlHap
2P1l1 + P12

2

sf
J ] ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 +
gs + gsf
P12 gf gs
((1 - pNewAlHapCondAlHap) ——— (r+ —) + pNewAlHapCondAlHap
2P11 + P12 2 gs + gsf

ProbAlHaploInAlAlDescendViaAsexFromAlHaploInA1A2) (1 - ) , Adtol2as »

P12 n
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P12 £
(1 - pNewAlHapCondAlHap) —M8M (r+ g_) + pNewAlHapCondAlHap
2P11 + P12 2 gs + gsf
ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 (1 - ) ’
Pl2n
2P11
Ad4tol3as » 0, Adtoldas - ((1 - pNewAlHapCondAlHap) —)
2P11 + P12
ProbAlHaploInAlAlDescendViaAsexFromAlAl (1/2) +
Plln
P12
(((1 - pNewAlHapCondAlHap) —)
2P11 + P12

f f
((1 - r- g_] ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 + (r + g_]
2 2

ProbA1HaploInAlAlDescendViaAsexFromAZHaploInAlAZ) + pNewAlHapCondAlHap

sf
(g— * ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 +

gs + gsf
gs
gs + gsf

* ProbAlHaploInA1A1DescendViaAsexFromAZHaploInAlAZ] ) ’
P12 n

2 P22
A5tolas -» 0, A5to2as - ((1 - pNewA2HapCondA2Hap) )

2P22 + P12

ProbA2HaploInA2A2DescendViaAsexFromA2A2

(1/2),
P22 n

P12
A5to3as - (((l - pNewA2HapCondA2Hap) )

2 P22 + P12

f f
[(1 - r- g_) ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 + (r + g_)
2 2

ProbAZHaploInAZAZDescendViaAsexFromAZHaploInAlAZ) + pNewA2HapCondA2Hap

sf
[g_ * ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 +

gs + gsf
gs . 1
* ProbAZHaploInA2A2DescendVJ.aAsexFromAZHaploInAlAZ) ] '
gs +gsf P12 n
2 P22
A5to4as » 0, A5to5as - ((1 - pNewA2HapCondA2Hap) —)
2 P22 + P12

ProbA2HaploInA2A2DescendViaAsexFromA2A2 (1 - ) , A5tobas » O,

P22 n
2 P22 )

2 P22 + P12
ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 +
P12 gf gs
(r + —] + pNewA2HapCondA2Hap —)
2 gs +gsf

A5to7as » 0, A5to8as » ((1 - pNewA2HapCondA2Hap)

((1 - pNewA2HapCondA2Hap) ——
2 P22 + P12

ProbA2HaploInA2A2DescendViaAsexFromA2A2,
2 P22 )

2 P22 + P12
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 +

P12 gf gsf
_ (1 -r- —) + pNewA2HapCondA2Hap —]
2P22 + P12 2 gs +gsf

ProbA2HaploInA2A2DescendViaAsexFromA2A2, A5tol0as -

A5to9as - ((1 - pNewA2HapCondA2Hap)

((1 - pNewA2HapCondA2Hap)
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P12 £
((1 - pNewA2HapCondA2Hap) —MMM (r+ 43_) + pNewA2HapCondA2Hap ]
2P22 + P12 2 gs + gsf
ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 (1 - ) , AStollas -»
P12 n
P12 gf gs
(((1 - pNewA2HapCondA2Hap) —— (r + —) + pNewA2HapCondA2Hap —)
2P22 + P12 2 gs + gsf
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 +
P12 £
((1 - pNewA2HapCondA2Hap) ——M (1 -r- g_] + pNewA2HapCondA2Hap
2P22 + P12 2
gsf . 1
J ProbAZHaploInA2A2DescendVJ.aAsexFromAlHaploInAlAZJ (1 - ) ,
gs +gsf P12 n
P12 gf
A5tol2as -» ((1 - pNewA2HapCondA2Hap) —— (1 -r- —) +
2 P22 + P12 2
gsf
pNewA2HapCondA2Hap —)
gs +gsf
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 (1 - ) '
Pl2n
2 P22
A5tol3as » 0, A5tol4as -» ((1 - pNewA2HapCondA2Hap) —)
2 P22 + P12
ProbA2HaploInA2A2DescendViaAsexFromA2A2 (1/72) +
P22 n
P12
(((1 - pNewA2HapCondA2Hap) —)
2 P22 + P12
f
(S

] ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 + (
2

gf)
r+ —
2

ProbAZHaploInA2A2DescendViaAsexFromAlHaploInAlAZ) + pNewA2HapCondA2Hap

sf
( J * ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 +
gs +gsf

gs

* ProbAZHaploInAZAZDescendViaAsexFromA1HaploInA1A2] )
gs + gsf
A6tolas » ProbAlHaploInAlAlDescendViaAsexFromAlAl %

4
P12 n
2P11
((1 - pNewAlHapCondAlHap)

) (1/72),
2P11 + P12/ Plln

A6to2as » 0, A6to3as »
(ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlAZ *

P12 f

(((1 - pNewAlHapCondAlHap) —) [r + g_] + pNewAlHapCondAlHap

2P11 + P12 2
s
J ] + ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2
gs + gsf
P12 gf

{((1 - pNewAlHapCondAlHap) —) (1 -r- —] +

2P11 + P12 2
gsf 1
pNewAlHapCondAlHap ] ] ’
gs +gsf Pl2n
A6todas -» ProbAlHaploInAlAlDescendViaAsexFromAlAl %

2prl1
((1 - pNewAlHapCondAlHap)

1
) (- ena)

2P11 + P12 Plln
A6to5as » 0, A6tobas » ProbAlHaploInAlAlDescendViaAsexFromAlAl
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P12 gf
((1 - pNewAlHapCondAlHap) ( ] +

_ (1 -r-=—
2Pll + P12 2

gsf
pNewAlHapCondAlHap —] +
gs +gsf
ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 *
2P11 )
14

2P11 + P12
A6to7as » ProbAlHaploInAlAlDescendViaAsexFromAlAl

P12 gf
_— (r + —) + pNewAlHapCondAlHap
2P11 + P12 2

ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2
2 P11

2P11 + Pl2
A6tolOas » ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2
P12 (

((1 - pNewAlHapCondAlHap)

((1 - pNewAlHapCondAlHap) ) +
gs +gsf

((1 - pNewAlHapCondAlHap) ), A6to8as » 0 , A6to9as » O,

((1 - pNewAlHapCondAlHap)

1
- ra)
P12 n

A6tollas -» (ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlAz *

gf gsf
l1-r- —) + pNewAlHapCondAlHap —)

2P11 + P12 2 gs + gsf

2P1l1 + P12

((1 - pNewAlHapCondAlHap)
2

P12 gf
[r + —] + pNewAlHapCondAlHap

s
g—J + ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 *
gs +gsf
P12 gf
((1 - pNewAlHapCondAlHap) —M (1 -r- —J +
2P11 + P12 2

gsf 1
pNewAlHapCondAlHap —]] (1 - ) ’

gs +gsf P12 n
A6tol2as » ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2
P12 gf gs
((1 - pNewAlHapCondAlHap) ———— (r + —] + pNewAlHapCondAlHap
2P11 + P12 2 gs + gsf
(1 - ) , A6tol3as » 0,
Pl2n
A6tol4as -» ProbAlHaploInAlAlDescendViaAsexFromAlAl
2P11 1
((1 - pNewAlHapCondAlHap) ) (1/2) +
2P11 + P12/ Plln
(ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlAZ *
P12 gf
(((1 - pNewAlHapCondAlHap) —) (1 -r- —] + pNewAlHapCondAlHap
2 P11 + P12 2
gsf .
—) + ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 *
gs + gsf
P12 gf
(((1 - pNewAlHapCondAlHap) —] (r+ —) +
2P11 + P12 2
gs 1
pNewAlHapCondAlHap )) , A7tolas » 0, A7to2as » 0, A7to3as -»
gs +gsf P12 n

(ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlAZ *
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P12

(((1 - pNewA2HapCondA2Hap) ——
2P22 + P12

£
) (1 -r- g_] + pNewA2HapCondA2Hap
2

sf
g_] + ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 *
gs +gsf
P12 gf
(((1 - pNewA2HapCondA2Hap) —) (r + —] +
2 P22 + P12 2
gs 1
pNewA2HapCondA2Hap ]] , A7tod4as -» 0,
gs + gsf Pl2n
A7to5as » 0, A7to6as » ProbAlHaploInAlAlDescendViaAsexFromAlAl
P12 gf gs
((1 - pNewA2HapCondA2Hap) ——— (r + —) + pNewA2HapCondA2Hap —] '
2P22 + P12 2 gs +gsf
A7to7as -» ProbAlHaploInAlAlDescendViaAsexFromAlAl
P12 gf gsf
((1 - pNewA2HapCondA2Hap) ——— (l -r- —) + pNewA2HapCondA2Hap —) '
2P22 + P12 2 gs + gsf
A7to8as -» ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 *
2 p22

(1 - pNewA2HapCondA2Hap) —M8M8M8M8M8,
2P22 + P12
A7to9as » ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 *

2 P22
(1 - pNewA2HapCondA2Hap)

2P22 + P12
A7tol0as -» ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 *

P12 (
2 P22 + P12

gs

((1 - pNewA2HapCondA2Hap)
gs + gsf

f
r+ g_] + pNewA2HapCondA2Hap
2

(1 - J , A7tollas -»
P12 n

(ProbAlHaploInAlAlDescendViaAsexFromAZHaploInAlAZ * ((1 - pNewA2HapCondA2Hap)

P12 gf gs
[ — [r + —) + pNewA2HapCondA2Hap —] +
2 P22 + P12 2 gs + gsf

ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2

P12 gf
((l - pNewA2HapCondA2Hap) — (1 -r- —) +
2 P22 + P12 2

gsf 1
pNewA2HapCondA2Hap —]] (1 - ) r
gs + gsf P12 n

A7tol2as -» ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2
P12 (

2 P22 + P12

gsf

((1 - pNewA2HapCondA2Hap)
gs +gsf

f
l1-r- g_) + pNewA2HapCondA2Hap
2

(l - J , A7tol3as »
P12 n

2 P22

ProbAlHaploInAlAlDescendViaAsexFromAlAl » (1 - pNewA2HapCondA2Hap) —M8M,
2P22 + P12

A7tol4das > (ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlAz *

P12
( (1 - pNewA2HapCondA2Hap) (

f
— [+ g_] + pNewA2HapCondA2Hap
2 P22 + P12

2
gs

—J + ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 *
gs + gsf
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P12 gf
[(1 - pNewA2HapCondA2Hap) —MmM [1 -r- —J +
2 P22 + P12 2
gsf 1
pNewA2HapCondA2Hap )] , A8tolas - 0, A8to2as -» 0, A8to3as —»
gs + gsf P12 n

{ProbAZHaploInA2A2DescendViaAsexFromA2HaploInAlAZ *

P12

£
(((1 - pNewAlHapCondAlHap) ) [1 -r- g_] + pNewAlHapCondAlHap
2

2P1l1 + P12
gsf .

—J + ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2

gs +gsf

P12 gf
(((1 - pNewAlHapCondAlHap) —) (r+ —] +
2P11 + P12 2

s 1
pNewAlHapCondAlHap J ]] , A8tod4as -» 0,
P12 n

gs + gsf
A8to5as » 0, A8to6as » ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 *
2 P11

(1 - pNewAlHapCondAlHap) —M8MMM,
2P11 + P12

A8to7as » ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 *
2 P11

14
2P11 + P12
A8to8as » ProbA2HaploInA2A2DescendViaAsexFromA2A2

(1 - pNewAlHapCondAlHap)

P12 gf gsf
((1 - pNewAlHapCondAlHap) —— (1 -r- —) + pNewAlHapCondAlHap —) '
2P11 + P12 2 gs + gsf
A8to9as » ProbA2HaploInA2A2DescendViaAsexFromA2A2
P12 f
((1 - pNewAlHapCondAlHap) ———— (r + g_] + pNewAlHapCondAlHap ),
2P11 + P12 2 gs + gsf
A8tolOas -» ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 *
P12 gf gsf
((1 - pNewAlHapCondAlHap) —M8M (1 -r- —) + pNewAlHapCondAlHap —)
2P11 + P12 2 gs +gsf

(1 - J , A8tollas »
P12 n

(ProbAZHaploInA2A2DescendviaAsexFrom.AZHaploInAlAZ * ((1 - pNewAlHapCondAlHap)

P12 gf gsf
—_— [1 -r- —) + pNewAlHapCondAlHap —) +
2P11 + P12 2 gs + gsf

ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 x
P12 ( gf ]
+

— e+ =
2Pll + P12

((1 - pNewAlHapCondAlHap)
2

s 1
pNewAlHapCondAlHap g—]] (1 - ) ’
gs +gsf P12 n

A8tol2as -» ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 %
P12 (

((1 - pNewAlHapCondAlHap) ——
2 P11 + P12

f
r+ g_) + pNewAlHapCondAlHap

2 gs +gsf

(1 - ) , A8tol3as -
Pl2n
2 P11

ProbA2HaploInA2A2DescendViaAsexFromA2A2 x (1 - pNewAlHapCondAlHap) —M ,
2P11 + P12
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A8tol4as -» (ProbAZHaploInA2A2DescendViaAsexFromAZHaploInAlAZ *

P12
( (1 - pNewAlHapCondAlHap) (

f
—_— [+ g_] + pNewAlHapCondAlHap
2P11 + P12

2
gs

—] + ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2
gs +gsf

P12
( (1 - pNewAlHapCondAlHap) (

£
1—r—g—)+

2P1l1 + P12 2

gsf 1
pNewAlHapCondAlHap ] ] ’
gs + gsf Pl2n
A9tolas » 0, A9to2as -» ProbA2HaploInA2A2DescendViaAsexFromA2A2
2 P22

((1 - pNewA2HapCondA2Hap) (1/2), A9to3as -

2 P22 + P12) P22 n

(ProbAZHaploInA2A2DescendViaAsexFromAZHaploInAlAZ *

P12 f
(((1 - pNewA2HapCondA2Hap) —) [r + g_] + pNewA2HapCondA2Hap
2P22 + P12 2
s
g_] + ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 *
gs + gsf
P12 gf
{((1 - pNewA2HapCondA2Hap) —) (1 -r- —] +
2 P22 + P12 2
gsf 1
pNewA2HapCondA2Hap ] ] ’
gs + gsf Pl2n
A9tod4as » 0, A9to5as -» ProbA2HaploInA2A2DescendViaAsexFromA2A2 %

2 P22 1
) (1 - ), A9tobas » O,
2 P22 + P12 P22 n

A9to7as -» 0, A9to8as -» ProbA2HaploInA2A2DescendViaAsexFromA2A2

((1 - pNewA2HapCondA2Hap)

P12 gf gs
((l - pNewA2HapCondA2Hap) — (r+ —) + pNewA2HapCondA2Hap
2P22 + P12 2 gs + gsf
ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2
2 P22
((1 - pNewA2HapCondA2Hap) —) ’
2 P22 + P12

A9to9as » ProbA2HaploInA2A2DescendViaAsexFromA2A2 ((1 - pNewA2HapCondA2Hap)

P12 gf gsf
_— (1 -r- —) + pNewA2HapCondA2Hap —) +
2P22 + P12 2 gs + gsf

ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2

2 P22
(1 - pNewA2HapCondA2Hap) —M8M8M8M,
2 P22 + P12

A9tolOas -» ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 *
P12 (

2 P22 + P12

gs

((1 - pNewA2HapCondA2Hap)
gs +gsf

f
r+ g_] + pNewA2HapCondA2Hap
2

(1 - J , A9tollas »
P12 n

(ProbAZHaploInAZAZDescendViaAsexFromAlHaploInAlAZ * ((1 - pNewA2HapCondA2Hap)

P12 (

gf gsf
—_— (1-r- —) + pNewA2HapCondA2Hap —) +
2 P22 + P12

2 gs +gsf
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ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 *
P12 [ gf ]
+

— |+ =
2 P22 + P12

((1 - pNewA2HapCondA2Hap)
2

gs 1
pNewA2HapCondA2Hap —]] (1 - ) ’

gs + gsf P12 n
A9tol2as » ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2
P12 gf gsf
((1 - pNewA2HapCondA2Hap) ——— (l -r- —) + pNewA2HapCondA2Hap
2P22 + P12 2 gs + gsf

(1- ], A9tol3as - 0,

Pl2n
A9tol4as » ProbA2HaploInA2A2DescendViaAsexFromA2A2
2 P22 ) 1

2P22 + P12/ P22n

((1 - pNewA2HapCondA2Hap) (1/72) +

(ProbAZHaploInA2A2DescendViaAsexFromAZHaploInAlAZ * ((1 - pNewA2HapCondA2Hap)

P12 gf gsf
_— (1 -r- —] + pNewA2HapCondA2Hap —] +
2 P22 + P12 2 gs + gsf

ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 x

P12 gf
((1 - pNewA2HapCondA2Hap) —— (r+ —] +
2P22 + P12 2

pNewA2HapCondA2Hap

)) , AlOtolas -» O,
gs + gsf P12 n

AlOto2as » 0, AlOto3as —» (((1 - pNewAlHapCondAlHap)

gf gf gf gf
== ) () %) -3
2 2 2 2
sf £ s f
pNewAlHapCondAlHap (g—* (g_) + g—* (1 - g_))]
gs +gsf 2 gs + gsf 2

P12
2P11 + Pl2)

, AlOto4as -» 0,
Pl2n

2P11 f
AlOto5as -» 0, AlOtobas —» ((1 - pNewAlHapCondAlHap) —) * (1 - g_] ’
2P11 + P12 2

2 P11 gf
AlOto7as -» ((1 - pNewAlHapCondAlHap) —J * (—] ’
2P11 + P12 2

Al0to8as » 0,
AlOto9as -» O,

P12 gf
AlOtolOas - (((1 - pNewAlHapCondAlHap) —) (1 - r- —) +
2P11 + P12 2
gsf gf 1
pNewAlHapCondAlHap —) (1 - —J (1 - ),
gs + gsf 2 Pl2n
P12
AlOtollas -» (((1 - pNewAlHapCondAlHap) —)
2P11 + P12

-5+ (5): ) - )

sf £ s f 1
pNewAlHapCondAlHap (g—* (g_) + g—* (1 - g_))) (1 - ),

gs +gsf 2 gs +gsf 2 P12 n
P12 gf
AlOtol2as - (((1 - pNewAlHapCondAlHap) —) (r+ —) +
2P11 + P12 2

gs gf 1
pNewAlHapCondAlHap —) (—) (1 - ) ,
gs +gsf 2 P12 n
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P12
AlOtol3as -» 0, AlOtol4as - ((((1 - pNewAlHapCondAlHap) )

2Pll + P12

f f f f
((1 -r- g_) * (1 - g_) + (r + g_] * [g—]] + pNewAlHapCondAlHap
2 2 2 2

gsf gf gs gf 1
(—* (1-_)+—* [_)])) ( ),Alltolas-»O, Allto2as - 0,
gs +gsf 2 gs +gsf 2 Pl2n

gf P12 gf
Allto3as -» ((1— —) ((1 - pNewA2HapCondA2Hap) —M8M (1 - r- —] +
2

2 P22 + P12 2

sf f
pNewA2HapCondA2Hap g—] + (g_] ((1 - pNewA2HapCondA2Hap)
gs +gsf 2

P12 gf gs 1
_— ( r+ —) + pNewA2HapCondA2Hap ) ] ’
2P22 + P12 2 gs + gsf Pl2n
Allto4as » 0, AlltoS5as » 0, Alltobas » 0, Allto7as - O,
gf 2 P22
Allto8as - (1 - —) * ((1 - pNewA2HapCondA2Hap) —) '
2 2P22 + P12
gf 2 P22
AlltoY9as -» (—] * ((1 - pNewA2HapCondA2Hap) —) '
2 2P22 + P12
gf P12 gf
AlltolOas - (1 - —) (((1 - pNewA2HapCondA2Hap) —) (r+ —) +
2 2P22 + P12 2
gs 1
pNewA2HapCondA2Hap ) (1 - ) ’
gs +gsf P12 n
gf P12 gf
Alltollas -» ((1 - —] (((1 - pNewA2HapCondA2Hap) —) (1 - r- —) +
2 2 P22 + P12 2
gsf gf
pNewA2HapCondA2Hap —J + (—J (((1 - pNewA2HapCondA2Hap)
gs + gsf 2
P12 gf gs 1
—) ( r+ —) + pNewA2HapCondA2Hap —)J (1 - ) ’
2P22 + P12 2 gs + gsf P12n
gf P12 gf
Alltol2as - (—] (((1 - pNewA2HapCondA2Hap) —] (1 -r- —] +
2 2 P22 + P12 2
gsf 1
pNewA2HapCondA2Hap ) (1 - ) , Alltol3as -» 0, Alltolé4as -
gs + gsf Pl2n
gf P12 gf
((1 - —] (((1 - pNewA2HapCondA2Hap) —) (r + —] + pNewA2HapCondA2Hap
2 2 P22 + P12 2
gs gf P12 gf
—] + (—] (((1 - pNewA2HapCondA2Hap) —) (l- r- —] +
gs +gsf 2 2 P22 + P12 2
gsf 1
pNewA2HapCondA2Hap ]) ( ) , Al2tolas » O,
gs +gsf Pl2n
P12
Al2to2as » 0, Al2to3as -» (((1 - pNewA2HapCondA2Hap) —)
2 P22 + P12
gf gf gf gf
(=) ) T )
2 2 2 2
sf f s f 1
pNewA2HapCondA2Hap (g—* (g_) + g—* [1 - g_])] ’
gs + gsf 2 gs + gsf 2 P12 n

Al2to4as » 0, Al2to5as -» 0, Al2to6as » 0, Al2to7as » O,

2 P22 gf
Al2to8as -» ((1 - pNewA2HapCondA2Hap) —) * (—) ’
2P22 + P12 2
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2 P22 gf
Al2toY9as -» ((1 - pNewA2HapCondA2Hap) —) * (1 - —) ’
2P22 + P12 2

Al2tolOas -
gs

P12 f
(((1 - pNewA2HapCondA2Hap) —) (r + g_] + pNewA2HapCondA2Hap
gs +gsf

2P22 + P12 2
£ 1

) B saa)
2 P12 n

Al2tollas - (((1 - pNewA2HapCondA2Hap)

P12
2 P22 + P12)

(b= (5): (- 3)- - %):

sf £ s £ 1
pNewA2HapCondA2Hap {g—* (g_) + g—* (1 - g—J)J (1 - ),
g 2
f

gs + gsf 2 s +gsf Pl2n
P12 g
Al2tol2as - (((1 - pNewA2HapCondA2Hap) —) (1 -r- —] +
2 P22 + P12 2
gsf gf 1
pNewA2HapCondA2Hap —) (1 - —J (1 - ) ’
gs + gsf 2 Pl2n
P12
Al2tol3as -» 0, Al2tol4das - ((((1 - pNewA2HapCondA2Hap) —)
2P22 + P12
f f f f
((1 - r- g_] * (1 - g_) + (r + g_) * [g—J] + pNewA2HapCondA2Hap
2 2 2 2
sf f s f 1
(g—*(l-g—)+g—*[g—)])) ( ),A13tolas—>0,
gs + gsf 2 gs +gsf 2 P12 n

Al3to2as » 0, Al3to3as - (ProbA1HaploInA1A1DescendViaAsexFromAlHaploInAlAZ

P12

(((1 - pNewA2HapCondA2Hap) ——
2P22 + P12

f
) (1 - r- g_) + pNewA2HapCondA2Hap
2

sf
g_] + ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2
gs + gsf

P12 gf
(((1 - pNewA2HapCondA2Hap) —) (r+ —] +
2P22 + P12 2

s 1
pNewA2HapCondA2Hap J )] , Al3to4as -» O,
P12 n

gs + gsf
Al3to5as -» 0, Al3to6as » ProbAlHaploInAlAlDescendViaAsexFromAlAl *

2P22 + P12 2
Al3to7as -» ProbAlHaploInAlAlDescendViaAsexFromAlAl

P12 £
(((1 - pNewA2HapCondA2Hap) —) (r + g_) + pNewA2HapCondA2Hap ’
gs +gsf

P12 gf
(((1 - pNewA2HapCondA2Hap) —] (1 -r- —J +
2 P22 + P12 2
gsf )
- 14
gs +gsf
Al3to8as -» ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2
2 P22 )
4

2 P22 + P12
Al3to9as -» ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2
2 P22 )

14

pNewA2HapCondA2Hap

((1 - pNewA2HapCondA2Hap)

((1 - pNewA2HapCondA2Hap) ——
2 P22 + P12

Al3tolOas » ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlA2 *
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P12 £
(((1 - pNewA2HapCondA2Hap) —) (r + 43_) + pNewA2HapCondA2Hap

2 P22 + P12 2
1
)
Pl2n

Al3tollas -» (ProbA1HaploInAlAlDescendViaAsexFromAlHaploInAlAZ *

gs + gsf

P12 £
(((1 - pNewA2HapCondA2Hap) ) [1 -r- g_) + pNewA2HapCondA2Hap
2

2 P22 + P12

sf
g—J + ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 *
gs +gsf
P12 gf
(((1 - pNewA2HapCondA2Hap) —) (r + —] +
2P22 + P12 2

s 1
pNewA2HapCondA2Hap g—]) (1 - ) ’
gs + gsf P12 n

Al3tol2as » ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 x

P12 gf
(((1 - pNewA2HapCondA2Hap) —] (1 -r- —J +
2 P22 + P12 2
gsf 1
pNewA2HapCondA2Hap ) (1 - ) ’
gs + gsf Pl2n
Al3tol3as » ProbAlHaploInAlAlDescendViaAsexFromAlAl *
2 P22

(1 - pNewA2HapCondA2Hap) —M8M8,
2P22 + P12

Al3tol4das - (ProbAlHaploInAlAlDescendViaAsexFromAlHaploInAlAZ *

P12 f
{((1 - pNewA2HapCondA2Hap) —) (r + g_) + pNewA2HapCondA2Hap
2P22 + P12 2
s
g—J + ProbAlHaploInAlAlDescendViaAsexFromA2HaploInAlA2 *
gs + gsf
P12 gf
(((1 - pNewA2HapCondA2Hap) —) (1 -r- —) +
2P22 + P12 2

gsf 1
pNewA2HapCondA2Hap ] ) } i
gs +gsf P12 n

Check these transitions sum to unity
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Adtolas + A4d4to2as +Ad4to3as +Adtodas + AdtoS5as + Adtobas +
Adto7as + Ad4to8as +Ad4to9as + AdtolOas + Adtollas +Adtol2as +
Adtol3as +A4toldas /. subTransitionsByAsexSex // Simplify

AS5tolas + AS5to2as + A5to3as + A5tod4as + A5toSas +A5tobas +
A5to7as + AS5to8as + AS5to9as + A5tol0as + AS5tollas + A5tol2as +
A5tol3as +A5tol4as /. subTransitionsByAsexSex // Simplify

(AGtolas + A6to2as + A6to3as + Abto4as + A6toS5as + A6tobas + A6to7as + A6to8as +
A6to9as +A6tollOas + A6tollas + A6tol2as + A6tol3as +A6toldas /.
subTransitionsByAsexSex // Simplify) /.
ProbA2HaploInA2A2DescendViaAsexFromAlHaploInAlA2 +
ProbA2HaploInA2A2DescendViaAsexFromA2A2 +
ProbA2HaploInA2A2DescendViaAsexFromA2HaploInAlA2 » 1 // Simplify

A7tolas + A7to2as +A7to3as +A7tod4as +A7tobSas +A7tobas +
A7to7as +A7to8as + A7to9as +A7tollas +A7tollas +A7tol2as +
A7tol3as +A7tol4as /. subTransitionsByAsexSex // Simplify

A8tolas + A8to2as + A8to3as + A8tod4as + A8toSas + A8tobas +
A8to7as + A8to8as + A8to9as + A8tollas + A8tollas +A8tol2as +
A8tol3as +A8tol4as /. subTransitionsByAsexSex // Simplify

A9tolas + A9to2as +A9to3as + A9todas + A9tobas + A9tobas +
A9to7as + A9to8as + A9to9as + A9tollas +A9tollas + A9tol2as +
A9tol3as +A9toldas /. subTransitionsByAsexSex // Simplify

AlOtolas +AlOto2as +AlOto3as +AlOto4as +AlOto5as +AlOtobas +
AlOto7as +AlOto8as +Al0to9as + AlOtolOas +AlOtollas +AlOtol2as +
AlOtol3as +AlOtol4as /. subTransitionsByAsexSex // Simplify

Alltolas +Allto2as +Allto3as +Alltod4as +Allto5as +Alltobas +
Allto7as +Allto8as +Allto9as +AlltolOas +Alltollas +Alltol2as +
Alltol3as +Alltol4as /. subTransitionsByAsexSex // Simplify

Al2tolas +Al2to2as +Al2to3as +Al2tod4as +Al2to5as +Al2tobas +
Al2to7as +Al2to8as +Al2to9as +Al2tol0as +Al2tollas +Al2tol2as +
Al2tol3as +Al2tol4as /. subTransitionsByAsexSex // Simplify

Al3tolas +Al3to2as +Al3to3as +Al3tod4as +Al3to5as +Al3tobas +
Al3to7as +Al3to8as +Al3to9as +Al3tol0as +Al3tollas +Al3tol2as +
Al3tol3as +Al3tol4as /. subTransitionsByAsexSex // Simplify
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Full transition probabilities combining across reproductive modes

Here we weight the conditional probabilities defined above via the chance that the focal individuals were
created via different reproductive modes.

Note that, for book-keeping purposes, we use “aitoj” to denote these non-conditional transition probabili-
ties from state i to state j but later use substitutions where we switch to refering to them as “Aitoj”.
Both samples currently in a single individual (states |-3)

altol =
oAltols + (1-o0) Altola /. subTransitionsBySex /. subTransitionsByAsex // Simplify

alto2 =
oAlto2s + (1-0) Alto2a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

alto3 =
oAlto3s + (1 -0) Alto3a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

alto4 =
oAlto4s + (1-0) Altod4a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

alto5 =
oAlto5s + (1-0) Alto5a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

alto6 =
oAlto6s + (1 - o) Alto6a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

alto7 =
oAlto7s + (1-0) Alto7a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

alto8 =
ocAlto8s + (1 -0) Alto8a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

alto9 =
oAlto9s + (1-0) Alto9a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

altolO =
oAltolOs + (1 -0) AltolOa /. subTransitionsBySex /. subTransitionsByAsex // Simplify

altoll =
oAltolls + (1 -0) Altolla /. subTransitionsBySex /. subTransitionsByAsex // Simplify

altol2 =
oAltol2s + (1-0) Altol2a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

altol3 =
oAltol3s + (1-0) Altol3a /. subTransitionsBySex /. subTransitionsByAsex // Simplify
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altol4d =
oAltolds + (1-0) Altol4a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a2tol =
oA2tols + (1 - o) A2tola /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a2to2 =
oA2to2s + (1 - 0) A2to2a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a2to3 =
ocA2to3s + (1 -0) A2to3a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a2to4 =
oA2toé4s + (1 - 0) A2tod4a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a2to5 =
oA2to5s + (1 - o) A2to5a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a2to6 =
oA2to6s + (1 - o) A2to6a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a2to7 =
oA2to7s + (1 - 0) A2to7a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a2to8 =
oA2to8s + (1 - o) A2to8a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a2to9 =
0A2t09s + (1 - o) A2to%9a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a2tol0 =
o0A2tol0s + (1 - o) A2tol0a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a2toll =
ocA2tolls + (1 - o) A2tolla /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a2tol2 =
oA2tol2s + (1 -0) A2tol2a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a2tol3 =
oA2tol3s + (1 -0) A2tol3a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a2tol4 =
oA2tol4ds + (1 - o) A2tol4a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a3tol =
oA3tols + (1-0) A3tola /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a3to2 =
oA3to2s + (1 - 0) A3to2a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a3to3 =
oA3to3s + (1 - o) A3to3a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a3to4 =
oA3to4s + (1-0) A3tod4a /. subTransitionsBySex /. subTransitionsByAsex // Simplify
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a3to5 =
oA3to5s + (1 - 0) A3to5a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a3to6 =
oA3to6s + (1 - o) A3to6a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a3to7 =
oA3to7s + (1-0) A3to7a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a3to8 =
ocA3to8s + (1 -0) A3to8a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a3to9 =
o0A3to9s + (1 - 0) A3to%a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a3tol0 =
o0A3tol0s + (1 -0) A3tol0a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a3toll =
oA3tolls + (1 -0) A3tolla /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a3tol2 =
oA3tol2s + (1 -0) A3tol2a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a3tol3 =
oA3tol3s + (1 -0) A3tol3a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

a3tol4 =
oA3tol4ds + (1 -0) A3tol4a /. subTransitionsBySex /. subTransitionsByAsex // Simplify

2 P11 (-1 +pNewAlHapCondAlHap)? o

- (-1+gf) (-1+pNewllgivenll) (-1+0) +
n (2P11+P12)2

0

gs pNewllgivenll (-1 +0)
- +

gs + gsf
1 4 gs gsf pNewAlHapCondAlHap?

+ (2gs P12 (-1 + pNewAlHapCondAlHap)
2nPl2 (gs + gsf)?

pNewAlHapCondAlHap (-2+gf+2r)) / ((gs+gsf) (2P1l1+P12)) -
(2 gsf P12 (-1 + pNewAlHapCondAlHap) pNewAlHapCondAlHap (gf+2r)) /
((gs +gsf) (2P11+P12)) -

(P12? (-1 + pNewAlHapCondAlHap)® (-2 +gf+2r) (gf+2r)) / (2P11+P12)?| o

(4P11 (-1+nP11) (-1+pNewAlHapCondAlHap)® o) / (n (2 P11 +P12)?)
0

gsf pNewAlHapCondAlHap
+

4 P11 (1 - pNewAlHapCondAlHap)
gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (-2 +gf+2r)) / (2 (2P11+P12)) | o

/ (2 P11 + P12)
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gs pNewAlHapCondAlHap

4 P11 (1 - pNewAlHapCondAlHap)
gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (gf +2r)) / (2 (2P11+P12)) | o

/ (2P11+P12)

0

0

(1 1 ](gsf pNewAlHapCondAlHap
- +

n P12 gs + gsf

2
(P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) / (2 (2 P11+P12))) o

gsf pNewAlHapCondAlHap
+

1
[ )
nP12

(P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) / (2 (2 P11+P12))J

gs + gsf

(gs pNewAlHapCondAlHap
gs + gsf

1
o)
nP12

( gs pNewAlHapCondAlHap

gs + gsf

gsf pNewllgivenll

(gf - gf pNewllgivenll + (1-0) +

gs + gsf

1
— | (2P11 (-1 + pNewAlHapCondAlHap)?) / (2 P11 +P12)% +
n P12
gsf pNewAlHapCondAlHap
( + (P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) /
gs + gsf
2 1 s pNewAlHapCondAlHa
(2(2P11+P12))] +—[g P P P_
P12 gs + gsf
2
(P12 (-1 + pNewAlHapCondAlHap) (gf+2r)) / (2 (2P11+P12)) o
0

2 P22 (-1 + pNewA2HapCondA2Hap)? o
n (P12 +2P22)2

- (-1+gf) (-1+pNew22given22) (-1+0) +

- (P12 (-1 + pNewAlHapCondAlHap) (gf+2r)) / (2 (2P11 +P12))

- (P12 (-1 + pNewAlHapCondAlHap) (gf+2r)) / (2 (2 P11 +P12))
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gs pNew22given22 (-1 + 0)

+

gs + gsf
1 4 gs gsf pNewA2HapCondA2Hap?

" + (2gsPl2 (-1 + pNewA2HapCondA2Hap)
2nP12 (gs + gsf)

pNewA2HapCondA2Hap (-2+gf+2r)) / ((gs+gsf) (P12 +2P22)) -
(2gsf P12 (-1 + pNewA2HapCondA2Hap) pNewA2HapCondA2Hap (gf +2r)) /
((gs +gsf) (P12 +2P22)) -

(P12% (-1 + pNewA2HapCondA2Hap)? (-2+gf+2r) (gf+2r)) / (P12+2P22)%| 0

0
(4 P22 (-1+nP22) (-1+pNewA2HapCondA2Hap)? o) / (n (P12 +2P22)?)
0

0

gs pNewA2HapCondA2Hap

(4 P22 (1 - pNewA2HapCondA2Hap)

gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (gf +21r)) / (2 (P12+2P22)) | o

/ (P12 + 2 P22)

gsf pNewA2HapCondA2Hap
[4 P22 (1 - pNewA2HapCondA2Hap) +

gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) / (2 (P12+2P22)) |0

1
vy
nP1l2

( gs pNewA2HapCondA2Hap

/ (P12 + 2 P22)

2
- (P12 (-1 + pNewA2HapCondA2Hap) (gf+2r)) / (2 (P12 +2P22) )) o
gs + gsf

1 gsf pNewA2HapCondA2Hap
+

2[17

n P12 gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) / (2 (P12 +2P22))

gs pNewA2HapCondA2Hap
( - (P12 (-1 + pNewA2HapCondA2Hap) (gf+2r)) / (2 (P12+2P22)) | O

gs + gsf

1
)
nP1l2
2

(P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) / (2 (P12+2P22))| ©

gsf pNewA2HapCondA2Hap
+

gs + gsf
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gsf pNew22given22

(gf - gf pNew22given22 + 1-0) +

gs + gsf

1
n

(2 P22 (-1 + pNewA2HapCondA2Hap) ? | / (P12+2P22)% +
P12

gsf pNewA2HapCondA2Hap
( + (P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) /

gs + gsf

2 1 s pNewA2HapCondA2Ha
(2(P12+2P22))] +—[g P P P_

P12 gs + gsf
2

(P12 (-1 + pNewA2HapCondA2Hap) (gf +21r)) / (2 (P12 + 2 P22)) o

0
0
(-1+gf) (-1+0) +

——— ((2 (gs® + gsf?) pNewAlHapCondAlHap pNewA2HapCondA2Hap) / (gs + gsf)? +

2nP12

(Plz2 (-1 + pNewAlHapCondAlHap) (-1 + pNewA2HapCondA2Hap)
(2+gf?-4r+4r?+gf (-2+4r)))/((2P11+P12) (P12+2P22)) -

(P12 pNewAlHapCondAlHap (-1 + pNewA2HapCondA2Hap)

(gf (gs-gsf) +2 (gsf+gsr-gsfr)))/ ((gs+gsf) (P12+2P22)) -
(P12 (-1 + pNewAlHapCondAlHap) pNewA2HapCondA2Hap

(gf (gs-gsf) +2 (gsf+gsr-gsfr))) / ((gs+gsf) (2P11+P12))) o
0

0

gs pNewA2HapCondA2Hap

(2 P11 (1 - pNewAlHapCondAlHap)

gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (gf +21r)) / (2 (P12+2P22)) | o

/ (2 P11 + P12)

gsf pNewA2HapCondA2Hap
+

[2 P11 (1 - pNewAlHapCondAlHap)

gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (-2 +gf+2r)) / (2 (P12+2P22)) | o

gsf pNewAlHapCondAlHap
(2 P22 (1 - pNewA2HapCondA2Hap) +

gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) / (2 (2P11+P12)) | O

gs pNewAlHapCondAlHap

(2 P22 (1 - pNewA2HapCondA2Hap)

gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (gf +21r)) / (2 (2P11+P12)) | o

/ (P12 + 2 P22)

/ (2P11 +P12)

/ (P12 + 2 P22)
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1 1 (gsf pNewAlHapCondAlHap
- +
( n P12 ] gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) / (2 (2P11+P12))

gs pNewA2HapCondA2Hap
( - (P12 (-1 + pNewA2HapCondA2Hap) (gf+2r)) / (2 (P12+2P22)) | O

gs + gsf

% [1 - 1312 ((2 (gs®+gsf?) pNewAlHapCondAlHap pNewA2HapCondA2Hap) / (gs + gsf)? +
n
(P12? (-1 + pNewAlHapCondAlHap) (-1 + pNewA2HapCondA2Hap)
(2+gf?-4r+4r?+gf (-2+4r))) / ((2P11+P12) (P12+2P22)) -
(P12 pNewAlHapCondAlHap (-1 + pNewA2HapCondA2Hap)
(9f (gs-gsf) +2 (gsf+gsr-gsfr)))/ ((gs+gsf) (P12 +2P22)) -
(P12 (-1 + pNewAlHapCondAlHap) pNewA2HapCondA2Hap
(gf (gs-gsf) +2 (gsf+gsr-gsfr)))/ ((gs+gsf) (2 P11+P12))) o

1 1 (gsf pNewA2HapCondA2Hap
- +
( n P12 ] gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (-2 +gf+2r)) / (2 (P12+2P22))

gs pNewAlHapCondAlHap
( - (P12 (-1 + pNewAlHapCondAlHap) (gf+2r)) / (2 (2P11+P12)) | O

gs + gsf

(4 P11 P22 (-1 +pNewAlHapCondAlHap) (-1 + pNewA2HapCondA2Hap) o) /
((2 P11 +P12) (P12 +2P22))

1
gf - gf 0+ ——— ( (4 gs gsf pNewAlHapCondAlHap pNewA2HapCondA2Hap) / (gs + gsf)? -
2nP1l2

(P122 (-1 + pNewAlHapCondAlHap) (-1 + pNewA2HapCondA2Hap) (-2+gf+2r) (gf+21r)) /
((2P11+P12) (P12 +2P22)) + (P12 pNewAlHapCondAlHap (-1 + pNewA2HapCondA2Hap)
(gs (-2+gf+2r)-gsf (gf+21r))) / ((gs +gsf) (P12+2P22)) +
(P12 (-1 + pNewAlHapCondAlHap) pNewA2HapCondA2Hap
(gs (-2+gf+2r) -gsf (gf+2r))) / ((gs+gsf) (2P11+P12))) o

Each sample currently in different individuals (states 4-13)

ad4tol = 0”2 A4tolss + o (1 - 0) Adtolsa+ (1 -0) cAdtolas + (1-0) "2 Adtolaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a4to2 = 0”2 A4to2ss + o (1 - o) Adto2sa + (1 - 0) ocA4to2as + (1 -0) “2 Ad4to2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a4to3 = 0" 2A4to3ss +0 (1 -0) Adto3sa+ (1-0) cA4to3as + (1-o0) "2 A4to3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a4tod = 0”2 A4todss + o (1 - o) Adtodsa + (1 -0) ocAd4todas + (1 -0) “2 Adtodaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a4to5 = 0”2 A4to5ss + o (1 - o) Adto5sa+ (1 -0) cA4to5as + (1 -0) "2 Ad4to5aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
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subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a4to6 = 0”2 A4tobss + o (1 - o) Adto6sa + (1 - 0) ocA4dtobas + (1 -0) "2 Adtobaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a4to7 = 0”2 A4to7ss + 0 (1 -0) Rd4to7sa+ (1 -0) ocRAd4to7as + (1 -0) "2 A4to7aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a4to8 = 0”2 A4to8ss + o (1 - o) Adto8sa+ (1 -0) cA4to8as + (1 -0) "2 Ad4to8aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a4to9 = 0”2 A4to9ss + 0 (1 - 0) R4to9sa + (1 - 0) ocRAd4to9as + (1 -0) "2 A4to9aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a4tol0 = 0”2 A4tol0ss + o (1 - o) Ad4tol0sa+ (1 -0) cAd4tolOas + (1-0) "2 A4tol0aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a4toll = 0”2 Ad4tollss + o (1 - o) Adtollsa+ (1 -0) cAdtollas + (1-0) “2Adtollaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

ad4tol2 = 0”2 A4tol2ss + o0 (1 - 0) Adtol2sa+ (1 -0) cAd4tol2as + (1-0) "2 A4tol2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a4tol3 = 0”2 A4tol3ss + o (1 - o) Adtol3sa+ (1 -0) cAd4tol3as + (1-0) "2 A4tol3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

ad4told = 0”2 A4toldss + o0 (1 -0) Adtoldsa+ (1 -0) cAd4toldas + (1-0) "2 A4toldaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a5tol = 0”2 A5tolss + o (1 -0) A5tolsa+ (1-0) ocA5tolas + (1-0) "2 A5tolaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a5to2 = 0”2 A5to2ss + o (1 - o) AS5to2sa+ (1 -0) cA5to2as + (1 -o0) "2 A5to2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a5to3 = 0”2 A5to3ss + 0 (1 -0) A5to3sa+ (1-0) cA5to3as + (1-0) “2A5to3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a5to4 = 0”2 A5tod4ss + o (1 - o) AS5todsa+ (1 -0) cA5todas + (1 -0) "2 A5todaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a5to5 = 0”2 A5to5ss + 0 (1 - 0) A5to5sa + (1 -0) ocA5to5as + (1 -0) "2 A5to5aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

| 47



48 | CoalescentWithBalancingSelectionV4forSupMat.nb

a5to6 = 0”2 A5to6ss + o (1 - o) ASto6sa + (1 -0) cA5tob6as + (1 -0) "2 A5to6aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a5to7 = 0”2 A5to7ss + 0 (1 - 0) A5to7sa+ (1 -0) ocA5to7as + (1 -0) “2A5to7aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a5to8 = 0”2 A5to8ss + o0 (1 -0) A5to8sa+ (1-0) cA5to8as + (1-0) "2 A5to8aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a5to9 = 0”2 A5t09ss + 0 (1 - o) A5to9sa + (1 - o) cA5to9as + (1 -0) "2 A5to9aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a5tol0 = 0" 2 A5t010ss + o (1 - o) A5tol0sa+ (1 -0) cA5tol0as + (1-0) “2A5tol0aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a5toll = 0”2 A5tollss + o (1 - o) AStollsa+ (1 -0) cA5tollas + (1-0) “2A5tollaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a5tol2 = 0"2 A5tol2ss + o0 (1 - o) A5tol2sa+ (1 -0) cA5tol2as+ (1-0) “2A5tol2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a5tol3 = 0”2 A5to0l3ss + 0 (1 - o) A5tol3sa+ (1-0) cA5tol3as+ (1-0) “2A5tol3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a5tol4 = 0”2 A5tol4ss + o (1 - o) AS5toldsa+ (1 -0) ocA5tol4as + (1-0) “2A5tol4aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a6tol = 0”2 A6tolss + o (1 -0) A6tolsa+ (1-0) cA6tolas+ (1-0) “2A6tolaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a6to2 = 0”2 A6to2ss + 0 (1 -0) A6to2sa+ (1-0) cA6to2as + (1 -0) "2 A6to2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a6to3 = 0”2 A6to3ss +0 (1 -0) A6to3sa+ (1-0) cA6to3as + (1-0) “2A6to3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a6to4 = 0”2 A6todss + 0 (1 -0) Abtodsa+ (1 -0) cA6todas + (1 -0) "2 A6todaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a6to5 = 0”2 A6to5ss + o0 (1 -0) A6to5sa+ (1 -0) cA6to5as + (1-0) “2A6to5aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify
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a6to6 = 0”2 A6tobss + o (1 - o) A6to6sa + (1 -0) cA6tobas + (1 -0) "2 A6tobaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a6to7 = 0”2 A6to7ss + 0 (1 -0) A6to7sa+ (1 -0) cA6to7as + (1-0) “2A6to7aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a6to8 = 0”2 A6to8ss +0 (1 -0) A6to8sa+ (1-0) cA6to8as + (1-0) "2 A6to8aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a6to9 = 0”2 A6to9ss + o (1 -0) R6to9sa + (1 -0) cA6to9as + (1 -0) “2A6to9aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a6tol0 = 0”2 A6tol0ss + o (1 -0) A6tol0sa+ (1 -0) cA6tolOas + (1-0) “2A6tol0aa /.

subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a6toll = 0”2 A6tollss + o (1 - 0) A6tollsa+ (1-0) cA6tollas+ (1-0) “2A6tollaa /.

subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a6tol2 = 0”2 A6tol2ss + o (1 - o) A6tol2sa+ (1 -0) cA6tol2as + (1-0) “2A6tol2aa /.

subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a6tol3 = 0”2 A6tol3ss + o (1 -0) A6tol3sa+ (1-0) cA6tol3as+ (1-0) “2A6tol3aa /.

subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a6told = 0”2 A6toldss + o (1 - o) A6toldsa+ (1 -0) cA6toldas + (1-0) “2A6toldaa /.

subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a7tol = 0”2 A7tolss +0 (1 -0) A7tolsa+ (1 -0) ocA7tolas+ (1-0) “2A7tolaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a7to2 = 0”2 A7to2ss +0 (1 -0) A7to2sa+ (1 -0) ocA7to2as + (1-0) “"2A7to2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a7to3 = 0”2 A7to3ss +0 (1 -0) A7to3sa+ (1 -0) ocA7to3as + (1-0) “2A7to3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a7to4 = 0”2 A7tod4ss + o0 (1 -0) A7todsa+ (1 -0) ocA7todas + (1-0) “"2A7todaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a7to5 = 0”2 A7to5ss + o0 (1 -0) A7to5sa+ (1 -0) ocA7to5as + (1-0) “2A7to5aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.

subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a7to6 = 0”2 A7tobss + o (1 -0) AT7to6sa+ (1 -0) cA7tobas + (1 -0) “"2A7to6aa /.
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subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a7to7 = 0"2A7to7ss+0 (1-0) A7to7sa+ (1-0) cA7to7as + (1-0) “"2A7to7aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a7to8 = 0”2 A7to8ss +0 (1 -0) A7to8sa+ (1-0) cA7to8as + (1 -0) “2A7to8aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a7to9 = 0”2 A7to9ss + 0 (1 -0) A7to9sa + (1 -0) cA7to9as + (1 -0) “"2A7to9%aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a7tol0 = 0”2 A7tol0ss +0 (1 -0) A7tol0Osa+ (1 -0) ocA7tolOas + (1-0) “"2A7tol0aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a7toll = 0”2 A7tollss +0 (1-0) A7tollsa+ (1-0) cA7tollas+ (1-0) “2A7tollaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a7tol2 = 0”"2A7tol2ss + o0 (1 -0) A7tol2sa+ (1 -0) cA7tol2as + (1-0) “"2A7tol2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a7tol3 = 0"2A7tol3ss +0 (1-0) A7tol3sa+ (1-0) cA7tol3as+ (1-0) “2A7tol3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a7tol4 = 0"2A7tol4ss +0 (1 -0) A7toldsa+ (1-0) ocA7tol4as + (1 -0) “"2A7toldaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8tol = 0"2A7tolss+0 (1-0) A7tolsa+ (1-0) cA7tolas+ (1-0) “"2A7tolaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8to2 = 0”2 A7to2ss +0 (1 -0) A7to2sa+ (1 -0) cA7to2as + (1 -0) “2A7to2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8to3 = 0"2A7to3ss+0 (1-0) A7to3sa+ (1-0) cA7to3as+ (1-0) “"2A7to3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8to4 = 0"2A7tod4ss +0 (1 -0) AT7todsa+ (1 -0) cA7todas + (1 -0) “"2A7todaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8to5 = 0”2 A7to5ss +0 (1 -0) A7to5sa+ (1-0) cA7to5as + (1 -0) “"2A7to5aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8to6 = 0”2 A7tobss + o (1 -0) AT7to6sa+ (1 -0) cAT7tobas + (1 -0) “2A7to6aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
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subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8tol = 0”2 A8tolss +0 (1 -0) A8tolsa+ (1-0) cA8tolas+ (1-o0) "2 A8tolaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8to2 = 0”2 A8to2ss + o (1 -0) A8to2sa + (1 -0) cA8to2as + (1-0) "2 A8to2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8to3 = 0”2 A8to3ss+0 (1-0) A8to3sa+ (1-0) cA8to3as+ (1-o0) "2 A8to3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8to4 = 0”2 A8to4ss + 0 (1 -0) A8todsa + (1 -0) cA8todas + (1-0) "2 A8todaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8to5 = 0”2 A8to5ss + o0 (1 -0) A8to5sa+ (1 -0) cA8to5as + (1-o0) "2 A8to5aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8to6 = 0”2 A8to6ss + 0 (1 - o) A8tob6sa + (1 -0) cA8tobas + (1 -0) "2 A8to6aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8to7 = 0”2 A8to7ss +0 (1 -0) A8to7sa+ (1-0) cA8to7as + (1-o0) "2 A8to7aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8to8 = 0”2 A8to8ss + o (1 -0) A8to8sa+ (1 -0) cA8to8as + (1-0) "2 A8to8aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8to9 = 0”2 A8to9ss + o (1 -0) A8to9sa + (1 -0) cA8to9as + (1 -o0) "2 A8to9aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8tol0 = 0”2 A8to0l0ss + o (1 - o) A8tol0sa+ (1 -0) cA8tolOas + (1-0) "2 A8tolOaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8toll = 0”2 A8tollss +o0 (1 -0) A8tollsa+ (1-0) cA8tollas+ (1-0)“2A8tollaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8tol2 = 0”2 A8tol2ss + o (1 - o) A8tol2sa+ (1 -0) cA8tol2as + (1-0) "2 A8tol2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8tol3 = 0”2 A8tol3ss +0 (1 -0) A8tol3sa+ (1-0) cA8tol3as+ (1-0) “2A8tol3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a8tol4 = 0”2 A8tol4ss + o (1 - o) A8tol4sa+ (1 -0) cA8told4as + (1-0) "2 A8toldaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify
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a9tol = 0”2 A9tolss + o (1 -0) A9tolsa+ (1-0) cA9tolas + (1 -0) "2 A9tolaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a9to2 = 0”2 A9to2ss + o (1 - 0) A9to2sa + (1 - 0) cA9to2as + (1 -0) "2 A9to2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a9to3 = 0”2 A9to3ss +0 (1 -0) A9to3sa+ (1-0) cA9to3as + (1 -0) “"2A9to3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a9to4 = 0”2 A9todss + o0 (1 -0) A9todsa + (1 -0) ocA9todas + (1-0) “2A9todaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a9to5 = 0”2 A9to5ss + o (1 - o) A9to5sa+ (1 -0) cA9to5as + (1 -0) "2 A9to5aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a9to6 = 0“2 A9to6ss + 0 (1 - o) A9to6sa + (1 - o) cA9to6as + (1 -0) "2 A9to6aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a9to7 = 0”2 A9to7ss + 0 (1 -0) A9to7sa+ (1-0) cA9to7as + (1 -0) "2 A9to7aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a9to8 = 0“2 A9to8ss + 0 (1 - 0) A9to8sa + (1 - o) cA9to8as + (1 -0) "2 A9to8aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a9to9 = 0”2 A9to9ss + o (1 - o) A9to9sa + (1 -0) cA9to9as + (1 -0) "2 A9to9aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a9tol0 = 0”2 A9t0l0ss + 0 (1 - 0) A9tol0sa + (1 - o) cA9tolOas + (1 -0) "2 A9tol0Oaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a9toll = 0”2 A9%tollss +o0 (1 -0) A9tollsa+ (1-0) cA9tollas+ (1-0) “2A9tollaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

ag9tol2 = 0”2 A9%tol2ss + o (1 - o) A9tol2sa + (1 -0) cA9tol2as + (1-0) “2A9tol2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

a9tol3 = 0”2 A9tol3ss +0 (1 -0) A9tol3sa+ (1-0) cA9tol3as+ (1-0) “2A9tol3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

ag9told = 0”2 A9%toldss + o (1 - o) A9toldsa + (1 -0) cA9toldas + (1-0) “2A9toldaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify
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alOtol = 0”2 Al0tolss + o (1 - o) AlOtolsa+ (1 -0) cAlOtolas + (1-0) “2Al0tolaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

alO0to2 = 0”2 Al10to2ss + o (1 - 0) Al0to2sa+ (1 - o) cAlOto2as + (1 -0) "2 Al0to2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

alOto3 = 0”2 Al0to3ss +0 (1 -0) AlOto3sa+ (1-0) cAlOto3as+ (1-0) “"2Al0to3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

alOto4 = 0”2 Al10to4dss + o (1 - o) AlOtodsa + (1 - 0) cAlOtodas + (1 -0) "2 Al0todaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

aloto5 = 0”2 Al0to5ss + o0 (1 -0) AlOto5sa+ (1 -o0) cAlOto5as + (1-0) “2Al0to5aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

alO0to6 = 0”2 Al0tob6ss + o (1 - o) AlO0to6sa + (1 - o) cAlOtobas + (1 -o0) "2 Al0tobaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

alO0to7 = 0”2 Al10to7ss + o (1 - o) AlO0to7sa+ (1 - 0) cAlOto7as + (1-0) “2Al0to7aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

alO0to8 = 0”2 Al10to8ss + o (1 - o) Al0to8sa+ (1 -0) cAlOto8as + (1-0) “"2Al0to8aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

aloto9 = 0”2 Al10to9ss + o0 (1 -0) AlOto9sa+ (1 -o0) cAlOto9as + (1 -0) “2Al0to9aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify
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alO0tol0 = 0" 2 A10tol0ss + o (1 - o) Al0tol0sa+ (1 - o0) cAlOtolOas + (1 -0) “2Al0tol0aa /.

subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

alOtoll = 0”2 Al10tollss + o (1 - o) AlOtollsa+ (1-0) cAlOtollas+ (1-0) “2Al0tollaa /.

subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

alO0tol2 = 0”2 A10tol2ss + o (1 - o) Al0tol2sa+ (1 -0) cAlOtol2as + (1-0) “2Al0tol2aa /.

subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

alOtol3 = 0”2 A10tol3ss + o0 (1 - o) AlOtol3sa+ (1-o0) cAlOtol3as+ (1-0) “2Al0tol3aa /.

subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

alOtol4 = 0”2 A10toldss + o (1 - o) AlOtoldsa+ (1 -0) cAlOtold4as + (1 -0) “2Al0toldaa /.

subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

alltol = 0”"2Alltolss+0 (1-0) Alltolsa+ (1-0) cAlltolas+ (1-0)“2Alltolaa /.
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subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

allto2 = 0”2 Allto2ss +0 (1-0) Allto2sa+ (1-0) cAllto2as+ (1-0) “2Allto2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

allto3 = 0"2Allto3ss+0 (1-0) Allto3sa+ (1-0) ocAllto3as+ (1-0) “2Allto3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

allto4 = 0"2Alltod4ss +0 (1-0) Alltodsa+ (1-0) cAlltodas+ (1-0) “2Alltodaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

allto5 = 0"2Allto5ss+0 (1-0) AlltoS5sa+ (1-0) ocAllto5as+ (1-0) “2Allto5aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

allto6 = 0”2 Allto6ss +0 (1 -0) Alltobsa+ (1-0) ocAlltobas + (1-0) “2Allto6aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

allto7 = 0”2 Allto7ss +0 (1 -0) Allto7sa+ (1-0) cAllto7as + (1-0) “"2Allto7aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

allto8 = 0"2Allto8ss +0 (1-0) Allto8sa+ (1-0) cAllto8as+ (1-0) “2Allto8aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

allto9 = 0"2Allto9ss +0 (1 -0) Allto9sa+ (1-0) ocAllto9as+ (1 -0) “2Allto9aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

alltol0 = 0”2 Alltol0ss +0 (1 -0) AlltolOsa+ (1-0) cAlltolOas+ (1-0) "2Alltol0aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

alltoll = 0”2 Alltollss+0 (1-o0) Alltollsa+ (1-0) cAlltollas+ (1-0) "2Alltollaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

alltol2 = 0”2 Alltol2ss +0 (1-0) Alltol2sa+ (1-0) cAlltol2as+ (1-0) "2Alltol2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

alltol3 = 0”2 Alltol3ss+0 (1-o0) Alltol3sa+ (1-0) cAlltol3as+ (1-0) “2Alltol3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

alltol4 = c"2Alltoldss +0 (1-0) Alltoldsa+ (1-0) cAlltold4as+ (1-o0) "2Alltoldaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al2tol = 0”2 Al2tolss + o0 (1 - 0) Al2tolsa+ (1 -0) cAl2tolas + (1-0) “2Al2tolaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.



CoalescentWithBalancingSelectionV4forSupMat.nb

subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al2to2 = 0”2 Al2to2ss +0 (1 -0) Al2to2sa+ (1 -0) cAl2to2as + (1-0) “2Al2to2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al2to3 = 0”2 Al2to3ss + 0 (1 - 0) Al2to3sa+ (1 -0) cAl2to3as + (1-0) “2Al2to3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al2to4 = 0”2 Al2to4ss +0 (1 -0) Al2todsa+ (1-0) cAl2todas + (1-0) “2Al2todaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al2to5 = 0”2 Al2to5ss + 0 (1 - 0) Al2to5sa+ (1 - 0) cAl2to5as + (1 -0) "2 Al2to5aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al2to6 = 0" 2 Al2to6ss + 0 (1 -0) Al2tobsa+ (1 -0) cAl2tobas + (1-0) “2Al2to6aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al2to7 = 0”2 Al1l2to7ss + o0 (1 - 0) Al2to7sa+ (1 - 0) cAl2to7as + (1 -0) “"2Al2to7aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al2to8 = 0”2 Al2to8ss +0 (1 -0) Al2to8sa+ (1-0) cAl2to8as + (1-0) “2Al2to8aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al2to9 = 0" 2A12to9ss + 0 (1 - 0) Al2to9sa + (1 - o) cAl2to9as + (1 -0) "2 Al2to%aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

| 55

al2tol0 = 0”2 Al12t0l0ss + o0 (1 - o) Al2tol0sa+ (1 -0) cAl2tolO0as + (1-0) "2Al2tol0aa /.

subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al2toll = 0”2 Al2tollss + o (1 -0) Al2tollsa+ (1-0) ocAl2tollas+ (1-0) “2Al2tollaa /.

subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al2tol2 = 0”2 Al2tol2ss +0 (1 -0) Al2tol2sa+ (1 -0) cAl2tol2as+ (1-0) "2Al2tol2aa /.

subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al2tol3 = 0”2 Al12tol3ss +0 (1 -0) Al2tol3sa+ (1 -0) cAl2tol3as + (1-0) “2Al2tol3aa /.

subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al2tol4 = 0”2 Al2told4ss +0 (1 -0) Al2toldsa+ (1-0) cAl2told4as+ (1-0) "2Al2tol4aa /.

subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al3tol = 0”2 Al3tolss +0 (1 -0) Al3tolsa+ (1-0) cAl3tolas+ (1-0) “2Al3tolaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify
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al3to2 = 0"2Al3to2ss +0 (1-0) Al3to2sa+ (1-0) cAl3to2as+ (1-0) “2Al3to2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al3to3 = 0”"2Al13to3ss +0 (1 -0) Al3to3sa+ (1-0) cAl3to3as+ (1-0) “"2Al3to3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al3to4 = 0"2Al1l3tod4ss +0 (1 -0) Al3todsa+ (1-0) cAl3todas+ (1-0) “2Al3todaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al3to5 = 0”2 Al13to5ss + 0 (1 -0) Al3to5sa+ (1-0) cAl3to5as + (1-0) “"2Al3to5aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al3to6 = 0”2 Al1l3to6ss +0 (1 -0) Al3tobsa+ (1-0) cAl3tobas + (1-0) “2Al3to6aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al3to7 = 0”2 Al13to7ss +0 (1 -0) Al3to7sa+ (1-0) cAl3to7as + (1-0) “"2Al3to7aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al3to8 = 0"2Al13to8ss +0 (1-0) Al3to8sa+ (1-0) cAl3to8as+ (1-0) “2Al3to8aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al3to9 = 0”"2A13to9ss + o (1 - 0) Al3to9sa+ (1 -0) cAl3to9as + (1-0) “2Al3to%aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al3tol0 = 0”2 Al13tol0ss +0 (1 -0) Al3tol0Osa+ (1-0) cAl3tolO0as+ (1-0) “2Al3tol0aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al3toll = 0”2 Al13tollss +0 (1 -o0) Al3tollsa+ (1-0) cAl3tollas+ (1-0) “2Al3tollaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al3tol2 = 0”2 Al13tol2ss +0 (1 -0) Al3tol2sa+ (1-0) cAl3tol2as+ (1-0) "2Al3tol2aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al3tol3 = 0”2 Al13tol3ss +0 (1 -0) Al3tol3sa+ (1-0) cAl3tol3as+ (1-0) “2Al3tol3aa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify

al3tol4 = c"2Al3told4ss +0 (1-0) Al3toldsa+ (1-0) cAl3told4as+ (1-0) “"2Al3toldaa /.
subTransitionsBySexSex /. subTransitionsBySexAsex /.
subTransitionsByAsexSex /. subTransitionsByAsexAsex // Simplify
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(P12 (-1 +pNewllgivenll) (-1+0) +
2 P11 (1+pNewllgivenll (-1+0) - pNewAlHapCondAlHap o) )2/ (2nP11 (2P11+P12)?%)

1 . 2 2 2
(gs (gs +2 gsf) pNewllgivenll? (-1+0)?) / (gs+gsf)? -

2nPl2
1

2 pNewllgivenll
(gs +gsf)? (2P11 +P12)

(gs2 (P12 + 2 P11 pNewAlHapCondAlHap) - gsf? P12 (-1 + pNewAlHapCondAlHap)
(gf+2r) +gsgsf (6 P11 pNewAlHapCondAlHap + P12 (1 + gf + 2 pNewAlHapCondAlHap -
gf pNewAlHapCondAlHap + 2 r - 2 pNewAlHapCondAlHap r))) (-1+0) o+

4 gs gsf pNewAlHapCondAlHap?

+ (2gs P12 (-1 + pNewAlHapCondAlHap)
(gs + gsf)?

pNewAlHapCondAlHap (-2+gf+2r)) / ((gs+gsf) (2P11+P12)) -
(2gsf P12 (-1 + pNewAlHapCondAlHap) pNewAlHapCondAlHap (gf +2r)) /

((gs+gsf) (2P11+P12)) -

(P12% (-1 + pNewAlHapCondAlHap)? (-2+gf+2r) (gf+2r)) / (2P11+P12)?

d

1
((1‘ ) (P12 (-1 +pNewllgivenll) (-1+0) +
n P11

2 P11 (1+pNewllgivenll (-1+0) - pNewAlHapCondAlHap o) )ZJ/ (2P11 +P12)?

1
- ———(gs + 2 gsf) (—1 +pNewllgiven11) pNewllgivenll (-1+0)2+
gs + gsf

sf
( [1 + g%t
gs + gsf

(1 - pNewllgivenll)

2 P11 pNewllgivenll (1 - pNewAlHapCondAlHap) / (2 P11 +P12) +

gsf pNewAlHapCondAlHap
+

gs + gsf
(P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) / (2 (2 P11+P12)))] (l-0) o+

gsf pNewAlHapCondAlHap
¥

(4 P11 (1 - pNewAlHapCondAlHap)

gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (-2 +gf+2r)) / (2 (2P11+P12))

02)/ (2P11+P12)

- ! (P12 (-1 +pNewllgivenll) (-1+o0) +
(gs +gsf) (2P11+P12)2
2P11 (1 + pNewllgivenll (-1 + o) - pNewAlHapCondAlHap o) )
(gsf P12 (-1 + pNewAlHapCondAlHap) (gf+2r) o+
gs (2 P11 (pNewllgivenll (-1+0) - 2 pNewAlHapCondAlHap o) +
P12 (pNewllgivenll (-1+0) +
(gf (-1+pNewAlHapCondAlHap) + 2 pNewAlHapCondAlHap (-1+r) -2r) 0)))
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1 1
S
4 nP1l2

(((gs+2gsf)szewllgivenll2 (—1+o)2) / (gs+gsf)?+4 (1+ pNewllgivenll

gs + gsf
gsf pNewAlHapCondAlHap

+ (P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) /

gs + gsf
gsf pNewAlHapCondAlHap
+

(2 (2P11+P12))) (l-0)o+4
gs + gsf
2
2

(P12 (-1 + pNewAlHapCondAlHap) (-2 +gf+2r)) / (2 (2P11+P12))| ©

1 1 . 2 2 2
— [1 - ) ((gs (gs + 2 gsf) pNewllgivenll” (-1+0) ) /(gs +gsf)“ -
2 n P12

1

2 pNewllgivenll
(gs +gsf)? (2P11 +P12)

(gs2 (P12 + 2 P11 pNewAlHapCondAlHap) - gsf? P12 (-1 + pNewAlHapCondAlHap)
(gf+2r) +gsgsf (6 P11 pNewAlHapCondAlHap + P12 (1 + gf + 2 pNewAlHapCondAlHap -
gf pNewAlHapCondAlHap + 2 r - 2 pNewAlHapCondAlHap r) ) ) (-1+0) o+
gsf pNewAlHapCondAlHap .

(P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) /
gs + gsf

s pNewAlHapCondAlHa
(2 (2P11+P12))) (g P P P_

gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (gf +2r)) / (2 (2 P11 +P12))

oz)
1

1
ey
4 (gs+gsf)? (2P11+P12)2 ( nP12
(gsf P12 (-1 + pNewAlHapCondAlHap) (gf +2r) o+gs (2 P11 (pNewllgivenll (-1+0) -
2 pNewAlHapCondAlHap o) + P12 (pNewllgivenll (-1+0) +

(gf (-1 + pNewAlHapCondAlHap) + 2 pNewAlHapCondAlHap (-1+r) -2r) o) ) )2
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1 -1+ pNewllgivenll 2
— ( ) + ((gs?+2gs gsf+2gsf?) pNewllgivenllz)/((gs+gsf)2P12)
2n P11
1
(-1+0)2-
(gs +gsf)2 P12 (2 P11 +P12)
2 (gs® (2 P11 pNewllgivenll pNewAlHapCondAlHap +
P12 (2 - 2 pNewAlHapCondAlHap + pNewllgivenll (-1 + 2 pNewAlHapCondAlHap) )) +
gs gsf (2 P11 pNewllgivenll pNewAlHapCondAlHap +
P12 (4 - 4 pNewAlHapCondAlHap + pNewllgivenll
(-1+gf (-1+pNewAlHapCondAlHap) - 2 r + 2 pNewAlHapCondAlHap (1+1)))) +
gsf? (4 P11 pNewllgivenll pNewAlHapCondAlHap +
P12 (gf pNewllgivenll (-1 + pNewAlHapCondAlHap) +2 (1 -pNewllgivenllr +
pNewAlHapCondAlHap (-1 +pNewllgivenll + pNewllgivenllr)))))
(-1+0) o+2 {(2 P11 (-1 +pNewAlHapCondAlHap)?) / (2P11+P12)% +
P12
gsf pNewAlHapCondAlHap
+ (P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) /
gs + gsf
2 1 s pNewAlHapCondAlHa
(2(2P11+P12))J +7gp P P_
P12 gs + gsf
2
(P12 (-1 + pNewAlHapCondAlHap) (gf+2r)) / (2 (2P11+P12)) o?
0

(P12 (-1 +pNew22given22) (-1+0) +
2 P22 (1+pNew22given22 (-1+0) - pNewA2HapCondA2Hap o) )? / (2n P22 (P12 +2 P22)2)

1
_— (gs (gs + 2 gsf) pNew22given22? (-1 + 0)2) / (gs + gsf)? -
2nP12
1 .
2 pNew22given22
(gs +gsf)? (P12 +2P22)
(gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) - gsf? P12 (-1 + pNewA2HapCondA2Hap)
(gf+2r) +gs gsf (6 P22 pNewA2HapCondA2Hap + P12 (1 + gf + 2 pNewA2HapCondA2Hap -
gf pNewA2HapCondA2Hap + 2 r - 2 pNewA2HapCondA2Hap r) ) ) (-1+0) o+
4 gs gsf pNewA2HapCondA2Hap?
+ (2gs P12 (-1 + pNewA2HapCondA2Hap)
(gs + gsf)?
pNewA2HapCondA2Hap (-2+gf+2r)) / ((gs+gsf) (P12 +2P22)) -
(2 gsf P12 (-1 + pNewA2HapCondA2Hap) pNewA2HapCondA2Hap (gf +2r)) /
((gs+gsf) (P12+2P22)) -

(P12% (-1 + pNewA2HapCondA2Hap)? (-2 +gf+2r) (gf+2r)) / (P12+2P22)?| o?
0

1
((1 - ) (P12 (-1 +pNew22given22) (-1+0) +

n P22

2 P22 (1+pNew22given22 (-1+0) - pNewA2HapCondA2Hap o) )ZJ/ (P12 + 2 P22)2



60 | CoalescentWithBalancingSelectionV4forSupMat.nb

0
1 .
- (P12 (-1 +pNew22given22) (-1+0) +
(gs +gsf) (P12 +2P22)?
2 P22 (1+pNew22given22 (-1+0) - pNewA2HapCondA2Hap o) |
(gsf P12 (-1 + pNewA2HapCondA2Hap) (gf +2 1) o+
gs (2 P22 (pNew22given22 (-1+0) - 2 pNewA2HapCondA2Hap o) +
P12 (pNew22given22 (-1+0) +
(gf (-1 + pNewA2HapCondA2Hap) + 2 pNewA2HapCondA2Hap (-1+r) -2r) o) ) )
1 . . 2
- ————(gs+2gsf) (-1+pNew22given22) pNew22given22 (-1+0)?%+
gs + gsf
gsf ,
2 ((l + 7) P22 pNew22given22 (1 - pNewA2HapCondA2Hap) / (P12 + 2 P22) +

gs + gsf
gsf pNewA2HapCondA2Hap
+

( 1 - pNew22given22 )

gs + gsf
(P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) / (2 (P12+2P22)))] (l-0) o+

gsf pNewA2HapCondA2Hap
+

(4 P22 (1 - pNewA2HapCondA2Hap)

gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (-2 +gf+2r)) / (2 (P12+2P22)) | o2 /(P12+2P22>

1

1
ey
4 (gs +gsf)? (P12 +2P22)2 ( nP12
(gsf P12 (-1 + pNewA2HapCondA2Hap) (gf +2r) o+gs (2 P22 (pNew22given22 (-1+0) -
2 pNewA2HapCondA2Hap o) + P12 (pNew22given22 (-1+0) +

(gf (-1 + pNewA2HapCondA2Hap) + 2 pNewA2HapCondA2Hap (-1+r) -2 ) o) ) )2

1 1 : 2 2 2
— (1— J ((gs (gs + 2 gsf) pNew22given22“ (-1 +0) )/(gs+gsf) -
2 nP1l2

1

2 pNew22given22
(gs +gsf)? (P12 +2 P22)

(gs? (P12 + 2 P22 pNewA2HapCondA2Hap) - gsf? P12 (-1 + pNewA2HapCondA2Hap)
(gf+2r) +gs gsf (6 P22 pNewA2HapCondA2Hap + P12 (1 + gf + 2 pNewA2HapCondA2Hap -
gf pNewA2HapCondA2Hap + 2 r - 2 pNewA2HapCondA2Hap r) ) ) (-1+0) o+
gsf pNewA2HapCondA2Hap

+ (P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2rxr)) /
gs + gsf

s pNewA2HapCondA2Ha
(2(Pl2+2P22))](g P P P

gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (gf+2r)) / (2 (P12 +2P22)) o?
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1 1
S
4 nP1l2

(( (gs + 2 gsf)? pNew22given22? (-1 + o) 2) / (gs+gsf)?+4 (1 + pNew22given22

gs + gsf
gsf pNewA2HapCondA2Hap

+ (P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) /

gs + gsf
gsf pNewA2HapCondA2Hap
+

(2 (P12+2P22))] (l-0)o+4
gs + gsf
2
2

(P12 (-1 + pNewA2HapCondA2Hap) (-2 +gf+2r)) / (2 (P12+2P22))| ©

(— 1+ pNewZZgivenZZ) 2

+ ( (952 +2gsgsf+2 gsfz) pNew2Zgiven222) / ( (gs + gsf)? P12) J
P22

1

(-1+0)? -
(gs +gsf)2 P12 (P12 +2P22)
2 (gs® (2 P22 pNew22given22 pNewA2HapCondA2Hap +
P12 (2 - 2 pNewA2HapCondA2Hap + pNew22given22 (-1 + 2 pNewA2HapCondA2Hap) ) ) +
gs gsf (2 P22 pNew22given22 pNewA2HapCondA2Hap +
P12 (4 - 4 pNewA2HapCondA2Hap + pNew22given22
(-1+gf (-1+pNewA2HapCondA2Hap) - 2 r + 2 pNewA2HapCondA2Hap (1+1)))) +
gsf? (4 P22 pNew22given22 pNewA2HapCondA2Hap +
P12 (gf pNew22given22 (-1 + pNewA2HapCondA2Hap) + 2 (1 - pNew22given22 r +
pNewA2HapCondA2Hap (-1 + pNew22given22 + pNew22given22r)))))

(-1+0) 0+2 [(2 P22 (-1 +pNewA2HapCondA2Hap)?) / (P12 +2P22)% +
P12

gsf pNewA2HapCondA2Hap

gs + gsf
2 1
(2 (P12+2P22))J + —
P12

gs pNewA2HapCondA2Hap

gs + gsf

2
(P12 (-1 + pNewA2HapCondA2Hap) (gf+2r)) / (2 (P12 +2P22))

+ (P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) /
1

n (2P11+P12)?
(-1 + pNewAlHapCondAlHap) o <P12 (— 1 + pNewllgivenll + o - pNewllgivenll o) +
2 P11 (— 1 + pNewllgivenll - pNewllgivenll o + pNewAlHapCondAlHap o) )
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1 1

(gs + gf gsf) pNewllgivenll (-1+0)2+
2nPl2 \gs+gsf

1
(7 (- (-2+gf) gs + gf gsf) pNewAlHapCondAlHap +
gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (gf*+2gf (-1+r) -2r)) / (2P11+P12)

1 . 2
pNewllgivenll (gs (P12 + 2 P11 pNewAlHapCondAlHap) -

(gs +gsf)? (2P11 +P12)

(1-0) o-

gsf? P12 (-1 + pNewAlHapCondAlHap) (gf+2r) +
gs gsf (6 P11 pNewAlHapCondAlHap + P12 (1 + gf + 2 pNewAlHapCondAlHap -

gf pNewAlHapCondAlHap + 2 r - 2 pNewAlHapCondAlHap r) ) ) (-1+0) o+
4 gs gsf pNewAlHapCondAlHap?

" + (2gs P12 (-1 + pNewAlHapCondAlHap)
(gs + gsf)

pNewAlHapCondAlHap (-2+gf+2r)) / ((gs+gsf) (2P11+P12)) -

(2 gsf P12 (-1 + pNewAlHapCondAlHap) pNewAlHapCondAlHap (gf +2r)) /
((gs +gsf) (2P11+P12)) -

(P12% (-1 + pNewAlHapCondAlHap)? (-2 +gf+2r) (gf+2r)) / (2P11+P12)?| o?

1
2 (-1+nPll) (-1 + pNewAlHapCondAlHap)
n (2P1l1 +P12)?

o <P12 (— 1 + pNewllgivenll + o - pNewllgivenll o) +
2 P11 (— 1 + pNewllgivenll - pNewllgivenll o + pNewAlHapCondAlHap o) )

0
1
— (-2+gf) (-1+pNewllgivenll) (-1+0)?+
2
({(1 + gi) P11l pNewllgivenll (1 - pNewAlHapCondAlHap) / (2 P11 +P12) +
gs + gsf

sf pNewAlHapCondAlHa
(1-pNewllgivenll) [g P P .
gs + gsf
(P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) / (2 (2 P11+P12))J] (l-0) o-
((-2+gf) P11 (-1 + pNewAlHapCondAlHap) (-1+0) o) / (2 P11 +P12) +

gsf pNewAlHapCondAlHap
4 P11 (1 - pNewAlHapCondAlHap) +

gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) / (2 (2P11+P12)) o?

/ (2 P11 + P12)
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1
- —gf (—1 +pNew11given11> (-1+0)%+
2

- ((gs P11 pNewllgivenll (-1 + pNewAlHapCondAlHap)) / ((gs +gsf) (2P11+P12))) +

gs pNewAlHapCondAlHap

(1-pNewllgivenll) [
gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (gf +21r)) / (2 (2 Pll+P12))J] (1-0) o+

(gf P11 (-1 + pNewAlHapCondAlHap) (-1+0) o) / (2P11+P12) +
gs pNewAlHapCondAlHap

4 P11 (1 - pNewAlHapCondAlHap)

gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (gf+2r)) / (2 (2P11+P12))

02)/ (2 P11 +P12)

0
0
1 1 ) )
- [1 - J (—(((—2 +gf) (gs+2gsf) pNewllgivenll (-1+0)?) /(2 (gs+gsf))) +
2 n P12
) (1 gf (gsf pNewAlHapCondAlHap
- — +
2 ) gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) / (2 (2 P11+P12))] (l-0) o+

sf
(1 . 9sf
gs + gsf

gsf pNewAlHapCondAlHap
+

pNewllgivenll (
gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (-2 +gf+21r)) / (2 (2 P11+P12))] (l-0) o+

gsf pNewAlHapCondAlHap

+ (P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) /

gs + gsf

2
(2 (2P11+P12)) | o?

1 1 1
hd [17 J (gs + gf gsf) pNewllgivenll (-1+0)2 +
2 nP12 gs + gsf
1
(7 (-(-2+9f) gs + gf gsf) pNewAlHapCondAlHap +
gs + gsf

| 63

(P12 (-1 + pNewAlHapCondAlHap) (gf®+2gf (-1+r)-2r)) /(2P11+P12)| (1-0) o-

1

pNewllgivenll <g52 (P12 + 2 P11 pNewAlHapCondAlHap) -
(gs +gsf)? (2 P11 +P12)

gsf? P12 (-1 + pNewAlHapCondAlHap) (gf+2r) +
gs gsf (6 P11 pNewAlHapCondAlHap + P12 (1 + gf + 2 pNewAlHapCondAlHap -

gf pNewAlHapCondAlHap + 2 r - 2 pNewAlHapCondAlHap r)) ) (-1+0) o+
gsf pNewAlHapCondAlHap

+ (P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) /
gs + gsf

gs pNewAlHapCondAlHap

(2 (2 P11+P12))] (
gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (gf +2 1)) / (2 (2P11+P12)) | o2
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2 gs pNewAlHapCondAlHap

+2gf
gs + gsf gs + gsf

1 1 1 gf gs pNewllgivenll (-1 +0)
4 [ nPlZ)

(P12 (-1 + pNewAlHapCondAlHap) (gf +2 1)) / (2 (2 P11+P12))] (1-0) o+

1 gs pNewAlHapCondAlHap

2 gs pNewllgivenll
gs + gsf

gs + gsf
(P12 (-1 + pNewAlHapCondAlHap) (gf+2r)) / (2 (2 P11+P12>)] (l-0) o+

gs pNewAlHapCondAlHap

- (P12 (-1 + pNewAlHapCondAlHap) (gf+2r)) /

gs + gsf

2
(2 (2P11+P12)) | o?

0
1 . 2
— ( (gs - (-2 +gf) gsf) pNewllgivenll (-1 +0O) ) / ((gs +gsf) P12) +
2n
1 1
—— | ———(gf (gs -gsf) + 2 gsf) pNewAlHapCondAlHap -
P12 \gs + gsf
(P12 (-1 + pNewAlHapCondAlHap) (2+gf®+2gf (-1+r)-2r)) / (2P11+P12) | (1-0)
1 ) .
o - (gs (2 P11 pNewllgivenll pNewAlHapCondAlHap +
(gs +gsf)2 P12 (2 P11 +P12)
P12 (2 - 2 pNewAlHapCondAlHap + pNewllgivenll (-1 + 2 pNewAlHapCondAlHap) )) +
gs gsf (2 P11 pNewllgivenll pNewAlHapCondAlHap +
P12 (4 - 4 pNewAlHapCondAlHap + pNewllgivenll
(-1+gf (-1 +pNewAlHapCondAlHap) - 2 r + 2 pNewAlHapCondAlHap (1 +r)) ) ) +
gsf? (4 P11 pNewllgivenll pNewAlHapCondAlHap +
P12 (gf pNewllgivenll (-1 + pNewAlHapCondAlHap) + 2 (1 - pNewllgivenllr +
pNewAlHapCondAlHap (— 1 + pNewllgivenll + pNewllgivenll r) ) ) ) )
(-1+0) 0+2 (2 P11 (-1 + pNewAlHapCondAlHap)2> / (2P11+P12)%+
P12
gsf pNewAlHapCondAlHap
+ (P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) /
gs + gsf
2 1 s pNewAlHapCondAlHa
(2(2P11+P12))J +_gp P P
P12 gs + gsf
2

(P12 (-1 + pNewAlHapCondAlHap) (gf+21r)) / (2 (2P11+P12)) o?

0
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1 1

(gs - (-2 +gf) gsf) pNewllgivenll (-1+0)2+

2nP1l2 \gs +gsf

1
(7 (9f (gs -gsf) + 2 gsf) pNewAlHapCondAlHap -
gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (2+gf’®+2gf (-1+r) -2r)) / (2P11+P12)

1
(l-0) o- pNewllgivenll
(gs +gsf)? (P12 +2P22)

(gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) + gs gsf (2 P22 pNewA2HapCondA2Hap +
P12 (3 +gf (-1 + pNewA2HapCondA2Hap) + 2 pNewA2HapCondA2Hap (-1+r) -2r)) +
gsf? (4 P22 pNewA2HapCondA2Hap + P12 (2 + gf (-1 + pNewA2HapCondA2Hap) +
2 (-1 + pNewA2HapCondA2Hap) r))) (-1+0) o+
((2 (gs® + gsf?) pNewAlHapCondAlHap pNewA2HapCondA2Hap) / (gs + gsf)? +
(P122 (-1 + pNewAlHapCondAlHap) (-1 + pNewA2HapCondA2Hap)
(2+gf?-4r+4r’+gf (-2+4r))) /((2P11+P12) (P12+2P22)) -
(P12 pNewAlHapCondAlHap (-1 + pNewA2HapCondA2Hap)
(gf (gs-gsf) +2 (gsf+gsr-gsfr)))/ ((gs+gsf) (P12 +2P22)) -
(P12 (-1 + pNewAlHapCondAlHap) pNewA2HapCondA2Hap

(gf (gs-gsf) +2 (gsf+gsr-gsfr))) / ((gs+gsf) (2P11+P12))) o’

1
- —gf (—1+pNewllgivenll> (-1+0)2+ (1—pNewllgiven11)
2

gs pNewA2HapCondA2Hap

(P12 (-1 + pNewA2HapCondA2Hap) (gf +2r)) / (2 (P12 +2P22))

gs + gsf
(1-0) o+ (gf P11 (-1 + pNewAlHapCondAlHap) (-1+0) o) / (2 P11 +P12) +
gs pNewA2HapCondA2Hap

(2 P11 (1 - pNewAlHapCondAlHap)
gs + gsf
o2

(P12 (-1 + pNewA2HapCondA2Hap) (gf +2r)) / (2 (P12 +2P22)) / (2 P11 +P12)

sf pNewA2HapCondA2Ha
(-2+9gf) (-1+pNewllgivenll) (-1+0)%+ (1-pNewllgivenll) IstP P L

N |-

gs + gsf
(P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) / (2 (P12+2P22))] (l-0) o-

((-2+gf) P11 (-1 + pNewAlHapCondAlHap) (-1+0) o) / (2P11+P12) +
gsf pNewA2HapCondA2Hap
+

(2 P11 (1 - pNewAlHapCondAlHap)

gs + gsf
/ (2 P11 +P12)

(P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) / (2 (P12 +2P22)) o?

P22 (1 - pNewA2HapCondA2Hap) O
P12 + 2 P22

gsf pNewAlHapCondAlHap
+

gsf .
((1 + 7J pNewllgivenll (1-0) +2
gs + gsf gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) / (2 (2P11+P12)) | o
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(PZZ (1 - pNewA2HapCondA2Hap) o

1
(— ((P12 (-1 + pNewAlHapCondAlHap) (gf +2r) o) / (2P11 +P12)) + ———
gs + gsf

gs (pNewllgivenll - pNewllgivenll o + 2 pNewAlHapCondAlHap o) / (P12 + 2 P22)

1 1
i Cabeery
4 nP12
1
(7gf (gs + 2 gsf) pNewllgivenll (-1+0)%+2gf (
gs + gsf

gsf pNewAlHapCondAlHap
+

gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (-2 +gf+21r)) / (2 (2 P11+P12))] (l-0) o+

sf s pNewA2HapCondA2Ha
2 (1 + 97) pNewllgivenll Isp P L
gs + gsf gs + gsf
(P12 (-1 + pNewA2HapCondA2Hap) (gf+2r)) / (2 (P12+2P22)) ] (l-0) o+

gsf pNewAlHapCondAlHap
+ (P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) /

gs + gsf
gs pNewA2HapCondA2Hap

(2 (2 P11+P12))) (
gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (gf +2 1)) / (2 (P12 +2P22))

?)

1 1 1
= [1— ) (gs - (-2 + gf) gsf) pNewllgivenll (-1 +0)2 +
2 nP1l2 gs + gsf

(7 (gf (gs -gsf) + 2 gsf) pNewAlHapCondAlHap -

gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (2+gf?+2gf (-1+r) -27r)) / (2P11+P12)

1
(1-0) o- pNewllgivenll

(gs +gsf)? (P12 + 2 P22)
(gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) + gs gsf (2 P22 pNewA2HapCondA2Hap +
P12 (3 +gf (-1 + pNewA2HapCondA2Hap) + 2 pNewA2HapCondA2Hap (-1+r) -2r)) +
gsf? (4 P22 pNewA2HapCondA2Hap + P12 (2 + gf (-1 + pNewA2HapCondA2Hap) +
2 (-1+pNewA2HapCondA2Hap) r)) ) (-1+0) o+
((2 (gs®+gsf®) pNewAlHapCondAlHap pNewA2HapCondA2Hap) / (gs + gsf)? +
(P122 (-1 + pNewAlHapCondAlHap) (-1 + pNewA2HapCondA2Hap)
(2+gf?-4r+4r?+gf (-2+4r)))/ ((2P11+P12) (P12+2P22)) -
(P12 pNewAlHapCondAlHap (-1 + pNewA2HapCondA2Hap)
(gf (gs-gsf) +2 (gsf+gsr-gsfr))) / ((gs+gsf) (P12 +2P22)) -
(P12 (-1 + pNewAlHapCondAlHap) pNewA2HapCondA2Hap

(gf (gs-gsf) +2 (gsf+gsr-gsfr)))/ ((gs+gsf) (2 P11+P12))) o?



CoalescentWithBalancingSelectionV4forSupMat.nb

1 1
ey
2 nP12
1
(* (((-2+gf) gspNewllgivenll (-1+0)?) /(2 (gs+gsf))) + ————gs pNewllgivenll
gs + gsf
gsf pNewA2HapCondA2Hap

+ (P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) /

gs + gsf
gs pNewAlHapCondAlHap

gf
(2 (P12+2P22))] (1-0) o+2 (1——)

2

gs + gsf
(P12 (-1 + pNewAlHapCondAlHap) (gf+2r)) / (2 (2 P11+P12>)] (l-0) o+

gsf pNewA2HapCondA2Hap

+ (P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2xr)) /

gs + gsf
gs pNewAlHapCondAlHap

(2 (P12 +2 P22))] (
gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (gf +2r)) / (2 (2P11+P12)) | &2

1

(2P11 +P12) (P12 +2 P22)
2 P22 (-1+pNewA2HapCondA2Hap) o (P12 (-1 +pNewllgivenll) (-1+o0) +
2 P11 <1 +pNewllgivenll (-1 + o) - pNewAlHapCondAlHap 0) )

1 1

(gs + gf gsf) pNewllgivenll (-1+0)%+

2nP1l2 \gs +gsf

1
(7 (-(-2+gf) gs + gf gsf) pNewAlHapCondAlHap +
gs + gsf

| 67

(P12 (-1 + pNewAlHapCondAlHap) (gf®+2gf (-1+r)-2r)) /(2P11+P12)| (1-0) o-

1

(gs +gsf)? (P12 +2P22)
gsf? P12 (-1 + pNewA2HapCondA2Hap) (gf+2 1) +
gs gsf (6 P22 pNewA2HapCondA2Hap + P12 (1 + gf + 2 pNewA2HapCondA2Hap -
gf pNewA2HapCondA2Hap + 2 r - 2 pNewA2HapCondA2Hap r) ) ) (-1+0) o+
( (4 gs gsf pNewAlHapCondAlHap pNewA2HapCondA2Hap) / (gs +gsf)? -
(P122 (-1 + pNewAlHapCondAlHap) (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)
(gf+2r) ) / ((2P11+P12) (P12 +2P22)) + (P12 pNewAlHapCondAlHap
(-1 + pNewA2HapCondA2Hap) (gs (-2+gf+2r) -gsf (gfE+21r))) /

pNewllgivenll (gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) -

((gs +gsf) (P12 +2P22)) + (P12 (-1 + pNewAlHapCondAlHap) pNewA2HapCondA2Hap

(gs (-2+gf+2r) -gsf (gf+21r))) / ((gs+gsf) (2P11+P12))) o
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1 1

(gs - (-2 +gf) gsf) pNewllgivenll (-1+0)2+

2nP1l2 \gs +gsf

1
(7 (9f (gs -gsf) + 2 gsf) pNewAlHapCondAlHap -
gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (2+gf’®+2gf (-1+r) -2r)) / (2P11+P12)

1
(l-0) o- pNewllgivenll
(gs +gsf)? (P12 +2P22)

(gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) + gs gsf (2 P22 pNewA2HapCondA2Hap +
P12 (3 +gf (-1 + pNewA2HapCondA2Hap) + 2 pNewA2HapCondA2Hap (-1+r) -2r)) +
gsf? (4 P22 pNewA2HapCondA2Hap + P12 (2 + gf (-1 + pNewA2HapCondA2Hap) +
2 (-1 + pNewA2HapCondA2Hap) r))) (-1+0) o+
((2 (gs® + gsf?) pNewAlHapCondAlHap pNewA2HapCondA2Hap) / (gs + gsf)? +
(P122 (-1 + pNewAlHapCondAlHap) (-1 + pNewA2HapCondA2Hap)
(2+gf?-4r+4r’+gf (-2+4r))) /((2P11+P12) (P12+2P22)) -
(P12 pNewAlHapCondAlHap (-1 + pNewA2HapCondA2Hap)
(gf (gs-gsf) +2 (gsf+gsr-gsfr)))/ ((gs+gsf) (P12 +2P22)) -
(P12 (-1 + pNewAlHapCondAlHap) pNewA2HapCondA2Hap

(gf (gs-gsf) +2 (gsf+gsr-gsfr))) / ((gs+gsf) (2P11+P12))) o’

1
- —gf (—1+pNewllgivenll> (-1+0)2+ (1—pNewllgiven11)
2

gs pNewA2HapCondA2Hap

(P12 (-1 + pNewA2HapCondA2Hap) (gf +2r)) / (2 (P12 +2P22))

gs + gsf
(1-0) o+ (gf P11 (-1 + pNewAlHapCondAlHap) (-1+0) o) / (2 P11 +P12) +
gs pNewA2HapCondA2Hap

(2 P11 (1 - pNewAlHapCondAlHap)
gs + gsf
o2

(P12 (-1 + pNewA2HapCondA2Hap) (gf +2r)) / (2 (P12 +2P22)) / (2 P11 +P12)
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1 1

(gs - (-2 +gf) gsf) pNew22given22 (-1+0)2+

2nP1l2 \gs +gsf

1
(7 (9f (gs -gsf) + 2 gsf) pNewA2HapCondA2Hap -
gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (2+gf®+2gf (-1+r) -2r)) / (P12 +2P22)

(l-0) o- ! pNew22given22
(gs +gsf)? (2P11 +P12)
(gs2 (P12 + 2 P11 pNewAlHapCondAlHap) + gs gsf (2 P11 pNewAlHapCondAlHap +
P12 (3 +gf (-1 + pNewAlHapCondAlHap) + 2 pNewAlHapCondAlHap (-1+r) -2r)) +
gsf? (4 P11 pNewAlHapCondAlHap + P12 (2 + gf (-1 + pNewAlHapCondAlHap) +
2 (-1 +pNewAlHapCondAlHap) r))) (-1+0) o+
((2 (gs® + gsf?) pNewAlHapCondAlHap pNewA2HapCondA2Hap) / (gs + gsf)? +
(P122 (-1 + pNewAlHapCondAlHap) (-1 + pNewA2HapCondA2Hap)
(2+gf?-4r+4r’+gf (-2+4r))) /((2P11+P12) (P12+2P22)) -
(P12 pNewAlHapCondAlHap (-1 + pNewA2HapCondA2Hap)
(gf (gs-gsf) +2 (gsf+gsr-gsfr)))/ ((gs+gsf) (P12 +2P22)) -
(P12 (-1 + pNewAlHapCondAlHap) pNewA2HapCondA2Hap

(gf (gs-gsf) +2 (gsf+gsr-gsfr))) / ((gs+gsf) (2P11+P12))) o’

0

0

(Pll (1 - pNewAlHapCondAlHap) o

1
(— ((P12 (-1 + pNewA2HapCondA2Hap) (gf+2r) o) / (P12 +2P22)) +

gs + gsf

gs (pNew22given22 - pNew22given22 o + 2 pNewA2HapCondA2Hap o) / (2 P11 + P12)

— P11 (1 - pNewAlHapCondAlHap) o
2 P11 +P12

sf sf pNewA2HapCondA2Ha
((1 + g—) pNew22given22 (1-0) +2 gst P P P +

gs + gsf gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) / (2 (P12+2P22)) | 0O

gsf pNewAlHapCondAlHap
+

(-2 +gf) <7 1+ pNewZZgivenZZ) (-1+0)%+ (1 - pNewZZgivenZZ)

N |-

gs + gsf
(P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) / (2 (2 P11+P12))] (l-0) o-

((-2+gf) P22 (-1 + pNewA2HapCondA2Hap) (-1+0) o) / (P12 +2P22) +
gsf pNewAlHapCondAlHap
¥

2 P22 (1 - pNewA2HapCondA2Hap)
gs + gsf
o2

(P12 (-1 + pNewAlHapCondAlHap) (-2 +gf+2r)) / (2 (2P11+P12)) / (P12 + 2 P22)
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1
- —gf (— 1+ pNew22given22> (-1+0)%+ (1 - pNew22given22>
2

gs pNewAlHapCondAlHap

- (P12 (-1 + pNewAlHapCondAlHap) (gf+2r)) / (2 (2P11+P12))

gs + gsf
(1-0) o+ (gf P22 (-1 + pNewA2HapCondA2Hap) (-1+0) o) / (P12 +2P22) +
gs pNewAlHapCondAlHap

(2 P22 (1 - pNewA2HapCondA2Hap)
gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (gf+2r)) / (2 (2P11+P12))

1 1
A ery
2 n P12
1
(— (((-2+gf) gs pNew22given22 (-1+0)2) /(2 (gs+gsf))) + ————gs pNew22given22
gs + gsf

02)/ (P12 + 2 P22)

gsf pNewAlHapCondAlHap

+ (P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) /

gs + gsf
gs pNewA2HapCondA2Hap

B

(2 (2P11+P12))] (1-0) 0+2 (1-
2

gs + gsf
(P12 (-1 + pNewA2HapCondA2Hap) (gf+2r)) / (2 (P12+2P22))] (l-0) o+

gsf pNewAlHapCondAlHap

+ (P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) /

gs + gsf
gs pNewA2HapCondA2Hap

(2 (2 P11+P12))] (
gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (gf+2r)) / (2 (P12 +2P22))

?)

1 1 1
— [1— J (gs - (-2 + gf) gsf) pNew22given22 (-1+0)2 +
2 nP12 gs + gsf
1
(7 (9f (gs -gsf) + 2 gsf) pNewA2HapCondA2Hap -
gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (2+gf®+2gf (-1+r) -2r)) / (P12 +2P22)

1
(l-0) o- pNew22given22
(gs +gsf)2 (2P11 +P12)

(gs2 (P12 + 2 P11 pNewAlHapCondAlHap) + gs gsf (2 P11 pNewAlHapCondAlHap +
P12 (3 +gf (-1 + pNewAlHapCondAlHap) + 2 pNewAlHapCondAlHap (-1+r) -2r)) +
gsf? (4 P11 pNewAlHapCondAlHap + P12 (2 + gf (-1 + pNewAlHapCondAlHap) +
2 (-1 +pNewAlHapCondAlHap) r))) (-1+0) o+
((2 (gs®+gsf?) pNewAlHapCondAlHap pNewA2HapCondA2Hap) / (gs + gsf)? +
(P122 (-1 + pNewAlHapCondAlHap) (-1 + pNewA2HapCondA2Hap)
(2+gf?-4r+4r’+gf (-2+4r)))/ ((2P11+P12) (P12+2P22)) -
(P12 pNewAlHapCondAlHap (-1 + pNewA2HapCondA2Hap)
(gf (gs-gsf) +2 (gsf+gsr-gsfr)))/ ((gs+gsf) (P12 +2P22)) -
(P12 (-1 + pNewAlHapCondAlHap) pNewA2HapCondA2Hap

(gf (gs-gsf) +2 (gsf+gsr-gsfr))) / ((gs+gsf) (2P11+P12))) o’



CoalescentWithBalancingSelectionV4forSupMat.nb

1 1
s )
4 n P12
1
(7gf (gs + 2 gsf) pNew22given22 (-1+0)2+2gf (
gs + gsf

gsf pNewA2HapCondA2Hap
i

gs + gsf
(P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) / (2 (P12+2P22))] (l-0) o+

gsf gs pNewAlHapCondAlHap

2 (1 + ) pNew22given22

gs + gsf gs + gsf
(P12 (-1 + pNewAlHapCondAlHap) (gf+2r)) / (2 (2 P11+P12))] (1-0) o+

gsf pNewA2HapCondA2Hap

+ (P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) /

gs + gsf
gs pNewAlHapCondAlHap

(2 (P12+2P22))] (
gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (gf +2 1)) / (2 (2P11+P12)) | o2

1

(2 P11 +P12) (P12 +2 P22)
2 P11 (-1 +pNewAlHapCondAlHap) o (P12 (-1 +pNew22given22) (-1+0) +
2 P22 (1+pNew22given22 (-1+0) - pNewA2HapCondA2Hap o) )
1
2nPi2

1
(gs + gf gsf) pNew22given22 (-1+0)2+

gs + gsf

1
(7 (- (-2+9gf) gs + gf gsf) pNewA2HapCondA2Hap +
gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (gf®+2gf (-1+r)-2r)) /(P12+2P22)| (1-0) 0

1

pNew22given22 (gs2 (P12 + 2 P11 pNewAlHapCondAlHap) -
(gs +gsf)? (2 P11 +P12)

gsf? P12 (-1 + pNewAlHapCondAlHap) (gf +2r) +
gs gsf (6 P11 pNewAlHapCondAlHap + P12 (1 + gf + 2 pNewAlHapCondAlHap -
gf pNewAlHapCondAlHap + 2 r - 2 pNewAlHapCondAlHap r) ) ) (-1+0) o+
((4 gs gsf pNewAlHapCondAlHap pNewA2HapCondA2Hap) / (gs + gsf)? -
(P122 (-1 + pNewAlHapCondAlHap) (-1 + pNewA2HapCondA2Hap) (-2 +gf+2r)
(gf+2r) ) / ((2P11+P12) (P12 +2P22)) + (P12 pNewAlHapCondAlHap
(-1 + pNewA2HapCondA2Hap) (gs (-2+gf+2r) -gsf (gfE+2r))) /

((gs +gsf) (P12 +2P22)) + (P12 (-1 + pNewAlHapCondAlHap) pNewA2HapCondA2Hap

(gs (-2+gf+2r) ~gsf (gf+21))) / ((gs+gsf) (2P11+P12))) o2

1

n (P12 +2P22)?
(-1 + pNewA2HapCondA2Hap) o (P12 (-1 +pNew22given22 + o - pNew22given22 o) +
2 P22 (-1+pNew22given22 - pNew22given22 o + pNewA2HapCondA2Hap o)

| 71
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1
2nPl2

1
(gs + gf gsf) pNew22given22 (-1+0)? +

gs + gsf

1
(7 (- (-2+gf) gs + gf gsf) pNewA2HapCondA2Hap +
gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (gf*+2gf (-1+r)-2r)) / (P12+2P22) | (1-0) O-

1

(gs +gsf)? (P12 + 2 P22)
gsf? P12 (-1 + pNewA2HapCondA2Hap) (gf +2 1) +
gs gsf (6 P22 pNewA2HapCondA2Hap + P12 (1 + gf + 2 pNewA2HapCondA2Hap -
gf pNewA2HapCondA2Hap + 2 r - 2 pNewA2HapCondA2Hap r) ) ) (-1+0) o+

pNew22given22 (gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) -

4 gs gsf pNewA2HapCondA2Hap?

+ (2gs P12 (-1 + pNewA2HapCondA2Hap)
(gs + gsf)?
pNewA2HapCondA2Hap (-2+gf+2r)) / ((gs +gsf) (P12 +2P22)) -
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(P12% (-1 + pNewAlHapCondAlHap)?® (-2 +gf+2r) (gf+2r)) / (2P11+P12)?
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+
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(P22 (1 - pNewA2HapCondA2Hap) o

gs + gsf
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+ (P12 (-1 + pNewA2HapCondA2Hap)

gs + gsf
gs pNewA2HapCondA2Hap

(-2+gf+2r)) /(2 (P12+2P22))]+£gf
2

gs + gsf
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(2+gf?-4r+4r’+gf (-2+41)))/((2P11+P12) (P12+2P22)) -
(P12 pNewAlHapCondAlHap (-1 + pNewA2HapCondA2Hap)
(gf (gs-gsf) +2 (gsf+gsr-gsfr))) / ((gs+gsf) (P12 +2P22)) -
(P12 (-1 + pNewAlHapCondAlHap) pNewA2HapCondA2Hap

(gf (gs-gsf) +2 (gsf+gsr-gsfr)))/ ((gs+gsf) (2 P11+P12))) o?



CoalescentWithBalancingSelectionV4forSupMat.nb | 79

1 2
-—(-2+9gf)gf (-1+0)“+

1 1
g Cavery
2 n P12 2
‘ (gsf pNewA2HapCondA2Hap

+ (P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) /
gs + gsf
gs pNewAlHapCondAlHap

(2 (P12+2P22))) (1-0) o+2 (1-£)

2

gs + gsf
(P12 (-1 + pNewAlHapCondAlHap) (gf+2r)) / (2 (2 P11+P12>)] (l-0) o+

gsf pNewA2HapCondA2Hap

+ (P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) /

gs + gsf
gs pNewAlHapCondAlHap

(2 (P12+2P22))) (
gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (gf +2 1)) / (2 (2P11+P12)) | 02

(4 P11 P22 (-1 +pNewAlHapCondAlHap) (-1 +pNewA2HapCondA2Hap) o?) /
((2P11+P12) (P12 +2P22))

1 1
—_— [— (-2+gf) gf (-1+0)%2+ | ——— (- (-2 +9gf) gs + gf gsf) pNewAlHapCondAlHap +
2nPl2 gs + gsf
(P12 (-1 + pNewAlHapCondAlHap) (gf®+2gf (-1+r)-2r)) / (2P11+P12) ) (1-0) o+
1 gsf pNewA2HapCondA2Hap
2 (— gf + (P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) /
2 gs + gsf
f s pNewA2HapCondA2Ha
(2(P12+2P22)))+[1—g—J Isp P P_
2 gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (gf+2r)) / (2 (P12 +2P22) ))] (l-0) o+

( (4 gs gsf pNewAlHapCondAlHap pNewA2HapCondA2Hap) / (gs +gsf)? -
(P12? (-1 + pNewAlHapCondAlHap) (-1 + pNewA2HapCondA2Hap) (-2 +gf +2r)
(gf +2 1) ) / ((2P11+P12) (P12 +2P22)) + (P12 pNewAlHapCondAlHap

(-1 + pNewA2HapCondA2Hap) (gs (-2+gf+2r) -gsf (gf+2r))) /
((gs +gsf) (P12 +2P22)) + (P12 (-1 + pNewAlHapCondAlHap) pNewA2HapCondA2Hap

(gs (-2+gf+2r) -gsf (gf+2r))) / ((gs +gsf) (2P11+P12))) o?

0

2 P22 (-1 + pNewA2HapCondA2Hap) ? o2

n (P12 + 2 P22)2



80 | CoalescentWithBalancingSelectionV4forSupMat.nb

1 1 1
-~ (-2+9gf) gf (-1+0)?+ | ——— (- (-2 +gf) gs + gf gsf) pNewA2HapCondA2Hap +
n P12 2 gs + gsf
(P12 (-1 + pNewA2HapCondA2Hap) (gf®+2gf (-1+1) -21)) / (P12+2P22) | (1-0) o+
1 (4 gs gsf pNewA2HapCondA2Hap?
— + (2gs P12 (-1 + pNewA2HapCondA2Hap)
2 (gs + gsf)?

pNewA2HapCondA2Hap (-2+gf+2r)) / ((gs +gsf) (P12 +2P22)) -
(2 gsf P12 (-1 + pNewA2HapCondA2Hap) pNewA2HapCondA2Hap (gf +2r)) /
((gs +gsf) (P12 +2P22)) -

(P12% (-1 + pNewA2HapCondA2Hap)?® (-2 +gf+2r) (gf+2r)) / (P12+2P22)?| o?

0

(4 P22 (-1+nP22) (-1+pNewA2HapCondA2Hap)? 0®) / (n (P12 +2P22)?)
0

0

gs pNewA2HapCondA2Hap

(2 P22 (1 - pNewA2HapCondA2Hap) o

gf—gfo+2(
gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (gf+2r)) / (2 (P12+2P22)) | O / (P12 + 2 P22)
(4 P22 (1 - pNewA2HapCondA2Hap) o
1 gsf pNewA2HapCondA2Hap
(— (-2+gf) (-1+0) + + (P12 (-1 + pNewA2HapCondA2Hap)
2 gs + gsf

(-2+gf+21)) /(2 (P12 +2P22))

1 1
rf ey
4 nP12

(gfz (-1+0)2+4gf

o

/ (P12 + 2 P22)

gs pNewA2HapCondA2Hap

- (P12 (-1 + pNewA2HapCondA2Hap) (gf+2r)) /

gs + gsf
gs pNewA2HapCondA2Hap

(2 (P12+2P22))] (l-0)o+4
gs + gsf
2
2

(P12 (-1 + pNewA2HapCondA2Hap) (gf +21r)) / (2 (P12+2P22)) | o




CoalescentWithBalancingSelectionV4forSupMat.nb | 81

1
)
nP1l2

1 ) 1
(—f(72+gf) gf (-1+0)°+
2

(- (-2+gf) gs +gf gsf) pNewA2HapCondA2Hap +

gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (gf®+2gf (-1+r) -2r)) /(P12+2P22) | (1-0) o+

gsf pNewA2HapCondA2Hap
+ (P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) /

gs + gsf
gs pNewA2HapCondA2Hap

(2 (P12+2P22>)) (
gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (gf+2r)) / (2 (P12 +2P22))

“)

1 1 2 2

(l— ](—(—2+gf) (-1+0)°+
nP12 4

gf ) (gsf pNewA2HapCondA2Hap

2

2 (1 - + (P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) /
gs + gsf
gsf pNewA2HapCondA2Hap
+

(2 (P12+2P22))) (1-0) o+

gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (-2 +gf+2r)) / (2 (P12+2P22))| ©

0
1 ((2-2gf+gf?) (-1+0)? 1
— + 2 | ——(9gf (gs-gsf) + 2 gsf) pNewA2HapCondA2Hap -
2n P12 P12 gs + gsf
(P12 (-1 + pNewA2HapCondA2Hap) (2 +gf’>+2gf (-1+1) -27r)) / (P12 +2P22)
(1-0) o0+2 {(2 P22 (-1 +pNewA2HapCondA2Hap)?) / (P12 +2P22)2 +
P12
gsf pNewA2HapCondA2Hap
+ (P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) /
gs + gsf
2 1 s pNewA2HapCondA2Ha
(2(P12+2P22))J +_gp P P_
P12 gs + gsf
2
(P12 (-1 + pNewA2HapCondA2Hap) (gf+2r)) / (2 (P12 +2P22)) O'Z)
0



82 | CoalescentWithBalancingSelectionV4forSupMat.nb

1
_— ( (gs2 +2gsgsf+2 gsf2> pNewllgivenll pNew22given22 (-1 + 0O) 2) / (gs + gsf)? -
2nPl2

1

pNew22given22
(gs +gsf)? (2P11 +P12)

(gs2 (P12 + 2 P11 pNewAlHapCondAlHap) + gs gsf (2 P11 pNewAlHapCondAlHap +
P12 (3 +gf (-1 + pNewAlHapCondAlHap) + 2 pNewAlHapCondAlHap (-1+r) -2r)) +
gsf? (4 P11 pNewAlHapCondAlHap + P12 (2 + gf (-1 + pNewAlHapCondAlHap) +
2 (-1+pNewAlHapCondAlHap) r))) (-1+0) o-
1

pNewllgivenll (gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) +
(gs +gsf)? (P12 +2P22)

gs gsf (2 P22 pNewA2HapCondA2Hap +
P12 (3 +gf (-1 + pNewA2HapCondA2Hap) + 2 pNewA2HapCondA2Hap (-1+r) -2r)) +
gsf? (4 P22 pNewA2HapCondA2Hap + P12 (2 + gf (-1 + pNewA2HapCondA2Hap) +
2 (-1 + pNewA2HapCondA2Hap) r))) (-1+0) o+
((2 (gs®+gsf®) pNewAlHapCondAlHap pNewA2HapCondA2Hap) / (gs + gsf)? +
(P122 (-1 + pNewAlHapCondAlHap) (-1 + pNewA2HapCondA2Hap)
(2+gf?-4r+4r?+gf (—2+4r)))/<<2911+1>12) (P12 + 2 P22)) -
(P12 pNewAlHapCondAlHap (-1 + pNewA2HapCondA2Hap)
(gf (gs-gsf) +2 (gsf+gsr-gsfr)))/ ((gs+gsf) (P12+2P22)) -
(P12 (-1 + pNewAlHapCondAlHap) pNewA2HapCondA2Hap

(gf (gs-gsf) +2 (gsf+gsr-gsfr)))/ ((gs+gsf) (2 P11+P12))) o?

0
0

- (((P12 (-1 +pNewllgivenll) (-1+0) +
2 P11 (1+pNewllgivenll (-1+0) - pNewAlHapCondAlHap o) )
(gsf P12 (-1 +pNewA2HapCondA2Hap) (gf +2r) o+
gs (2 P22 (pNew22given22 (-1+0) - 2 pNewA2HapCondA2Hap o) +
P12 (pNew22given22 (-1+0) +
(gf (-1 + pNewA2HapCondA2Hap) + 2 pNewA2HapCondA2Hap (-1+r) -27r) o)) )) /
(2 (gs+gsf) (2P11+P12) (P12+2P22)))

- ( ( (gs + 2 gsf) (—1 + pNewllgivenll) pNew22given22 (-1 + 0)2) / (2 (gs +gsf)) ) +
gsf pNewA2HapCondA2Hap
+

(1-pNewllgivenll)

gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) / (2 (p12+2p22>)] (1-0) o+

( (gs + 2 gsf) P11 pNew22given22 (-1 + pNewAlHapCondAlHap) (-1 + 0O) o) /
gsf pNewA2HapCondA2Hap
+

((gs+gsf) (2P11+P12)) + |2 P11 (1 - pNewAlHapCondAlHap)

gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (-2 +gf+2r)) / (2 (P12 +2P22)) 02)/ (2 P11 +P12)
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- (((gs +2 gsf) pNewllgivenll (-1 +pNew22given22) (-1+0)?) /(2 (gs+gsf))) +
gsf pNewAlHapCondAlHap
+

( 1 - pNew22given22 )

gs + gsf
(P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) / (2 (2 P11+P12))) (l-0) o+

( (gs + 2 gsf) P22 pNewllgivenll (-1 + pNewA2HapCondA2Hap) (-1 + O) O) /
gsf pNewAlHapCondAlHap

((gs+gsf) (P12 +2P22)) + |2 P22 (1 - pNewA2HapCondA2Hap) +

gs + gsf
/ (P12 + 2 P22)

(P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) / (2 (2P11+P12)) | o2

- (((P12 (-1 +pNew22given22) (-1+0) +
2 P22 (1+pNew22given22 (-1+0) - pNewA2HapCondA2Hap o) )
(gsf P12 (-1 +pNewAlHapCondAlHap) (gf +2r) o+
gs (2 P11 (pNewllgivenll (-1+0) - 2 pNewAlHapCondAlHap o) +
P12 (pNewllgivenll (-1+o0) +
(gf (-1 + pNewAlHapCondAlHap) + 2 pNewAlHapCondAlHap (-1+r) -21) 0)))) /
(2 (gs+gsf) (2P11+P12) (P12+2P22)))

1 1
— [1 - J ((gs (gs +2 gsf) pNewllgivenll pNew22given22 (-1+0)?) / (gs+gsf)?+
4

n P12
1 sf pNewAlHapCondAlHa
2 gs pNew22given22 IstP P P +
gs + gsf gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (-2 +gf+21r)) / (2 (2 P11+P12))] (1-0) o+

gsf gs pNewA2HapCondA2Hap

2 (1 + ) pNewllgivenll

gs + gsf gs + gsf
(P12 (-1 + pNewA2HapCondA2Hap) (gf+2r)) / (2 (P12+2P22))] (l-0) o+

gsf pNewAlHapCondAlHap

+ (P12 (-1 + pNewAlHapCondAlHap) (-2+gf+2r)) /

gs + gsf
gs pNewA2HapCondA2Hap

(2 (2 P11+P12))) (
gs + gsf

(P12 (-1 + pNewA2HapCondA2Hap) (gf +2 1)) / (2 (P12 +2P22))

*)
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1 1
S
2 nP1l2

(((gs2 +2gsgsf+2 gsfz) pNewllgivenll pNew22given22 (-1 + 0)2) / (gs +gsf)? -

1

(gs +gsf)? (2P11 +P12)
(gs2 (P12 + 2 P11 pNewAlHapCondAlHap) + gs gsf (2 P11 pNewAlHapCondAlHap +
P12 (3 +gf (-1 + pNewAlHapCondAlHap) + 2 pNewAlHapCondAlHap (-1+r) -2r)) +
gsf? (4 P11 pNewAlHapCondAlHap + P12 (2 + gf (-1 + pNewAlHapCondAlHap) +
2 (-1 +pNewAlHapCondAlHap) r)) ) (-1+0) o-
1

pNew22given22

pNewllgivenll (gs® (P12 + 2 P22 pNewA2HapCondA2Hap) +
(gs + gsf)2 (P12 + 2 P22)

gs gsf (2 P22 pNewA2HapCondA2Hap +
P12 (3 +gf (-1 + pNewA2HapCondA2Hap) + 2 pNewA2HapCondA2Hap (-1+r) -2r)) +
gsf? (4 P22 pNewA2HapCondA2Hap + P12 (2 + gf (-1 + pNewA2HapCondA2Hap) +
2 (-1+pNewA2HapCondA2Hap) r))) (-1+0) o+
( (2 (g52 + gsfz) pNewAlHapCondAlHap pNewAZHapCondA2Hap> / (gs +gsf)? +
(P12? (-1 + pNewAlHapCondAlHap) (-1 + pNewA2HapCondA2Hap)
(2+gf?-4r+4r?+gf (-2+4r)))/ ((2P11+P12) (P12+2P22)) -
(P12 pNewAlHapCondAlHap (-1 + pNewA2HapCondA2Hap)
(9f (gs-gsf) +2 (gsf+gsr-gsfr)))/ ((gs+gsf) (P12+2P22)) -
(P12 (-1 + pNewAlHapCondAlHap) pNewA2HapCondA2Hap

(9f (gs-gsf) +2 (gsf+gsr-gsfr)))/ ((gs+gsf) (2 P11+P12))) 02)

1 1
— [1 - ) ((gs (gs + 2 gsf) pNewllgivenll pNew22given22 (-1 + 0) 2) / (gs +gsf)? +
4 nP1l2

sf pNewA2HapCondA2Ha
2 gs pNewllgivenll gstp P P +
gs + gsf

gs + gsf
(P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) / (2 (P12+2P22>)] (1-0) o+

gsf gs pNewAlHapCondAlHap

2 (1 + ) pNew22given22

gs + gsf gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (gf+2r)) / (2 (2 P11+P12))] (l-0) o+

gsf pNewA2HapCondA2Hap
+ (P12 (-1 + pNewA2HapCondA2Hap) (-2+gf+2r)) /

gs + gsf
gs pNewAlHapCondAlHap

(2 (P12+2P22>)] (
gs + gsf

(P12 (-1 + pNewAlHapCondAlHap) (gf +2 1)) / (2 (2P11+P12)) | o2

1

(2 P11 +P12) (P12 +2 P22)
2 P11 (1 +pNewllgivenll (-1 + o) - pNewAlHapCondAlHap o) )
(P12 (-1 +pNew22given22) (-1+0) +
2 P22 (1+pNew22given22 (-1+0) - pNewA2HapCondA2Hap o) )

(P12 (-1 +pNewllgivenll) (-1+0) +
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1
_— (gs (gs + 2 gsf) pNewllgivenll pNew22given22 (-1 + 0) 2) / (gs + gsf)? -
2nPl2

1

pNew22given22
(gs +gsf)? (2P11 +P12)

(gs2 (P12 + 2 P11 pNewAlHapCondAlHap) - gsf? P12 (-1 + pNewAlHapCondAlHap)
(gf+2r) +gsgsf (6 P11 pNewAlHapCondAlHap + P12 (1 + gf + 2 pNewAlHapCondAlHap -
gf pNewAlHapCondAlHap + 2 r - 2 pNewAlHapCondAlHap r) ) ) (-1+0) o-
1

pNewllgivenll (gs2 (P12 + 2 P22 pNewA2HapCondA2Hap) -
(gs +gsf)? (P12 +2P22)

gsf? P12 (-1 + pNewA2HapCondA2Hap) (gf+2r) +
gs gsf (6 P22 pNewA2HapCondA2Hap + P12 (1 + gf + 2 pNewA2HapCondA2Hap -
gf pNewA2HapCondA2Hap + 2 r - 2 pNewA2HapCondA2Hap r) ) ) (-1+0) o+
((4 gs gsf pNewAlHapCondAlHap pNewA2HapCondA2Hap) / (gs + gsf)? -
(P122 (-1 + pNewAlHapCondAlHap) (-1 + pNewA2HapCondA2Hap)
(-2+gf+2r) (gf+2r))/<(2 P11 +P12) (P12 +2P22)) +
(P12 pNewAlHapCondAlHap (-1 + pNewA2HapCondA2Hap)
(gs (-2+gf+2r) -gsf (gf+2r))) / ((gs+gsf) (P12+2P22)) +
(P12 (-1 + pNewAlHapCondAlHap) pNewA2HapCondA2Hap

(gs (-2+gf+2r) -gsf (gf+2r))) / ((gs+gsf) (2P11+P12))) o?
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First-Step analysis: Equations for expected coalescent times based on “time to
leave current state” approach

eqgs =
{'1‘1 - ﬁ (1+alto2T2 +alto3 T3 +alto4 T4 +alto5T5+alto6 T6 +alto7 T7 +alto8
T8 + alto9 T9 + altol0 T10 + altoll T1l + altol2 T12 + altol3 T13) == O,
T2 - ﬁ (1+a2tol Tl +a2to3 T3 + a2to4 T4 + a2to5 T5 + a2to6 T6 + a2to7 T7 +
a;t::Ts +a2to9 T9 + a2to0l0 T10 + a2to0ll1 T11l + a2tol2 T12 + a2tol3 T13) == 0,
T3 - ﬁ (1+a3tol Tl +a3to2T2 +a3to4 T4 + a3to5 T5 + a3to6 T6 + a3to7 T7 +
a?»at;:TS +a3to9 T9 + a3tol0 T10 + a3toll T1l + a3t0l2 T12 + a3tol3 T13) == 0,
T4 - ﬁ (1+a4tol Tl +a4to2 T2 + a4to3 T3 + a4to5 T5 + a4to6 T6 + a4to7 T7 +
a:t::TS +a4to9 T9 + a4tol0 T10 + a4toll T11l + a4tol2 T12 + a4tol3 T13) == 0,
T5 - ﬁ (1 +a5to0l Tl +a5t02 T2 + a5to3 T3 + a5to4 T4 + a5to6 T6 + a5to7 T7 +
a::ogsTS +a5t09 T9 + a5tol0 T10 + a5toll T1l1l + a5tol2 T12 + a5tol13 T13) == 0,
T6 - ﬁ (1+a6tol Tl +a6to2 T2 + a6to3 T3 + a6to4 T4 + a6to5 T5 + a6to7 T7 +
a:t::TS +a6to9 T9 + a6tol0 T10 + a6toll Tll + a6tol2 T12 + a6tol3 T13) == 0,
T7 - # (1+a7tol Tl +a7to2T2 + a7to3 T3 + a7to4 T4 + a7to5 T5 + a7to6 T6 +
a:to:TS +a7to9 T9 + a7tol0 T10 + a7toll T1ll + a7t0l2 T12 + a7tol3 T13) == 0,
T8 - ﬁ (1+a8tol Tl +a8to2 T2 + a8to3 T3 + a8to4 T4 + a8to5 T5 + a8to6 T6 +
a:t:';,T7 +a8to9 T9 + a8tol0 T10 + a8toll T1ll + a8t0l2 T12 + a8tol3 T13) == 0,
T9 - ﬁ (1+a9tol Tl + a9to02 T2 + a9to3 T3 + a9to4 T4 + a9to5 T5 + a9to6 T6 +
a9ato;’T7 +a9%9to8 T8 + a9t0l1l0 T10 + a9toll T1ll + a9t0l1l2 T12 + a9tol3 T13) == 0, T10 -
; (1+al0tol Tl +alOto2T2+alOto3 T3 +alO0to4 T4 +alOto5T5+alOto6 T6 +
1-allOtol0
alOto7 T7 + al0Oto8 T8 + al0to9 T9 + alOtoll T1l1l + alO0tol2 T12 + alO0tol3 T13) == 0,
T11 - ; (1+alltolTl+allto2T2+allto3 T3 +allto4 T4 +allto5T5+allto6
1-alltoll
T6 + allto7 T7 + allto8 T8 + allto9 T9 + alltol0 T10 + alltol2 T12 + alltol3 T13) ==
0, T12 - ; (1+al2tol Tl +al2to2 T2 +al2to3 T3 +al2tod4 T4 +

1-al2tol2
al2to5 T5 + al2to06 T6 + al2to7 T7 + al2to8 T8 + al2t09 TI9 +
al2to0l0 T10 + al2toll1l T11l + al2t013 T13) == 0, T13 -

—— (1 +al3tol Tl +al3to2 T2 +al3to3 T3 +al3to4 T4 + al3to5T5 + al3to6 T6 +
1-al3tol3

al3to7 T7 + al3to8 T8 + al3to9 T9 + al3tol0 T10 + al3toll T1l + al3tol2 T12) = 0};
Approximations

We now perform Taylor series approximations where we make assumptions about the smallness of
certain parameters. We assume that £ << 1 and the other parameters are scaled to powers of £.
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Here we define some sets of substitutions about parameters that are assumed to be small. We assume
that § << 1 and the other parameters are scaled to powers of

Analysis to recover the classic result (full sex, no gene conversion, i.e,, 0= 1|, gf =
gs = gsf =0)

First we create a substitution where we decompose “T/” into components of different magnitudes of &.

For example T1 =T1n01 &' + T1n00 + T1np01 &’
so “T1n01” represents a coefficient of £ raised to the negative (“n”) 1.

subTinBits = {T1 > T1ln0l1 £"-1+ TIn00 "0+ T1p01&§~1,
T2 > T2n0l1&§"-1+ T2n00E70+ T2p01E°1, T3 » T3n0l1E”-1+ T3n00OE"0+ T3p01E™°1,
T4 > T4n0l1&£"-1+ T4n00E"0+ T4p01£”°1, T5 > T5n01E°-1+ T5n00E°0+ T5p01 €71,
T6 - T6n0l " -1+ T6n00E"0+ T6p01 71, T7T » T7In0l1E"-1+ T7Tn00E"0+ T7p01ET1,
T8 » T8n01l&E"-1+ T8NOO "0+ T8PO1 E~1, T9» TINO01 E"-1+ TIN00E"0+ TI9p01 E71,
T10 » T10n01l§”-1+ T10n00 70+ T10p01E™1,
Tll-> T11ln01¢§"-1+ T11ln00E"0+ Tllp01€E™1,
T12 5> T12n01 £~-1+ T12n00 £70+ T12p01 £°1,
T13 » T13n01&§7-1+ T13n00£70+ T13p01 £7°1};

n
UseTheseAssumptionsOfSmallness = {gf 50,0-1, r>r*&, n> —}

3

n
{gf 50,051, r>5r& n> —}
3

The vector “SoFar” contains what we have learned about the “T/" as we move through the approxima-
tion procedure.

The function “f1” performs a Taylor series approximation to a specified order of ¢.

Note that in the function f1 we use the substitutions below because we are assuming no gene conver-
sion.
{pNew11given11-0,pNew22given22—-0}/.{pNewA1HapCondA1Hap-0,pNewA2HapCondA2Hap—0}

SoFar = {};

fl[xx_, toorder_] :=
Series[xx /. subTinBits /. {pNewllgivenll -» 0, pNew22given22 -» 0} /.
{pNewAlHapCondAlHap » 0, pNewA2HapCondA2Hap -» 0} /. {P11 > p~2, P22 5q" 2,
P12 » 2pq} /. UseTheseAssumptionsOfSmallness //. SoFar, {§, 0, toorder}]

Here we apply the Taylor series approximation to the system of equations described in “First-Step
analysis”.

We begin by doing a Taylor series to O(£7'), solve the system (and update “SoFar” with what we have
learned), and then repeat with higher orders of accuracy as needed.
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Print["Herel ", Date[]]

eqsZl = {fl[eqs[[1]], -1], f1[eqgs[[2]], -1], f1[eqs[[3]], -1],
fl[eqs[[4]], -1], f1[eqs[[5]], -1]1, fl[eqs[[6]], -11, fl[eqs[[7]], -11,
flleqs[[8]], -1], f1[eqs[[9]], -1], f1l[eqs[[10]], -1],
flleqs[[11]], -1], £f1[eqs[[12]], -1], fl[eqs[[13]], -1]};

Print["Here2 ", Date[]]

Normal[%] /. £ > 1 // Simplify

Print["Here3 ", Date[]]

ans = Solve[egsZl /. p—»1-q, {T1ln01l, T2n01, T3n0l, T4nO1,
T5n01, T6n0l, T7n01, T8n0l1l, T9n01l, T10n0l, T11n01l, T12n01, T13n01}]

Herel {2015, 10, 14, 17, 29, 0.546308}
Here2 {2015, 10, 14, 17, 29, 1.481170}
Here3 {2015, 10, 14, 17, 29, 1.481624}

{{T1n01 - T4n01, T2n01 » T12n01, T3n01] - T7n01, T5n01 - T12n01, T6n0l1 - T4nO01,
T8n0l1l - T7n01, T9n01 » T12n01, T10n01l - T4n01, T11n01l - T7n01, T13n01 - T7n01}}

SoFar = Join[SoFar, ans[[1]]]

Print["Herel ", Date[]]

eqszl = {fl[eqs[[1]], O], f1l[eqgs[[2]], O],
fl[eqs[[3]], O], f1[eqs[[4]], O], f1[eqs[[5]], O], f1[eqs[[6]], O],
flleqs[[7]1], O], f1[eqs[[8]], O], f1[eqs[[9]], O], f1[eqs[[10]], O],
fl[eqs[[11]], O], fl[eqs[[12]], O], f1[eqs[[13]], O]};

Print["Here2 ", Date[]]

Normal[%] /. £ > 1 // Simplify;

Print["Here3 ", Date[]]

ans = Simplify[Solve[eqsZl, {T1ln00, T2n00, T3n00, T4n0l, T5n00, T6n0O,

T7n01, T8n00, T9n00, T10n00, T11n00, T12n01l, T13n00}]] /. p+q—> 1

{T1ln01 » T4n01, T2n01 - T12n01, T3n01] » T7n01, T5n01 - T12n01, T6n01l » T4noO01,
T8n01l -» T7n01, T9n01 - T12n01l, T10n01l - T4n01, T11n01l - T7n01, T13n01l - T7n01}

Herel {2015, 10, 14, 17, 29, 1.539638}

Here2 {2015, 10, 14, 17, 29, 2.241351}

Here3 {2015, 10, 14, 17, 29, 2.241832}

{{Tlnoo - T4n00, T2n00 - T12n00, T3n00 - T7n00,
T4n0l > (2np <p+3q+4np2qr+8npq2r+4nq3r))/(1+4npqr),

l+2nr
T5n00 -» T12n00, T6n00 - T4n00, T7n01 - ——,

r
T8n00 - T7n00, T9n00 —» T12n00, T10n00 - T4n00, T11n00 - T7n00,

T12n01 > (2nq (q+4np’r+8np°qr+p (3+4nqg’r))) /(1+4npqr), T13n00 - T7n00}}

SoFar = Join[SoFar, ans[[1]]];
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finalAns = Simplify[
Series[{T1, T2, T3, T4, T5, T6, T7, T8, T9, T10, T1ll, T12, T13} /. subTinBits //.
SOFarI {§I ol —1}]]

{(an <p+3q+4np2qr+8npq2r+4nq3r))/((1+4npqr) &) +0[&19,
(2nqg (q+4np’r+8np’qr+p (3+4nqg’r)))/((1+4npqr) &) +0[£]°,

2 1
2 +0[&1°, (an (p+3q+4np2qr+8npq2r+4nq3r)>/((1+4npqr) &) +0[&1°,
<
(2nqg (q+4np’r+8np?’qr+p (3+4nqg’r)))/((1+4npqr) &) +0[£]°,
2 1
(an (p+3q+4np2qr+8npq2r+4nq3r))/((l+4npqr) &y +0[&19, B +0[£]1°,
<
2n+ L
——+0[£]° (2nq (q+4np’r+8np°qr+p (3+4nqg’r)))/((1+4npqr) &) +0[£]°,
3
2n+ L
(2np (p+3q+4np’qr+8npqg’r+4ng’r))/((1+4npqr) £) +0[&]°, ~+0[&1°,
<
2n+ =
(2nqg (q+4np’r+8np’qr+p (3+4nqg’r)))/((1+4npqr) &) +0[£]°, +0[£]°%}
<

Note that coalescent times are the same based on backgrounds (it doesn’t matter if alleles are taken
from the same individual or not (e.g., T1 =T4; T2 = T5; T3 = T7). This is because the rate of sex is high.
AnsAvgOverAllBackgrounds =
FullSimplify[Normal[p”~2 finalAns[[1]] +2pq finalAns[[3]] + 9”2 finalAns[[2]]] /.
€-1]1/. (p+q) »1/. (p*+2p°a+2p’d’+q*+2p (q+q*)) >
Simplify[(p*+2p’q+2p’q’+q*+2p (q+q?)) /. a-» 1-p]

pqg np(P-9’q
r l+4npgr

2 |n+

Here is the classic answer (taken from Nordborg (1997, eq A4) but can be obtained from Hudson &
Kaplan 1988, Kaplan et al 1988, Hey 1991.

2pq (p-q)’pq
R 1+2pgR

ClassicAns = 2n [1 + /-.R->2nr;

Check equivalence.

AnsAvgOverAllBackgrounds - ClassicAns /. q-> 1-p // Simplify
0

Analysis assuming high (but not necessarily full) sex with gene conversion
a~O(l),r, gf, gs gsf ~ O(), n ~ O™

First we create a substitution where we decompose “T/” into components of different magnitudes of ¢.

For example T1 = T1n01 &' + T1n00 + T1np01 &'
so “T1n01” represents a coefficient of £ raised to the negative (“n”) 1.
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subTinBits = {T1 > T1ln01 £"-1+ TIn00£"0+ T1p01&§~1,
T2 > T2n01&§"-1+ T2n00E70+ T2p01E°1, T3 » T3n0l1§"-1+ T3n00E"0+ T3p01E™1,
T4 > T4n0l1&£"-1+ T4n00E"0+ T4p01E~°1, T5 > T5n01E°-1+ T5n00E£°0+ T5p01 €71,
T6 - T6n0l " -1+ T6n00 70+ T6p01 71, T7T » T7In0l1E"-1+ T7Tn00E"0+ T7p01ET1,
T8 » T8n01l&E"-1+ T8NOO "0+ T8PO1 E71, T9» TIN01 E"-1+ TIN00 "0+ TI9p01 E°1,
T10 » T10n01l§”-1+ T10On00 70+ T10p01E™1,
Tll-> T11ln01¢§"-1+ T11ln00E"0+ Tllp01€E™1,
T12 5> T12n01 £~-1+ T12n00 £70+ T12p01 £°1,
T13 > T13n01&§7-1+ T13n00£70+ T13p01 £7°1};

n
UseTheseAssumptionsOfSmallness = {r>r+§, gs >gs+&, gsf > gsfx &, gf > gf*x§, n> —}
3

n
{roré&, gs—>gs€, gsf>gsf&, gf5gf &, n> —|
3

The vector “SoFar” contains what we have learned about the “T/" as we move through the approxima-
tion procedure.

The function “f1” performs a Taylor series approximation to a specified order of ¢.

SoFar = {};

fl[xx_, toorder_] :=
Series[xx /. subTinBits /. subpNewHomozygote /. subpNewGameteBackground /.
{P11 > p~2 +CAA, P22 5qg”~2 + CAA, P12 52 (pq - CAA)} /.
UseTheseAssumptionsOfSmallness //. SoFar, {§, 0, toorder}]

Here we apply the Taylor series approximation to the system of equations described in “First-Step
analysis”.

We begin by doing a Taylor series to O(£7'), solve the system (and update “SoFar” with what we have
learned), and then repeat with higher orders of accuracy as needed.

eqszl = {fl[eqs[[1]], -1], f1l[eqs[[2]], -1], f1l[eqs[[3]], -1],
flleqgs[[4]], -1], f1[eas[[5]], -1], fl[eqs[[6]], -1], fl[eqs[[7]], -1],
flleqs[[8]], -1], f1[eqs[[9]], -1]1, fl[eqs[[10]], -1],
flleqs[[11]], -1], fl[eqs[[12]], -1], fl[eqs[[13]], -11};

Print["Here2 ", Date[]]

ans = Solve[eqsZl, {T1ln01l, T2n01, T3n0l1l, T4n0l1l, T5n01,
T6n0l, T7n01, T8n01l, T9n01l, T10n01l, T11ln01l, T12n01l, T13n01}]
Print["Here3 ", Date[]]
ans = Simplify[ans]
Print["Here4 ", Date[]]

Here2 {2015, 10, 15, 9, 55, 24.554606}

{{T1n01 > T6n01, T2n01 - T9n01, T3n01 - T7n01,
T4n01e—<(T6n01 (1— ((—CAA+pq) (—pzc—pqo+CAAoz+p2 02) (<2p2>/<—2p2—2pq+
CAAo+p20) + (2pq)/(—2p2—2pq+CAAo+p2 o) - (2CAAO)/
(-2p*-2pg+CAAO+p*0) - (2p?0) / (-2p°-2pqg+CRAG+DP?0))) /
(o(p4+2p3q+p2q2+2CAA2o+2CAAp2o—2CAquo—2p3qo)>))/
(—(((CAA+p2) (p2+pq+CAAo—qu)) /(p4+2p3q+p2q2+2CAA2U+2CAAp20—
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2CAA’p\q0—2p3q0>) - <(—C/AlAy+1\)q) (—pZO—pqO+CAA02+p2 02)
((CAAo)/(—ZpZ—qu+CAAo+p2 o) + (p2 o)/(—2p2—2pq+CAAcf+p2 o)))/
(o (p*+2p’q+p*q*+2CAR* 0+ 2CAAP® 0-2CAADPQO-2P°qO)))),
T5n01 > - ((T9n01 (1- ((-CAA+pq) (-pgo-q*o+CAAG®+q’c®) ((2pq) / (-2pa-
2q2+CAAo+q20>+<2q2)/<—2pq—2q2+CAAo+q20)—(2CAAU)/
(—2pq—2q2+CAAo+q20)—(Zqzo)/(—2pq—2q2+CAAo+q20))>/
(0 (p*q*+2pq®+q*+2CAR* 0-2CAApPQO+2CAAQ°0-2pq’0)))) /
(—(((CAA+q2> (pq+q2+CAAG—qu)>/(p2q2+2pq3+q4+2CAA20—
2CAqu0+2CAAq20—2pq30)) - ((—CAA+pq) (—pqo—qzo+CAAoz+q202)
((CAAO)/(—2pq—2q2+CAAo+qzo)+(qzo)/(—2pq—2q2+CAA0+q20)>>/
(o (p*ad®+2pg®+q*+2CAR? 0-2CAApPQO+2CAAG* 0-2pQq’O)))),

T8n0l - -

T7n01 [((((CAAerz) (CAA-paq) o)/(CAAp2—2p3q—CAAq2—

2p2q2—CAA20—CAAp20+CAquO+p3qO)) -
((CAA+p2) (pq+q2+CAA0—pqo) (—(pz/<p2+2pq+q2+CAAo—pqo)> -
(pa)/ (pP*+2pq+q*+CAAO-pqo) - (CAAO) / (P +2pq+q*+
CAAo-pqo)+ (pqo)/ (pPP+2pg+q’+CARO-pqo)))/
(CAApZ—2p3q—CAAq2—2p2q2—CAA2o—CAAp20+CAquo+p3qo)>

(1+ ((CAA+p2> (CAA+q2) o? ((CAAO)/(p2+2pq+q2+CAAo—pq0) -

<pq0>/(p2+2pq+q2+CAAoqu0)))/ pa (p+q)?

1
1+ —
2

-2 (-1+0)?+ (2 (-CAA+pPq) (-1+0)0) / (P (P+Q)) +

2 (CAA-pq)? o?

(2 (-CAA+pq) (-1+0)0) / (a(p+q)) -

)
(((—CAA+pq) <pzo+pqo—CAA02—p2 62))/(0(CAAp2—2p3q—
CAqu—szqz—CAAzo—CAApZo+CAquo+p3qo>)—
((CAA+p2) (pq+q2+CAAO—pq0) ((CAAO)/(p2+2pq+q2+CAAo—pqO) -
(pao)/ (p*+2pqg+q*+CAAO-pqoO)))/
(CAAp2—2p3q—CAAq2—2p2q2—CAAZO—CAAp20+CAquG+p3qG))

(((CA_A+p2> o(-pg-g*+CAAO+q’ O))/ pd (p+q)?

[ 1
1+ —
2

-2 (-1+0)?+ (2 (-CAA+pq) (-1+0) 0) / (p (p+Q)) +

2 (CAA-pq)?o?

(2 (-CAA+pq) (-1+0)0)/ (a(p+q)) -

+

pa(p+q)? J

((caa+p?) (caa+q?) o® (- (p*/ (P*+2pa+q’+CAAO-pPqoO)) - (Pq) /
(pP°+2pg+qg’+CAAC-pqo) - (CAAO) / (p?+2pq+q*+CAAO-pPQoO) +

<pq0>/(p2+2pq+q2+CAAo—pq0)))/ pa (p+q)’

[ 1
1+ —
2

-2 (-1+0)?+ (2 (-CAA+pq) (-1+0)0) / (p (P+q)) +

2 (CAA-pq)2 02

(2 (-CAA+pq) (-1+0)0) /(g (p+q)) -

%

pa (p+q)?
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[—(l— ((CAA+p2) (pq+q2+CAAo—pqo) (—((pq)/(p2+2pq+q2+CAAo—pqo)) -

q2/<p2+2pq+q2+CAA0—pqO) - (CAAO)/
<p2+2pq+q2+CAA07pqO> + (pqo)/(p2+2pq+q2+CAA07pqO>>>/
(CAAp2—2p3q—CAAq2—2p2q2—CAA2o—CAAp20+CAqu0+p3qo))

(1+ ((CAA+p2) (CAA+q2) o2 ((CAAO)/(p2+2pq+q2+CAAO—qu) -

<pq0>/(ﬁ+2pq+q2+umo—pqOH)/

2 (CAA - 2 52
(2 (-CAA+pq) (-1+0)0) / (q (p+q)) - PR7PD)"O

1
%q<p+qﬂ[1+£-L2<—1+0V+(2(4EA+p® (-1+0)0) /(P (P+q)) +
)
pq (p+q)?
(((—CAAerq) <p20+pq0—CAA02—p202))/(O(CAAp2—2p3q—CAAq2—
2p2q2—CAA2o—CAAp20+CAquo+p3qo))—
((CAA+p2) (pq+q2+CAAo—pq0) ((CAAO)/(p2+2pq+q2+CAAO—pqo) -
(pqo) / (p?+2pg+qg’+CAAG-pqo)))/
(caap?-2p*q-CAAQ*-2p?q*-CAA* 0-CAAP’ 0+ CAApPQO+p qo))

(((CAAJqu) o (-p*-pg+CAAC+p? o))/

2 (CAA-pq)?o?

)2

(2 (-CAA+pq) (-1+0)0) /(g (p+q)) -

1
%q<p+qﬂ[l+(2<1+0V+(2(<MA+pm (-1+0)0) / (p(p+q)) +
pa(p+9g

2
]+
((CAA+p2) <CAA+q2) o? (—((pq)/<p2+2pq+q2+CAAo—pqO)> -
qz/(p2+2pq+q2+CAAo—pqo) - (CAAO)/<p2+2pq+q2+CAAo—pqo) +

<pqo>/u9+2pq+q2+&moquOH)/

1
[pq (pra)? [1+ N [—2 (-1+0)2+ (2 (-CAA+pPQq) (-1+0)0) / (P (P+Q)) +

2 i

2 (CAA-pq)?o?

(2 (-CAA+pq) (-1+0)0)/ (a(p+q)) - "

pda (p+4d)
T10n01 - T6n01l, T11n01l - T7n01, T12n01 -

T9n01,
T13n01 -

T7n01}}
Here3 {2015, 10, 15, 9, 55, 24.812647}

{{T1n01 » Tén01l, T2n01l - T9n01, T3n01] - T7n01, T4n0l1l - T6én01l, T5n01 » T9nO01,
T8n01l -» T7n01, T10n01 » Tén01l, T11n0l1l - T7n01, T12n01l - T9n01l, T13n01] » T7n01}}

Here4 {2015, 10, 15, 9, 55, 24.833673}

SoFar = Join[SoFar, ans[[1]]]

{T1n01 - T6n01, T2n01 -» T9n01, T3n01l - T7n01, T4n0l -» T6n01l, T5n01 - T9n01,
T8n0l1l » T7n01, T10n01 - T6n01l, T11n0l - T7n01, T12n01 » T9n01l, T13n01l - T7n01}
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Print["Herel ", Date[]]
eqsZl = {fl[eqs[[1]], O], f1[eas[[2]], O],
fl[eqs[[3]], O], f1[eqs[[4]], O], f1[eqs[[5]], O], f1[eqs[[6]], O],
fl[leqs[[7]], O], fl[eqs[[8]], O], f1[eqs[[9]], O], f1[eqs[[10]], O],
fl[leqs[[11]], O], f1[eqs[[12]], O], f1[eqs[[13]], O]};
Print["Here2 ", Date[]]
ans = Solve[egsZl, {T1n00, T2n00, T3n00, T4n00, T5n00,
T6n01, T7n01, T8n00, T9n01, T10n00, T11n00, T12n00, T13n00}];
Print["Here3 ", Date[]]
ans = Simplify[ans] /. p+qgq—~>1
Print["Here4 ", Date[]]

Herel {2015, 10, 15, 9, 55, 24.906948}
Here2 {2015, 10, 15, 9, 56, 15.214415}

Here3 {2015, 10, 15, 9, 57, 23.415935}

{{r1n00 - / (2p (caa+p?) o
(gs(p2 (—2+o)+CAA(—l+o)G—pq<2—2o+02)>+o( + ))),
T2n00 > — — —, , T12n00 - - , T13n00 - - . 1}
(car-pq) (1+ )
largeoutput showless showmore showall setsizelimit..

Here4 {2015, 10, 15, 11, 12, 27.455704}
SoFar = Join[SoFar, ans[[1]]];

FullSimplify[Series[T1l /. subTinBits, {§, 0, -1}] //. SoFar]

(p-9)
CAA-pq) (gf+gs+2r o)

2n ((p+q)?+ T
3

+0[&]°
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finalAns = FullSimplify[
Series[{T1, T2, T3, T4, T5, T6, T7, T8, T9, T10, T11l, T12, T13} /. subTinBits,
{§&, 0, -1}] //. SoFar]

1

{gzn(<p+q>2+<<p—q> q)/(1-2n (CAA-pq) (gf+gs+2ro)))+0[&£]°,
<2n(—2CAAn(gf+gs+2ro)+q(q+p<3+2n(p+q)2(gf+gs+2ro)))>)/
((1-2n(CAA-pq) (gf+gs+2r0)) &) +0[£]°,

(2 (CAAn(gf+gs+2r<j)+pq(—1—(gf+gs)n—2n(p+q)2r<j>)>/
((CAA-pq) (gf+gs+2ro0) €) +0[&])7,

1

an(<p+q>2+<(p—q> q)/(1-2n (CAA-pq) (gf+gs+2ro)))+0[&£]°,
(2n (-2cAAn (gf+gs+2ro) +q (q+p (3+2n (p+q)? (gf+gs+2r0))))) /
((1-2n(CAA-pq) (gf+gs+2r0)) &) +0[£]°,

1
Ezn ((p+a)®+ ((p-q)q) / (1-2n (CAA-pq) (gf+gs+2ro0))) +0[£]°,

(2 <CAAn(gf+gs+2ro +pq( 1- (gf+gs)n—2n(p+q)2r0>)>/
((CAA-pq) (gf+gs+2ro) &) +0[&]°

(2 (cAAn (gf+gs+2ro) +pq (-1 (gf+gs)n—2n(p+q)2ro>)>/
((cAA-pgq) (gf+gs+2ro0) &) +0[£]°,

(2n(—2CAAn(gf+gs+2ro)+q(q+p<3+2n(p+q)2(gf+gs+2ro)))>)/
((1-2n (CAA-pq) (gf+gs+2ro0)) &) +0[£]°,

1
52n ((p+a)®>+ ((p-q) @) / (1-2n (CAA-pq) (gf+gs+2r0))) +0[£]°,

(2 (CAAn(gf+gs+2r0)+pq(—1—(gf+gs)n—2n(p+q)2ro>)>/
((cAA-pq) (gf+gs+2ro0) &) +0[&]7,

(2n (-2cAAn (gf+gs+2ro) +q (q+p (3+2n (p+q)? (gf+gs+2r0))))) /
((1-2n(CAA-pq) (gf+gs+2r0)) &) +0[£]°,

(2 (caan (gf+gs+2ro) +pqg (-1- (gf+gs)n-2n (p+q)°ro)))/
((CAA-pq) (gf+gs+2r0) &) +0[&]°)

The expected coalescent times from state 1 and state 3 are given below (presented in the main text,
egs. 21 and 22) . In the text, we make the simplifying assumption gs=gf=y

Normal[finalAns[[1]]] /. §-»1/. (p+q) » 1
Normal[finalAns[[3]]] /. §->1/. (p+q) » 1 // Apart

2n (1+((p-9)q)/(1-2n (CAA-pq) (gf+gs+21ro0)))

2pgq
(CAA-pq) (gf+gs+2ro)

2n-

In the text, these are written in the form below.
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2n -
TstatelAsInText =2 n + (P-q) g
1+2nPl2 (or +7Y)
2pq
Tstate3AsInText =2n+ —m
P12 (or +7v)
2n(p-9)4q
2n+

1+2nPl2 (y+ro)

2pg

2n+ ——mmmm
P12 (y+ro)

Check equivalence

Normal[finalAns[[1]]] - TstatelAsInText /. {gs > ¥, gf-> ¥} /. §->1/. (p+q) »1/.
P12 52 (pq - CAA) // Simplify

Normal[finalAns[[3]]] - Tstate3AsInText /. {gs~» ¥, gf-> ¥} /. E->1/. (p+q) »1/.
P12 52 (pq - CAA) // Simplify

Analysis assuming low sex, low recombination (but both strong relative to drift)
and no gene conversion

g, r~O(¢), n ~ O(¢7?)

First we create a substitution where we decompose “T/” into components of different magnitudes of ¢.

For example T1 = T1n02 §2 + T1n01 &' + T1n00 + T1np01 &'
so “T1n02” represents a coefficient of ¢ raised to the negative (“n”) 2.

subTinBits = {T1 » T1ln02 " -2 + TIn01&£”°-1+ TIn0O0 70+ T1p01§™1,

T2 - T2n02 7 -2 + T2n01 £° -1+ T2n00 £70+ T2p01E~1,

T3 > T3n02 7 -2 + T3n01 £7-1+ T3n00 70+ T3p01§~1,

T4 » T4n02 7 -2 + T4n01 7 -1+ T4n00 70+ T4p01§~1,

T5 » T5n02 £~-2 + T5n01 £*-1+ T5n00 £°0 + T5p01 £"1,

T6 » T6n02 £~-2 + T6n0l £~ -1+ T6n00 £~ 0 + T6p0l £°1,

T7 » TTn02 7 -2 + TTn01 £7-1+ TTn00 70+ T7p01§°1,

T8 » T8n02 7 -2 + T8n01 7 -1+ T8nOO 70+ T8pO01§™1,

T9 » TIN02 7 -2 + TINO1 £7 -1+ TINOO 70+ T9p01 &£ 1,

T10 » T10n02 £ -2 + T10On01 £~ -1+ T1On00 £70+ T10p01E™1,
Tll > T1lln02§"-2 + T1lln01 7 -1+ T11ln00 70+ T1l1lp01E71,
T12 » T12n02 £"-2 + T12n01 §*-1+ T12n00 70+ T12p01E°1,
T13 » T13n02§%-2 + T13n01 7 -1+ T13n00 70+ T13p01 71} ;;

UseTheseAssumptionsOfSmallness =

{c->c*§, ror*§,gs>0xgs*E,gsf -gsf*xE, gf>0xgf*x&, n->

}

£"2

n
{oe@o,rer& gs >0, gsf >gsfé,gf->0,n- —2}
&

The vector “SoFar” contains what we have learned about the “T/” as we move through the approxima-
tion procedure.

The function “f1” performs a Taylor series approximation to a specified order of &.
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Note that in the function f1 we use the substitutions below because we are assuming no gene conver-
sion.
{pNew11given11-0,pNew22given22-0}/.{pNewA1HapCondA1Hap—0,pNewA2HapCondA2Hap-0}

SoFar = {};

fl[xx_, toorder_] :=
Series[xx /. subTinBits /. {pNewllgivenll -» 0, pNew22given22 -» 0} /.
{pNewAlHapCondAlHap » 0, pNewA2HapCondA2Hap -» 0} /.
{P11 »p”~2 +CAA, P22 >q”"2 + CAA, P12 2 (pq - CAA)} /.
UseTheseAssumptionsOfSmallness //. SoFar, {§, 0, toorder}]

Here we apply the Taylor series approximation to the system of equations described in “First-Step
analysis”.

We begin by doing a Taylor series to O(£72), solve the system (and update “SoFar” with what we have
learned), and then repeat with higher orders of accuracy as needed.

Print["Herel ", Date[]]

eqszl = {fl[eqs[[1]], -2], fl[eqs[[2]], -2], f1l[eqs[[3]], -2],
flleqs[[4]], -2], fl[eqs[[5]], -2], fl[eqs[[6]], -2], fl[eqs[[7]], -2],
flleqs[[8]], -2], f1[eqs[[9]], -2], fl[eqs[[10]], -2],
flleqs[[11]], -2], fl[eqs[[12]], -2], fl[eqs[[13]], -2]};

Print["Here2 ", Date[]]

ans = Simplify|[
Solve[eqgsZl, {T1ln02, T2n02, T3n02, T4n02, T5n02, T6n02, T7n02, T8n02, T9In02,
T10n02, T11n02, T12n02, T13n02}] /. (p+q) »1/.q9->1-p]
Print["Here3 ", Date[]]

Herel {2015, 10, 15, 12, 0, 13.712701}
Here2 {2015, 10, 15, 12, 0, 34.451875}

{{T1n02 - T4n02, T2n02 - T5n02, T3n02 - T7n02, T6n02 - T4n02, T8n02 » T7n02,
T9n02 - T5n02, T10n02 - T4n02, T11n02 - T7n02, T12n02 - T5n02, T13n02 - T7n02}}

Here3 {2015, 10, 15, 12, 0, 34.513176}

SoFar = Join[SoFar, ans[[1]]]

Print["Herel ", Date[]]

eqsZl = {fl[eqs[[1]], -1], f1[eqgs[[2]], -1], f1[eqs[[3]], -1],
flleqs[[4]], -1], fl[eqgs[[5]], -1], fl[eqgs[[6]], -1], fl[eqs[[7]], -1],
flleqs[[8]], -1], f1[eas[[9]], -1], fl1[eqs[[10]], -1],
flleqs[[11]], -1], fl1[eqs[[12]], -1], f1[eqs[[13]], -1]1};

Print["Here2 ", Date[]]

ans =
Solve[eqsZl, {T1n0Ol1l, T2n01, T3n0l1l, T4n02, T5n02, T6n0l, T7n02, T8n0l1l, T9n01l, T10nO1,
T1ln01, T12n01, T13n01l}] /.gq—>» 1-p // Simplify
Print["Here3 ", Date[]]

(T1n02 - T4n02, T2n02 - T5n02, T3n02 - T7n02, T6n02 - T4n02, T8n02 > T7n02,
T9n02 - T5n02, T10n02 - T4n02, T11n02 - T7n02, T12n02 - T5n02, T13n02 - T7n02}

Herel {2015, 10, 15, 12, 0, 41.291214}

Here2 {2015, 10, 15, 12, 0, 55.165766}



CoalescentWithBalancingSelectionV4forSupMat.nb | 97

{{T1n01 > (4CcAA’nro (1+2pT4n0lo) +
p° (-3-4nro+8np’rT4n0l o’ -p (1+2T4n0lo) +p*> (2+4nro (1-2T4n0lo))) +
CAAD (-3-2T4n0lo+16np’rT4n0lo’+p (2-8nro (-1+T4n0lo)))) /
(2p (cAA+p*) 0 (-1+4CAANTro+4n (-1+p)pro)),
T2n01—>(4CAA2nro(—1+2(—1+p) T5n01 o) +
CAA (-1+p) (-1-2T5n010+16np?’rT5n01 o*+8nro (1+T5n010) -
2p(l+4nro (1+3T5n010)))+ (-1+p)® (2+2T5n010+8np’rT5n0lc”+
P (3-2T5n01c0+8nro (1+T5n010))-2p* (1+2nro (1+4T5n010))))/
(2 (cAA+ (-1+p)?) (-1+p) 0 (-1+4CAAnro+4n (-1l+p)pro)),
T3n01 - T7n01, T4n02 > (2n (4CAAnro+p® (2+4nro) -p (3+4nro)))/
(-1+4CAAnro+4n (-1+p)pro),
T5n02 > (2n (-1+4CAAnro-p (l+4nro) +p’ (2+4nro)))/
(-1+4CAAnro+4n(-1+p)pro),

T6n0l > (-8np’rT4n0l o’ +8np*r T4n0l1o®-p (3+4nro (1+2CAAT4N010)) +
2p? (1-T4n0lo+2nro (1+4CAAT4Nn01l o)) +
2CAAC (-T4n01+2n (r+2CAArT4n0lo))) /

(2 (cAA+p?) 0 (-1+4CAAnro+4n (-1l+p)pro)),

T7n02 > (2CAAnro-p (1+2nro) +p’ (1+2nro)) / ((CAA+ (-1+p) p) ro),

T8n0l - T7n01,

T9n01 - (-24np’r T5n01 0*+ 8 np* r T5n01 0 + (-1+4 CAANnr o) (1+2 (1+CAA) T5n010) +
2p? (1-T5n01c+2nro (1+6T5n01 c+4CAAT5n010)) -
p(1—4T5n010+4nro(1+2T5n010+6CAAT5n01o)))/

(2 (cAa+ (-1+p)?) 0 (-1+4CAANTro+4n (-1+p)pro)),
T10n01 > (8 CAA® n r T4n01 o® + 2 CAA® 0 (-T4n0l+4nr (1-2pT4n0lo+3p° T4n0lo)) +
p° (3+4nro-16np’>rT4n0l o’ +8np*rT4n0l o’ -2p (4+6nro-T4n0lo) +
p° (4-2T4n0lo+8nro (1+T4n0lo))) +2CAAD (-3-6nro+T4n0lo-
16 np’ r 74n010°+12np’ r T4n0l1 o’ +p (2-2T4n0lo+4nro (2+T4n0l0)))) /
(2 (cAA+ (-1+p) p) (CAA+p?) 0 (-1+4CAANTro+4n (-1+p)pro)), T1ln0l - T7n01,
T12n01 - (8 CAA’ nr T5n01 0* + 2CAA* 0 (-T5n01+4nr (1+ (1-4p+3p°) T5n01l0)) +
2CAA (-1+p) (1-2nro+T5n01 0-20np®r T5n01 0® + 12 np® r T5n01 0° +
p(2—2T5n010+8nro(1+T5n010)))+(71+p)2(71+2p(—2nr+T5nOl)o—
16 np®> r T5n01 0” + 8 np* r T5n01 0° +p? (4-2T5n010+8nro (1+T5n010)))) /
(2 (cAA+ (-1+p)?) (CAA+ (-1+p)p) 0 (-1+4CAANro+4n (-1l+p)pro)),
T13n01 > T7n01}}

Here3 {2015, 10, 15, 12, 1, 10.410206}

SoFar = Join[SoFar, ans[[1]]];
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finalAns = FullSimplify[
Series[{T1, T2, T3, T4, T5, T6, T7, T8, T9, T10, T11l, T12, T13} /. subTinBits,
{§, 0, -2}] //. SoFar]

1
(20 (p (-3+2p) +4n (CARL (-1+p) p) £ o)) /((-1+4n (CAAS (-1op) p) ¥0) €]+ )
p (-1+2p) _ (l+p)p
2n(1+_1+4n<cm+(—1+p)p>ro . 1 20+ G e ro 1
g2 0[&] g2 O[¢&]
1
(2n(p (-3+2p) +4n (CAA+ (-1+p) P) o)) /((-1+4n (CAA+ (-1+p) p)r o) €) + oy
p (-1+2p)
2n |1+ o canr cip) b 7o . 1
£2 o[¢<]
1
(2n (p (-3+2p) +4n (CAA+ (-1+p) p) r0)) / ((-1+4n (CAA+ (-1+p) p) ro) &) + (€1’
0
2n+ (CAA+ (-1+p) p) ro ! 2ne (Chr+l-wplPI*O | !
£ 0[¢] & 0[¢]
p (-1+2p)
2n {1+ T can CLp ) 7o . 1
4
£2 o[¢<]
1
<2n(P(—3+Zp)+4n(CAA+(—1+P)P)r0>)/<(—1+4n(CAA+(‘1+P)p)ro)§2)+o[§]’
_ (l+p)p
2n+(czm+<—1+p>p>ro+ 1
£ 0[¢]
p (-1+2p) _ (l+p)p
2n |1+ S cans (-1+p) p) T o0 . 1 21'lJr(CAP”(’hp)p)rU+ ! }
4
£ 0[&] &2 0[¢&]

The expected coalescent times from state 1 and state 3 are given below

Normal[finalAns[[1]]] /. §-»1/. (p+q) »1/. (-1+p) »-q/.
(CAA-pq) » -P12 /2 // Apart

Normal[finalAns[[3]]] /. §-»1/. (p+q) »1/. (-1+p) »-q/.
(CAA-pq) » -P12/2 // Apart

2 (n—3np+2np2)

2n-
1+2nPl2ro
2
opns P9
Pl2ro

Analysis assuming low sex, low recombination (but both strong relative to drift)
and weak gene conversion

g, r~O(4), g, gs gsf ~ O(§?), n ~ O(§™?)

Tested by induction; the solution works

Based on the earlier analyses, we propose a solution and then test whether this solution satisfies the
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equations from the “TimeTolLeaveCurrentState” approach. It works.

SeeIfTheseSolutionsWork =
{'1‘1—> 2n (1+ ((p-9) q)/(1+2n(—CAA+pq) (gf+gs+2ro))) +Tln01%x & -1,
T2 > (2n(—ZCAAn(gf+gs+2ro) +q(q+p (3+2n (gf+gs+2ro)))))/
(1+2n (-cAA+pq) (gf+gs+2ro)) +T2n0l % £"-1, T3 >
2 [n+ ;—CAA/(CAA (gf+gs+2ro) —pq(gf+gs+2rc)))+T3n01*§A—1,
gf+gs+2ro
T4 > 2n (1+ ((p-q)q)/(1+2n (-CAA+pq) (gf +gs+2ro))) +T4n0l + £~ -1,
T5 > (2n(—2CAAn(gf+gs+2ro) +q(q+p (3+2n (gf+gs+2rc)))))/
(1+2n (-cAA+pq) (gf+gs+2ro)) +T5n01 * £~ -1,

T6 > 2n (1+ ((p-9) q)/(1+2n(—CAA+pq) (gf+gs+2rc))) +T6n0l*x§"-1, T7 »

1
2 (n+ ————————-can/ (caA (gf+gs+2r o) —pq(gf+gs+2rc)))+T7n01*§A—1,
gf+gs+2ro
T8 » 2 (n+;-cu/(cz-m (gf+gs+2ro) —pq(gf+gs+2rc)))+
gf+gs+2ro

T8n0l+£"-1, T9 > (2n (-2CAAn (gf+gs+2ro) +q (q+p (3+2n (gf+gs+2ra)))))/
(1+2n (-cAA+pq) (gf+gs+2ro)) +TINOL* £~ -1,

T10> 2n (1+ ((p-q)q) /(1+2n (-CAA+pq) (gf+gs+2ro))) +T1ONO1l + -1, T11 >
2 [n+ ;—CAA/(CAA (gf+gs+2ro) —pq(gf+gs+2ro)))+T11n01*§"—1,
gf+gs+2ro
T12 » (2n (-2CAAn(gf+gs+2rc) +q(q+p(3+2n(gf+gs+2rc)))))/
(1+2n (-cAA+pq) (gf+gs+2ro)) +T12n0l % £~ -1, T13 -
2 [n+ ;—CAA/(CAA (gf+gs+2ro) —pq(gf+gs+2rc)))+T13n01*§"—1};
gf+gs+2ro

We create a substitution where we decompose “Ti” into components of different magnitudes of é.

For example T1 =T1n02 £2 + T1n01 &' + T1n00 + T1np01 &'
so “T1n02” represents a coefficient of £ raised to the negative (“n”) 2.

subTinBits = {T1 » T1n02 £"-2 + T1n01 £"-1+ T1n00 £°0 + T1p0l £°1,

T2 » T2n02 £°-2 + T2n01 £ -1+ T2n00 £°0 + T2p01 £"1,

T3 » T3n02 £"-2 + T3n01 £”-1+ T3n00 £°0+ T3p01E£~1,

T4 » T4n02 £°-2 + T4n0l £” -1+ T4n00 £°0 + T4p0l1 £"1,

T5 » T5n02 £°-2 + T5n01 £°-1+ T5n00 £°0 + T5p01 £"1,

T6 » T6n02 -2 + T6n0l £~-1+ T6n00 £°0+ T6p0l £ 1,

T7 - TTn02 £"-2 + T7n01 £~ -1+ T7n00 £70+ T7p0l £°1,

T8 » T8n02 £ -2 + T8nO1l £" -1+ T8nOO £°0 + T8pO1 £°1,

T9 » T9n02 £°-2 + TINnO1l £” -1+ TINO0 £°0 + TIp01 £ 1,

T10 » T10n02 £"-2 + T10n0l £~-1+ T10n00 £°0 + T10p01l £"1,
T1l » T11n02 £"-2 + T11n0l £°-1+ T11n00 £°0+ T11p0l1l £"1,
T12 » T12n02 £"-2 + T12n01 £"-1+ T12n00 £°0 + T12p01 £"1,
T13 » T13n02 £"-2 + T13n01 £°-1+ T13n00 £°0 + T13p01 £~ 1};;

UseTheseAssumptionsOfSmallness =

{a-»c*é‘, ror*x§,gs->gs*x§"2,gsf >gsf+x£°2, gf->gf*x£72, n>

}

£°2

n
{oo€0, r>rg gs—>gsé?, gst>gsf&?, gf >gf &%, no —2}
S

The function “f1” performs a Taylor series approximation to a specified order of ¢.
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fl[xx_, toorder_] := Series|
xx /. SeeIfTheseSolutionsWork /. subpNewHomozygote /. subpNewGameteBackground /.
{P11 5 p~2 +CAA, P22 5q"~2 + CAA, P125 2 (pg - CAA)} /.
UseTheseAssumptionsOfSmallness, {&, 0, toorder}]

Print["Herel ", Date[]]

eqszl = {fl[eqs[[1]], -2], fl[eqas[[2]], -2], fl[eas[[3]], -2],
flleqs[[4]], -2], fl[eas[[5]], -2], fl1[eqs[[6]], -2], f1l[eqs[[7]], -2],
fl[eqs[[8]], -2], f1[eqs[[9]], -2], f1[eqs[[10]], -2],
flleqgs[[11]], -2], fl1[eqs[[12]], -2], f1[eqs[[13]], -2]};

Print["Here2 ", Date[]]

Herel {2015, 10, 15, 15, 59, 34.116206}

Here2 {2015, 10, 15, 16, 2, 19.265471}

The proposed solutions are accurate to O(§‘2)

eqszZl
o, 1 1 g Y
{0[5} - orgr Torgl Torgl orel orel
1 B ,, ,, ” ) 1 ” ”
o]  o[&] o[g] o[l olgl o[l olgl }

Analysis assuming effective recombination (0r) and gene conversion (weak relative
to drift) and no gene conversion
g, r, gf, gs gsf ~O(£), n ~ O(&7™)

First we create a substitution where we decompose “T/” into components of different magnitudes of ¢.

For example T1 = T1n02 §2 + T1n01 &' + T1n00 + T1np01 &'
so “T1n02” represents a coefficient of ¢ raised to the negative (“n”) 2.

subTinBits = {T1 » T1In02 " -2 + TIn01&£”°-1+ TIn00 70+ T1p01§™1,

T2 - T2n02 7 -2 + T2n01 £7 -1+ T2n00 £70+ T2p01 E™1,

T3 > T3n02 7 -2 + T3n01 §7-1+ T3n00 70+ T3p01§~1,

T4 » T4n02 7 -2 + T4n01 7 -1+ T4n00 70+ T4p01§~1,

T5 - T5n02 7 -2 + T5n01 £° -1+ T5n00 70+ T5p01§°1,

T6 » T6n02 £~-2 + T6n0l £~ -1+ T6n00 £~ 0 + T6p0l £°1,

T7 » TTn02 £~-2 + TTn01 £7-1+ T7n00 £70 + T7p0l1 £~ 1,

T8 » T8n02 7 -2 + T8n01 7 -1+ T8nOO 70+ T8pO1 E™1,

T9 » TIN02 7 -2 + TINO1 £7 -1+ TINOO 70+ T9p01 §™°1,

T10 » T10n02 £ -2 + T10n01 £~ -1+ T1On00 £70+ T10p01E~1,
Tll > T1lln02§"-2 + T1lln01 7 -1+ T11ln00 70+ T11lp01E™1,
T12 » T12n02 £"-2 + T12n01 §*-1+ T12n00 70+ T12p01E°1,
T13 » T13n02 £%-2 + T13n01 7 -1+ T13n00 70+ T13p01 71} ;;
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UseTheseAssumptionsOfSmallness =

n
{o> ox€, ror+E,gs>9gs+E°2, gsf >gsf+ €72, gf>gf*x£°2, n> —}
3

n
{oa@o,rer@, gsegsgz,gsfegsf§2,gf+gf§2,n+—}
3

The vector “SoFar” contains what we have learned about the “T/” as we move through the approxima-
tion procedure.

The function “f1” performs a Taylor series approximation to a specified order of ¢.

SoFar = {};

fl[xx_, toorder_] :=
Series[xx /. subTinBits /. subpNewHomozygote /. subpNewGameteBackground /.
{P11 > p~2 +CAA, P22 >q”"2 + CAA, P12 2 (pq - CAA)} /.
UseTheseAssumptionsOfSmallness //. SoFar, {§, 0, toorder}]

Here we apply the Taylor series approximation to the system of equations described in “First-Step
analysis”.

We begin by doing a Taylor series to O(£72), solve the system (and update “SoFar” with what we have
learned), and then repeat with higher orders of accuracy as needed.

Print["Herel ", Date[]]

eqszl = {fl[eqs[[1]], -2], fl[eqs[[2]], -2], f1l[eqas[[3]], -2],
flleqs[[4]], -2], f1[eqs[[5]], -2], f1[eqs[[6]], -2], f1l[eqs[[7]], -2],
flleqs[[8]], -2], f1[eqs[[9]], -2], fl[eqs[[10]], -2],
flleqs[[11]], -2], fl[eqs[[12]], -2], fl[eqs[[13]], -2]};

Print["Here2 ", Date[]]

ans = Simplify|[
Solve[eqgsZl, {T1ln02, T2n02, T3n02, T4n02, T5n02, T6n02, T7n02, T8n02, T9n02,
T10n02, T11n02, T12n02, T13n02}] /. (p+q) »1/.q9->1-p]
Print["Here3 ", Date[]]

Herel {2015, 10, 15, 17, 6, 23.023203}

SoFar = Join[SoFar, ans[[1]]]

Print["Herel ", Date[]]

eqsZl = {fl[eqs[[1]], -1], f1[eqgs[[2]], -1], f1[eqgs[[3]], -11,
fl[eqs[[4]], -1], fl[eqs[[5]], -1], fl[eqs[[6]], -1], fl[eqs[[7]], -1],
flleqs[[8]], -1], f1[eqs[[9]], -1], fl[eqs[[10]], -1],
fl[eqs[[11]], -1], fl[eqs[[12]], -1], fl[eqs[[13]], -1]1};

Print["Here2 ", Date[]]

ans =
Solve[eqgsZl, {Tln0Ol1l, T2n0l1, T3n0l, T4n0l1l, T5n01, T6n0l, T7n01l, T8n02, T9n01l, T10nO1,
T1ln01, T12n01, T13n01l}] /. gq-> 1-p // Simplify
Print["Here3 ", Date[]]

Join[{T1n02 - 0, T2n02 - 0, T3n02 » T8n02, T4n02 -» 0, T5n02 - 0, T6n02 - 0, T7n02 - T8n02,
T9n02 - 0, T10n02 - 0, T11n02 - T8n02, T12n02 - 0, T13n02 - T8n02}, {}[1]]
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Herel {2015, 10, 15, 16, 23, 21.196721}
Here2 {2015, 10, 15, 16, 31, 23.133636}
SAborted

Here3 {2015, 10, 15, 17, 6, 1.232731}

SoFar = Join[SoFar, ans[[1]]];

finalAns = FullSimplify[
Series[{T1, T2, T3, T4, T5, T6, T7, T8, T9, T10, T11l, T12, T13} /. subTinBits,
{§, 0, -2}] //. SoFar]

1
{(2n(p(-3+2p) +4n (CAA+ (-1+p)p)ro)) /((-1+4n (CAA+ (-1+p) p) rO) §Z)+O[§]
p (-1+2p) _ (lp)p
2n(1+_1+4n<cm+(—1+p)p>ro . 1 20+ G L ro 1
g2 0[&] g2 O[¢&]
1
(2n (p (-3+2p) +4n (CAA+ (-1+p)p)r0)) /((-1+4n (CAA+ (-1+p) p) £ O) 52)+0[§]
p (-1+2p)
2n |1+ o canr cip) b 7o 1
+ ’
£2 o[¢<]
1
(2n (p(-3+2p) +4n (CAA+ (-1+p)p) T0)) /((-1+4n (CAA+ (-1+p)p) TO) &%)+ (€]
(6]
2n+ (CAA+ (-1+p) p) X O 1 2n+ (CAA+ (-1+p) p) YO . 1
g2 0[€&] &2 0r[¢]
p (-1+2p)
2n 1+ Tinican (1p p 2o 1
+ ’
£2 o[¢<]
1
(2n (p (-3+2p) +4n (CAA+ (-1+p)p) ro)) /((-1+4n (CAA+ (-1+p) p) r o) §Z)+o[§]
_ (lvp)p
2D+ i (1wip)ro Lt
&2 o[¢]
p (-1+2p) ___(l+p)p
20 {1+ o cans ((1p) p) T 0 . 1 21'lJr(CA‘”‘*(’l*mp)rU+ ! }
14
£ 0[&] &2 0[¢&]

The expected coalescent times from state 1 and state 3 are given below

Normal[finalAns[[1]]] /. §-»1/. (p+q) »1/. (-1+p) »-q/.
(CAA-pq) » -P12 /2 // Apart

Normal[finalAns[[3]]] /. §-»1/. (p+q) »1/. (-1+p) »-q/.
(CAA-pgq) » -P12/2 // Apart

2 (n—3np+2np2)
2n-

1+2nPl2ro

2pg

2n+ ——
Pl2ro
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m Considering different types of Balancing Selection

Heterozygote advantage

WAA =1-s;
WAB = 1;
WBB = 1-as; (* I'll assume a > 1, i.e., WAA > WBB x)

Genotypes after selection

wbar = fAAWAA + fABWAB + £fBB WBB;
fAAs = fAA WAA / wbar;
fABs = fAB WAB / wbar;
fBBs = fBB WBB / wbar;

Genotypes after gene conversion

fAAg = fAAs + (gc/ 2) fABs;
fABg = fABs (l1-gc);
fBBg = fBBs + (gc/2) fABs;

Genotypes after reproduction

pA = fAAg + fABg/2;

fAAr = (1-sex) fAAg + sexoutcross pA”2 + sex (1 -outcross) (fAAg + (1/4) £ABg);
fABr = (1 - sex) fABg + sex outcross (2pA (1-pA)) + sex (1 - outcross) ((l /2) fABg) ;
fBBr = (1 -sex) fBBg + sexoutcross (1-pA) "2 + sex (1 -outcross) (fBBg +(1/4) fABg);

subMoments =
{fAA > pA0"2 + CAA, fAB » 2 (pAO (1-pA0) -CAR), fBB - (1-pA0) "2 +CAA};

pAstart = fAA + fAB/2;

pAnext = fAAr + fABr/2;

CAAstart = (fAA£BB - (1/4) fAB"2);
CAAnext = (fAAr fBBr - (1/4) fABr"2);

deltap = pAnext - pAstart // Simplify;
deltaCAA = CAAnext - CAAstart // Simplify;

Jacob = {{D[pAnext /. subMoments, pAO], D[pAnext /. subMoments, CAA]},
{D[CAAnext /. subMoments, pAO], D[CAAnext /. subMoments, CAA]}} // Simplify;

SolutionsFull = Simplify[Solve[{deltap == 0, deltaCAA == 0} /. subMoments, {pAO, CAA}]]
{{pA0O >0, CAA > 0}, {pAO > 1, CAA > 0},

{pAO - - ( (—2 gc - sex + gc sex + 3 outcross sex + gc outcross sex +

4so+4outcross sex o - 6 outcross ssexoa+2gca’-4soa®+sexa’-

gc sex 0(2 +outcross sex 0(2 - gc outcross sex 0(2 - 2 outcross s sex 0(2 +

\/(—80utcross sex (l+a) (-1+ (-1+2s) a) (gc (-2 +sex+outcrosssex) (-1l+a) +
2s (-1+a) a+sex (l1-a+outcross (-1-a+2sa))) +
(4s (-1+a) a+gc (-2 +sex +outcross sex) (—1+a2> + sex
(1-0? + outcross (3 +a) (—1—a+2sa>))2))/

(4 outcrosssex (1+a) (-1+ (-1+2s) oc))), CAA -
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( (—2 gc - sex + gc sex + 3 outcross sex + gc outcross sex+4 s o +

4 outcross sex o - 6 outcross s sexa+2gca’ -4sa’+sexa’ -
gc sex a? + outcross sex ao? - gc outcross sex a? - 2 outcross s sex a? +

\/(fSOutcross sex (l+a) (-1+ (-1+2s) a) (gc (-2 + sex +outcross sex) (-1l+oa) +
2s (-1l+a) a+sex (l-a+outcross (-1l-a+2sa))) +
(4s (-1+a) a+gc (-2 +sex+outcross sex) (-1+a?) +sex
(1-0?+outcross (3 +a) (fl—a+25a)))2))

(—2 gc s - 2 gcoutcross sex - s sex+ dc s sex + 3 outcross s sex +

2 2 2

gc outcross s sex - outcross sex? + gc outcross sex” - outcross” sex” +
gc outcross?
2

gc s sex o - 3 outcross s sex o + 3 gc outcross s sex o - 6 outcross s® sex o -
2 2 2 2 2 2

sex?+2gcsa+4s?a-2gcoutcross sexa +s sex o -

outcross sex” a + gc outcross sex” o - outcross® sex® o + gc outcross”® sex” o +
2 outcross s sex? o - 2 gc outcross s sex? a + 4 outcross? s sex? a -
2 gc outcross? s sex? a+2gcs o - 8 s? o + 2 gc outcross sex a? + s sex a? -
gc s sex a® - 3 outcross s sex o - gc outcross s sex a’ + 12 outcross s? sex a? +
outcross sex? o? - gc outcross sex? a? + outcross? sex? a? - gc outcross? sex? a? -
4 outcross? s? sex? a? -2 gc s a® + 4 s2a® + 2 gc outcross sex o’ -
s sex o’ + gc s sex o’ + 3 outcross s sex a® - 3 gc outcross s sex o’ -
6 outcross s? sex o + outcross sex? o’ - gc outcross sex? a® + outcross? sex? o’ -
gc outcross? sex? o® - 2 outcross s sex? a® + 2 gc outcross s sex? o -
4 outcross? s sex? a® + 2 gc outcross? s sex? o + 4 outcross? s? sex? o +
s\/ (—8 outcrosssex (l+a) (-1+ (-1+2s) a) (gc (-2 + sex + outcross sex)
(-1l+a)+2s (-1+a) a+sex (l-a+outcross (-1l-a+2sa))) +
(4s (-1+0a) a+ge (-2 +sex+outcross sex) (-1+a?) +
sex (1—oc2+outcross (3+a) (-1l-a+2 sa)))z) - outcross sex
\/(—8 outcrosssex (l+a) (-1+ (-1+2s) a) (gc (-2 + sex + outcross sex)
(-1l+a)+2s (-1+a) a+sex (l-a+outcross (-1l-a+2sa))) +
(4 s (-1+a) a+gc (-2 +sex +outcross sex) (—1+a2) +
sex (1—a2+outcross (3+a) (—1—O(+ZSO())>Z) -
soc\/(—S outcrosssex (l+a) (-1+ (-1+2s) a) (gc (-2 + sex + outcross sex)
(-1l+a)+2s (-1+a) a+sex (l1-a+outcross (-1l-a+2sa))) +
(4 s (-1l+a) a+gc (-2 +sex+outcross sex) (—l+a2) +
sex (1—a2+outcross (3+a) (-1l-a+2 sa)))z) - outcross sex o
\/(—8 outcrosssex (l1+a) (-1+ (-1+2s) a) (gc (-2 + sex + outcross sex)
(-1+a)+2s (-1+a) a+sex (l1-a+outcross (-1l-a+2sa))) +
(4 s (-1l+a) a+gc (-2 + sex +outcross sex) (—l+oz2) +
sex (1—a2+outcross (3+a) (-1-oa+2 sa)))z) + 2 outcross s sex a
\/(—8 outcrosssex (l1+a) (-1+ (-1+2s) a) (gc (-2 + sex + outcross sex)
(-1l+a)+2s (-1+a) a+sex (l1-a+outcross (-1l-a+2sa))) +
(4 s (-1l+a) a+gc (-2 +sex+outcross sex) (—1+oz2) +
sex (1-o’ +outcross (3 +a) (flfa+2sa))>2)>)/

(16outcrosszssex2 (-1+0a) (L+o)? (-1+ (-1+2s) a)z)},
{pAO - (2 gc + sex - gc sex - 3 outcross sex -

gc outcross sex -
4so-
4 outcross sex a +
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6 outcross s sex a -
2gca’+
4so?-

sex o +

gc sex o? -
outcross sex a? +
gc outcross sex o? +

2 outcross s sex o? +

\/(—80utcross sex (l+a) (-1+ (-1+2s) a) (gc (-2 + sex +outcross sex) (-1l+oa) +
2s (-1l+a) a+sex (l-a+outcross (-1-a+2sa))) +
(4s (-1+0a) a+gc (-2 +sex+outcross sex) (-1+a?) +
sex(l—oz2+outcross (3+a) (—l—oc+250<)))2))/
(4 outcrosssex (1+a) (-1+(-1+2s) a)), CAA >

- ( (2 gc + sex - gc sex - 3 outcross sex - gc outcross sex-4sa -

4 outcross sex o+ 6 outcross s sexa-2gc o’ +4 s o - sexa® +

gc sex OCZ - outcross sex O(z + gc outcross sex O(Z + 2 outcross s sex O(2 +

\/ (—8 outcrosssex (l+a) (-1+ (-1+2s) a) (gc (-2 + sex +outcross sex)
(-1l+a)+2s (-1l+a) a+sex (l-a+outcross (-l-a+2sa))) +
(4s (-1+0a) a+gc (-2 +sex+outcross sex) (-1+a?) +
sex(l—a2+outcross (3+a) (—l—a+25a)))2))

(—2 gc s - 2 gcoutcross sex - s sex + gc s sex + 3 outcross s sex +

gc outcross s sex - outcross sex? + gc outcross sex? - outcross? sex? +

gc outcross? sex?+2gcs o+ 4 s? o - 2 gc outcross sex o+ S sex o -

gc s sex a - 3 outcross s sexa + 3 gc outcross s sex a - 6 outcross s? sex o -
outcross sex? o + gc outcross sex? a - outcross? sex? o + gc outcross? sex? o +
2 outcross s sex? o - 2 gc outcross s sex? o + 4 outcross? s sex? a -

2 gc outcross? s sex? o+ 2gc s a® - 8 s?2 o + 2 gc outcross sex a? + s sex a? -

gc s sex o? - 3 outcross s sex o - gc outcross s sex o? + 12 outcross s? sexa? +
outcross sex? o? - gc outcross sex? o? + outcross? sex? o? - gc outcross? sex? a

2s?sex?a?-2gcsa’+4s?a’+2geoutcross sexa’ -

2

4 outcross

ssexa’ + gc s sex o + 3 outcross s sex o’ - 3 gc outcross s sex ol -

6 outcross s? sex o’ + outcross sex? o - gc outcross sex? o + outcross? sex? a
3

gc outcross? sex? o® - 2 outcross s sex? a® + 2 gc outcross s sex? o -

3

4 outcross? s sex? o’ + 2 gc outcross? s sex? o’ + 4 outcross? s? sex? o -
s\/(—B outcrosssex (l+a) (-1+ (-1+2s) a) (gc (-2 + sex + outcross sex)
(-l+a) +2s (-1+a) a+sex (lL-a+outcross (-1l-a+2sa))) +
(4 s (-1l+a) a+gc (-2 +sex +outcross sex) <—1+O(2) +
sex (1—a2+outcross (3+a) (-1-a+2 sa)))z) + outcross sex
\/(—8 outcrosssex (l+a) (-1+ (-1+2s) a) (gc (-2 + sex + outcross sex)
(-l+a) +2s (-1+a) a+sex (l-a+outcross (-1l-a+2sa))) +
(4 s (-1l+a) a+gc (-2 +sex +outcross sex) <—l+a2) +
sex (1—a2+outcross (3+0a) (—1—a+25a))>2) +
soc\/(—8 outcrosssex (l+a) (-1+ (-1+2s) a) (gc (-2 + sex + outcross sex)
(-1+a)+2s (-1+a) a+sex (1-a+outcross (-1l-a+2sa))) +
(4 s (-1l+a) a+gc (-2 + sex +outcross sex) <—1+oz2) +
sex (1-o +outcross (3+a) (-1-o+2 sa)))z) + outcross sex o

\/(—8 outcrosssex (l1+a) (-1+ (-1+2s) a) (gc (-2 + sex + outcross sex)
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(-1+a)+2s (-1+a) a+sex (1-a+outcross (-1l-a+2sa))) +
<4s (-1+a) a+gc (-2 +sex +outcross sex) <—1+oz2) +

sex (1-o +outcross (3+a) (-1-o+2 sa)))z) - 2 outcross s sex a

\/(—8 outcrosssex (1+a) (-1+ (-1+2s) a) (gc (-2 + sex + outcross sex)

(-1+a)+2s (-1+a) a+sex (1-a+outcross (-1-a+2sa))) +
(4s (-1+a) a+gc (-2 +sex +outcross sex) <—1+oz2) +

sex (17a2+outcross (3+a) <,1,a+25a)))2)))/

(16 outcross? s sex® (-1+a) (1+o)? (-1+ (-1+2s) a)z))}}

UseTheseAssumptions = {sex > 0, outcross >0, s >0, a>1,gc>0, sex <1, outcross <1}
{sex >0, outcross >0, s>0, a>1, gc >0, sex <1, outcross <1}

FullSimplify[SolutionsFull /. sex > 1 /. outcross » 1,
Assumptions -» UseTheseAssumptions]

Q

T sas<l+a
{{pA0 >0, CAA- 0}, {pAO > 1, CAA - 0}, {pAO - : ,
-S
l+a-2sa True

CAA 5 - (((-1+s) (-1+sa) (-1+ (-1+s)a+Abs[l+a-sal))/(2s (1+a-2sa)?))},

el

sa>1l+a _ (=1l+s) (14 (-1+s) ) (~l+sa)
pao > { ' , CAA - { s (lra-2s0)? s‘“l*a}}
True 0 True

lva-2sa

Here we do the Taylor series assuming some of the variables are proportional to something small (sm)

AnsMomentsPartialSex =
FullSimplify[Series[{pAO, CAA} /. SolutionsFull[[3]] /. outcross-»>1/. {s » s xsm,
sex » sex*sm, gc->gc*sm”~2}, {sm, 0, 0}], Assumptions » UseTheseAssumptions]

{

sex (l+o)?+ (-1+a) —25a+\/4szo¢2+sex2 (1+o)?

/ (2sex (1+a)?) +0[sm]?,

1

(2 s?2 (-1+a)a+s (-1+a)

sex+sexa7\/4 s?a?+sex? (1+a)? )+
4ssex? (1+a)?

sex (1+a) sex+sexoc—\/4 s?o?+sex? (1+a)?

sex (l+o)?+ (-1+a) —250<+\/4szo<2+sex2 (1+oa)?

J +0[sm]1}
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AnsMomentsSelfing =
FullSimplify[Series[{pAO, CAA} /. SolutionsFull[[3]] /.sex—>1/.
{s » s * sm, outcross -» outcross * sm, gc - gcxsm”2},
{sm, 0, 0}], Assumptions » UseTheseAssumptions]

~l+a -2s (-1+a) a+outcross (1+a)? L
+ +0[sm] -,
2 outcross (1+a) sm 2 outcross (1+a)?
(-1+a)?

4 (outcross? (1+a)?) sm?

((—1+O()2 (outcross + outcross o + 2 sa)) / (2 outcross? (1+a)? sm) -
1

(—4 s?2 (-1+a)2a?+120utcrosss (-1+a)2a (1+a) +
4 (outcross? (1+a)?)

outcross? (1+a)2 (1+ (-6+0a) ) +2 gc (-1+a2)2) +0[sm]}}

AnsGenoLowSex = Collect [Fullsimpli fy[Series|

{PA0"2 + CAA, 2 (pAO (1-pA0) -CAA), (1-pAO)“~2 + CAA} /. SolutionsFull[[3]] /.
outcross »1 /. {s > s#*sm, sex > sex*sm, gc »>gc*sm”~2}, {sm, O, 0}],

Assumptions - UseTheseAssumptions], '\/4 s?2a?+sex? (L+a)?, FullSimplify]

{

(2s (-1+a) a-sex (1+a)) \/4sza2+sex2 (1+a)? J/ (2ssex (l+0()3> +

(-4s* (-1+a)o®+2ssexa (1+a) +sex’ (1+a)?) /(2ssex (1+a)?),

(sex-s (-1+0a)?+sexa) \/4s o? +sex? (1+a)? / (ssex (1+a)?) +

(28? (-1+a)?a-sex? (1+a)’®+ssex (1+a) (1+a?)) /(ssex (1+a)?),

(( (sex+2s (-1+a) +sexa) \/4sza2+sex2 (1+a)? /(ZSsex(1+a)3)]+

(48? (-1+a) a+2ssexa (1+a) +sex’ (1+a)?) /(2ssex (1+a)?)}
PARTIAL ASEX

Below | show that both the boundary values are always unstable [at least one eigenvalue > 1] (so
polymorphism is maintained) with PARTIAL ASEX



108 | CoalescentWithBalancingSelectionV4forSupMat.nb

FullSimplify[Eigenvalues[Jacob /. outcross »1 /. {pAO-»> O, CAA-» O0}],
Assumptions -» UseTheseAssumptions]
FullSimplify[Normal[Series[% /. {s » s * sm, sex » sex*sSm, gc »> gc*sm”2},
{sm, 0, 1}]1], Assumptions -» UseTheseAssumptions] /. sm-> 1

FullSimplify[Eigenvalues[Jacob /. outcross -1 /. {pAO-> 1, CAA-> 0}],
Assumptions -» UseTheseAssumptions]
FullSimplify[Normal[Series[% /. {Ss » s *x sm, sex » sex*sSm, gc »>gc*sm”2},
{sm, 0, 1}]], Assumptions -» UseTheseAssumptions] /. sm-> 1

1
{————(-2+gc+s+sex-gcsex-ssex-
-2+2sa
V(4 (-1+gc) (-1+s) (-1l+sex) + (-2+gc+s+sex- (gc+s) sex)?)),
1
———— (-2+gc+s+sex-gcsex-ssex+
-2+2sa
V(4 (-1+gc) (-1+8) (-1+sex) + (-2+gc+s+sex- (gc+s) sex)?)) |}

{l+sa, 1-s-sex+sa}

1
{4 <—2+gc+sex—gcsex+soz—ssexa—
2 (-1+s)
\/((gc+sex—gcsex)2+25 (-1+sex) (gc+ (-1+gc) sex) a+s? (—1+sex)2oz2)),
1
_— (—2+gc+sex—gcsex+soc—ssexoc+
2 (-1+s)

V ((gc+sex-gecsex)?+2s (-1+sex) (gc+ (-1+gc) sex) a+s® (-1+sex)?a?))}

{l+s,1-sex-s (-1+a)}

SELFING (high rates of selfing)
Below | show that the second potential equilibrium pAO = 1 always is stable when wAA > wBB (a > 1)
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FullSimplify[Eigenvalues[Jacob /. sex—»>1 /. {pAO-> O, CAA-> 0}],
Assumptions -» UseTheseAssumptions]
FullSimplify[Normal[Series[% /. {s » s * sm, outcross -» outcross * sm, gc - gc*sm”2},
{sm, 0, 1}]1], Assumptions -» UseTheseAssumptions] /. sm-> 1

FullSimplify[Eigenvalues[Jacob /. sex-»>1 /. {pAO-> 1, CAA-> 0}],
Assumptions -» UseTheseAssumptions]
FullSimplify[Normal[Series[% /. {s » s * sm, outcross -» outcross * sm, gc - gc*sm”2},
{sm, 0, 1}]], Assumptions -» UseTheseAssumptions] /. sm-> 1

{ 1
-4+4sa
(—3+gc+outcross—gc outcross + 2 s - 2 outcross s—\/<8 (-1+gc) (-1+outcross)
(-1+s) + (-3 +gc+outcross - gcoutcross + 2 s - 2 outcross s)2)>,
1
—_— <73+gc+outcrossfgc outcross + 2 s - 2 outcross s +
-4+4sa
\/(8 (-1+gc) (-1+outcross) (-1+s) +

(-3 +gc +outcross - gc outcross + 2 s - 2 outcross s)?) ) }

{1+s(—1+a), (1—outcross+sa)}

N |-

1
{————— (-3 +gc+outcross - gc outcross +
4 (-1+s)

2 so-2outcrosssa-./ ( (1 + gc + outcross - gc outcross)? +
4 (-1+outcross) (l+gc+ (-1+gc) outcross) sa+4 (-1+outcross)?s®o?)),

1
(73 + gc + outcross - gc outcross + 2 s a - 2 outcross s o +

4 (-1+s)
\/ ( (1 +gc +outcross - gc outcross) 2y
4 (-1+outcross) (l+gc+ (-1+gc) outcross) sa+4 (-1+outcross)?s?a?))}

{1+s(1—oc), (l—outcross+s)}

N |-

SELFING (moderate to low rates of selfing)
Below | show that the second potential equilibrium pAO = 1 can be stable when wAA > wBB (a > 1) and

)
outcross < -4
l+a
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FullSimplify[Eigenvalues[Jacob /. sex—»>1 /. {pAO-> O, CAA-> 0}],
Assumptions -» UseTheseAssumptions]
FullSimplify[Normal[Series[% /. {s » s*sm, gc>gc*sm”2}, {sm, 0, 1}]1],
Assumptions » UseTheseAssumptions] /. sm-> 1

FullSimplify[Eigenvalues[Jacob /. sex-»>1 /. {pAO-> 1, CAA-> 0}],
Assumptions -» UseTheseAssumptions]
FullSimplify[Normal [Series[% /. {s » s*sm, gc >gc*sm”~2}, {sm, O, 1}]],
Assumptions -» UseTheseAssumptions] /. sm - 1

1
-4 +4sa
(—3+gc+outcross—gc outcross + 2 s—20utcrosss—\/(8 (-1+gc) (-1+outcross)
(-1+s) + (-3 +gc+outcross - gc outcross + 2 s - 2 outcross s)?) ) ,
1
—_— <73+gc+outcrossfgc outcross + 2 s - 2 outcross s +
-4+4sa
V(8 (-1+gc) (-1+outcross) (-1+s) +

(-3 +gc +outcross - gc outcross + 2 s - 2 outcross s)?) | }

s (-1 + outcross + a + outcross o)
{1 + ’
1 + outcross

- (((-1+outcross) (1 +outcross -2 outcrosss+ (1 +outcross) sa)) / (2 (1+outcross)))}

1
{ ———— (-3 +gc +outcross - gc outcross +

4 (-1+5s)
2sa-2outcrosssa- \/ ( (1 + gc + outcross - gc outcross)? +
4 (-1+outcross) (L+gc+ (-1+gc) outcross) sa+4 (-1+outcross)?s®a?)),
1
4 (-1+s)
\/ ( (1 + gc + outcross - gc outcross)? +

(—3 + gc + outcross - gc outcross + 2 s a - 2 outcross s o +

4 (-1+outcross) (1+gc+ (-1+gc) outcross) sa+4 (-1+outcross)?s®o’)) |

(-1+outcross) sa
{1+s+ ’

1
— -1+
1 + outcross 2

-1l+s

2 outcross a
(-1 +outcross) —)

1 + outcross
Here we try to assess the stability of the internal equilibrium for low sex. It is hard to tell from the eigen-
values whether it is always stable but it appears to be.

Solve[l + (s (-1 + outcross + a + outcross a)) / (1 + outcross) == 1, outcross]

(-1 + outcross) sa
Solve [1 +S+ =1, outcross]

1 + outcross

)
—l+O(}}

l1-o

Houtcross -
1+

{{outcross -
1+a
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OlLowSexEigenvalues = Simplify[Normal [Series|[
Eigenvalues[Jacob /. outcross » 1] /. {s > s *sSm, sex »> Ssex*sm, gc »>gc*sm”~2} /.
{pPAO -» OOpAO +O1lpAO sm, CAA -» OOCAA + OlCAA sm},
{sm, 0, 1}]], Assumptions » UseTheseAssumptions]

OlLowSexEigenvaluesMinusOne =
FullSimplify[%- {1, 1} /. sm—> 1 /. {OOpAO » Normal [AnsMomentsPartialSex[[1]]],
OOCAA » Normal [AnsMomentsPartialSex[[2]]]}, Assumptions -» UseTheseAssumptions]

%/.{a>2, s-»0.01, sex - 0.02}

1
{1+ —sm (-s+300CAAS +300pA0®s-sex+2sa+300CAAS - 600pA0S o+ 3 00pA0? s o +
2

\/ (sex? -2 s sex (-1+00CAA (1+0a) - 300pA0? (1+0a) +200pA0 (2+0a)) +s® (1+
4 00pA0 o + 00CAA? (1 +a)? -7 00pA0* (1+a)? -2 00pA0? (5+9 a+2a?) +4 00pAO>
(4+7a+30%) -200CAA (5-30+300pA0% (1+a)?+200pA0 (-4-3a+a®))))),

1
1——sm(s—3OOCAAs—3OOpA02s+sex—2sa—3OOCAAsa+600pAOSo<—3OOpA02sa+
2

\/ (sex? - 2s sex (-1+00CAA (1+0a) - 300pA0% (1+0a) +200pA0 (2+0a)) +s® (1+
4 00pA0 o + 00CAA? (1 +a)? -7 00pA0* (1 +a)? -2 00pA0? (5+9a+2a?) +4 00pA0>
(4+7a+30%) -200CAA (5-30+300pA0% (1+a)?+200pA0 (-4-3a+a®)))))}

1 1
{— [sex+ -2s(1+ (-1+a) o<)—3\/4szo<2+sex2(l+o<)2 +
4 l+a
1 3 2 2
72 (16s (-1+a)2a®+
sex (1+a)3
sexz(1+a)2(sex+sexon+¢(4szoz2+sex2(1+oz)2>)+2ssex(l+oc)
(L+ (-3 +a) a) (sex+sexa+\/<4szoc2+sex2 (l+oc)2)) +2 s? (—4 (-1+a)?«
V(4s?a?+sex? (1+a)?) +sex (L+a) (L+o (-2+a (4+ (-2+a) a))))) ||,
1 2 2 2 2
— |sex + -2s (1+(-1+a) oc)—3\/4s a“ +sex”’ (1+a) -
4 l+a

1
MZ_J
(16 s?(-1l+a)%2a?+sex? (1+a)? (sex+sexa+\/(4 s? o? + sex? (1+or)2)> +
2ssex (l+a) (1+ (-3+a) a) (sex+sexa+\/(4sza2+sex2 (1+a)2)> +
28? (-4 (-l+a)?a+/(4s”0®+sex® (1+a)?) +

sex (1+a)3

sex (1+a) (l+a (-2+a (4+ (-2+a) a))))))]}

{-0.00814782, -0.0279077}
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OlLowSexEigenvaluesMinusOne /. {a > 1.1, s - 0.01, sex —» 0.02}
OlLowSexEigenvaluesMinusOne /. {a » 10, s » 0.01, sex - 0.02}
OlLowSexEigenvaluesMinusOne /. {a» 1.1, s > 0.01, sex - 0.002}
OlLowSexEigenvaluesMinusOne /. {a » 10, s - 0.01, sex - 0.002}
OlLowSexEigenvaluesMinusOne /. {a > 1.1, s - 0.01, sex > 0.2}
OlLowSexEigenvaluesMinusOne /. {a » 10, s » 0.01, sex > 0.2}

{-0.00652081, -0.0226314}
{-0.00855298, -0.104718}
{-0.00939893, -0.0108849}
{-0.00955551, -0.099609}
{-0.00537512, -0.200322}

{-0.0092842, -0.27468}

Here we assess the stability of the internal equilibrium for low sex for the symmetric case (a—1).
These eigenvalues are less than 1.

OlLowSexEigenvaluesMinusOneSymmetricCase =
FullSimplify[OlLowSexEigenvalues - {1, 1} /. sm->1 /.
{O0pAO -» Normal [AnsMomentsPartialSex[[1]]],
OOCAA » Normal [AnsMomentsPartialSex[[2]]]} /.
a - 1, Assumptions » UseTheseAssumptions]

1

{f ~s+sex-3+/s?+sex? +4/2 s?-s |sex++/s?+sex? | + sex |sex +/s? + sex? ,
4
1 2 2 2 2 2 2 2
Z |-s+sex-3./s?+sex? -+/2 s?2 -5 |sex++/s?+sex? | +sex [sex ++/s? +sex 1
4

Note the term in the lastroot (z = s2 + s (—sex - /s? + sex? ) + sex (sex +/s? + sex? ) ) is

always positive (we can see this because Z=0 when sex = 0 and it increases with larger values of sex,
i.e., Zis always positive). This means that both eigenvalues are real.

Z=s2+s (—sex—\/sz+sex2)+sex [sex+\/sz+sex2 );

Simplify[Z /. sex » 0, Assumptions » UseTheseAssumptions]
FullSimplify[D[Z, sex], Assumptions -» UseTheseAssumptions]

0
sex + ~/ s? + sex? (—s+sex+ [ s? + sex? / A/ s? + sex?

The leading eigenvalue is the first one. Its value minus 1 is 0 when s = 0 and it becomes more nega-
tive as s increases

(sz -s (sex +1/s? + sex? ) +sex (sex +4/s? + sex? )J -2 // Simplify

0




CoalescentWithBalancingSelectionV4forSupMat.nb | 113

FullSimplify[OlLowSexEigenvaluesMinusOneSymmetricCase[[1]] /. s >0,
Assumptions -» UseTheseAssumptions]

FullSimplify[D[OlLowSexEigenvaluesMinusOneSymmetricCase[[1]], s],
Assumptions -» UseTheseAssumptions] /.

s?-s [sex + '\/ s? + sex? ) + sex (sex +1/s?+ sex? ] - ThisIsZ

0

1 [ 3s

~ e —
4 \/s? + sex?

+ S

sex + ~/ s? + sex? sex + 2 ~/ s? + sex?

It isn’t obvious that the numerator of the last term above is negative but it is.

(—2 s? - sex

)/ (\/2_\/ (s? + sex?) ThisIsz

ThirdTermNumerator =

Collect[FullSimplify[-2s® - sex (sex + 1/ s? + sex? ) +s (sex +24/s? + sex? ) /.sex->bs,

Assumptions » {s >0, b > 0}], 4/1+b? , Simplify]

ThirdTermNumeratorV2 = (—bz -(-2+b) (— 1+4/1+Db? ]] s?

ThirdTermNumerator - ThirdTermNumeratorV2 // Simplify

(-2+b-b?) s*- (-2+b) \/1+Db* s?

(—bzf (-2+Db) (71+\/1+b2 )] s?

Plot [ThirdTermNumerator /s"~2, {b, 0, 10}]

-100 -

-150 -
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Limit [ThirdTermNumeratorV2 /s*2, b » Infinity]

— O

Normal [AnsMomentsPartialSex]
%/.a->1//Simplify

{

sex (1+o)%+ (-1+a)

—25a+\/4sza2+sex2 (1+00)? ])/ (2sex (1+a)?),

1

. (252 (-1+a)a+s (-1+a) sex+sexa—\/4sza2+sex2(1+Ot)2 +
)

4ssex? (1+a

sex (1+a)

sex+sexo<—\/4520¢2+sex2 (L+o)? ]

sex (l+o)?+ (-1+a) —2sa+\/4sza2+sex2 (L+o)?

I

1 sex- +/s?+sex?
(o }

4s

Negative frequency dependent selection

WAA =1- ( (£AA+£AB/2) - a)s;
WAB = 1;

WBB = 1+ ( (£AA+£AB/2) - a)s;
(* O< aa < 1 %)

Genotype frequencies after selection

wbar = fAAWAA + fABWAB + £BB WBB;
fAAs = fAAWAA /wbar;
fABs = fAB WAB /wbar;
fBBs = fBB WBB / wbar;

Genotype frequencies after gene conversion

fAAg = fAAs + (gc/ 2) fABs;
fABg fABs (1-gc);
fBBg = fBBs + (gc/2) fABs;

Genotype frequencies after reproduction

pA = fAAg + fABg/2;

fAAr = (1-sex) fAAg + sexoutcrosspA”2 + sex (1 -outcross) (fAAg +(1/4) fABg);
fABr = (1-sex) fABg + sexoutcross (2pA (1-pA)) + sex (1 -outcross) ((1 /2) fABg) ;
fBBr = (1 - sex) fBBg + sexoutcross (1-pA) “2 + sex (1 -outcross) (fBBg +(1/4) fABg) ;

subMoments =
{fAA-> pAO0O"2 + CAA, fAB » 2 (pAO (1-pA0O) -CAA), fBB - (1-pA0) “2 +CAA};
subPartsOfMoments = {pAO -» OOpAO + OlpAl, CAA -» OOCAA + OlCAA};

UseTheseAssumptions =
{sex > 0, outcross >0,s>0,a>0, a<1,gc>0, sex<1l, outcross <1}

{sex >0, outcross >0, s>0, a>0, a<1l, gc>0, sex <1, outcross <1}
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pAstart = fAA + fAB/2;

pAnext = fAAr + fABr/Z;

CAAstart = (fAAfBB - (1/4) fAB"2);
CARnext = (fAAr fBBr - (1/4) fABr"2);

deltap = pAnext - pAstart // Simplify;
deltaCAA = CAAnext - CAAstart // Simplify;

Series[deltap /. subMoments /. subMoments /. outcross -1 /.sex-»1/.
{s»>s*sm, gc>gcxsm”~2} /. {O1pAl » OlpAl * sm, O1CAA » OlCAA *sm}, {sm, O, 0}]

O[sm]*

Jacob = {{D[pAnext /. subMoments, pAO], D[pAnext /. subMoments, CAA]},
{D[CAAnext /. subMoments, pAO], D[CAAnext /. subMoments, CAA]}} // Simplify;

Full sex (no selfing)

Simplify[Solve[
Normal [Series[{deltap == 0, deltaCAA == 0} //. subMoments /. subPartsOfMoments /.
outcross »1/.sex—»>1/. {s»>s*sm, gc>gc*sm”~2} /.
{O0l1lpAl » OlpAl * sm, O1lCAA » OlCAA x*sm}, {sm, 0, 0}]]/.sm->1,
{ OOpAO, OOCAA}], Assumptions -» UseTheseAssumptions]

{{O0CAA > 0}}

Simplify[Solve[
Normal [Series[{deltap == 0, deltaCAA == 0} //. subMoments /. subPartsOfMoments /.
outcross > 1 /.sex—»>1/. {s>s*sm, gc->gc*sm™2} /. OOCAA->0 /.
{O0l1lpAl » OlpAl * sm, O1lCAA » OlCAA *sm}, {sm, 0, 1}]]/.sm->1,
{ OOpAO, O1CAA}], Assumptions - UseTheseAssumptions]

{{00pA0 - o, O1CAA - 0}, {O0pAO - 0, OLCAA > 0}, {OOpAO - 1, OLCAA 0} }

Interior equilibrium is stable

Eigenvalues[Jacob /. outcross » 1 /. sex->1 /. {pAO » a+O01lpAl, CAA - 0 +01CAA}] //
Simplify
FullSimplify[Normal [Series[% /. {s > s*sm, gc>gc*sm”2} /.
{01pAl -» OlpAl » sm, O1CAA » OlCAAxsm}, {sm, O, 1}]]] /.sm->1

{0, (1+201pAl*s®-01CAAs (1+201pAl*s) -sa+sa’+201pAl®s® (-1+2a) +
OlpAl®’s (-1+2s (-1+a) a)) / (-1+201pAl® s + OlpAl s (—l+2a))2}

{0, 1+s (-1+a) a}

High sex (no selfing)

Simplify[Solve][
Normal [Series[{deltap == 0, deltaCAA == 0} //. subMoments /. subPartsOfMoments /.
outcross »1 /. {s>s*sm, gc>gc*sm”~2} /.
{01pAl » OlpAl » sm, O1CAA » OlCAA xsm}, {sm, 0,0}]] /.sm->1,
{ OOpAO, OOCAA}], Assumptions -» UseTheseAssumptions]

{{00CAA - 0} }
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Simplify[Solve[
Normal [Series[{deltap == 0, deltaCAA == 0} //. subMoments /. subPartsOfMoments /.
outcross »1 /. {s>s#*sm, gc>gc*sm”~2} /. OOCAA-> 0 /.
{O0l1lpAl » OlpAl * sm, O1lCAA » OlCAA*sm}, {sm, 0, 1}]]/.sm->1,
{ OOpAO, O1CAA}], Assumptions - UseTheseAssumptions]

{{00pA0 - o, O1CAA - 0}, {O0pAO - 0, OLCAA > 0}, {O0OpAO - 1, OLCAA - 0}}

Interior equilibrium is stable

Under the assumptions, the second eigenvalue is largest and is close to 1.
Simplify[
1
Series[Jacob /. outcross » 1 /. {pAO » — + OlpAl, CAA - 0 +01CAA} /. {s » s » sm,
2

gc >gc*sm”2} /. {O1lpAl » OlpAl * sm, OlCAA » OlCAA * sm}, {sm, O, 1}]]
X = Normal[%] + {{02J11sm"2, 02J12sm"2}, {02J21 sm"2, 02J22sm"2}}

Simplify[Normal [Series[Eigenvalues[X], {sm, 0, 1}1],
Assumptions -» UseTheseAssumptions] /. sm- 1

1
-—+tQ
2

+0[sm]“, s sm+0[sm}2}, {O[sm}z, (1 - sex) +O[sm]2}}

71+a)}, (02321 sm?, 1 - sex + 02322 sm?}}
2

m 2 2
+02J11 sm“, 02J12 sm“ + s sm

{1—sex, 1- 3}

Low sex (no selfing)

We do this by induction because if you don'’t start with O(1) values it has a lot of problem finding solu-
tions; numerical evaluations suggest this is the only biologically relevant internal equilibrium.

FullSimplify[Solve|[
Normal [Series[{deltap == 0, deltaCAA == 0} //. subMoments /. subPartsOfMoments /.
outcross »1 /. {t >t*sm, sex »>sex*Sm, S »>S*Sm, gc >gcxsm”™2} /.
{0l1pAl » OlpAl * sm, OlCAA -» OlCAA *sm}, {sm, 0, 01}]] /.sm~>1,
{ OOpAO, OOCAA}], Assumptions -» UseTheseAssumptions]

{{00pA0 - 0, 00CAA - 0}, {O0pPAQ > 1, O0CAA - 0},

1
{00pAO0 -» a, O0CAA > 0}, {OOpAOe —_— S—Js (4sex+s (1—20()2) +ZSO(),
4s

1
OOCAA%—Zsex+\/s (4sex+s (1-2a)?) (1—2a>+s(—1+4(—1+a>a))},
8s
1 2
{o0pa0 » — s+\/s (4sex+s (1-2a)?) +2sal,
4s
1 2
O0CAA > — 25ex+\/s (4sex+s (1-2a)%) (-1+2a)+s (-1+4 (-1+q) a))}}
8s
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Simplify[Series[Jacob /. outcross - 1 /. {pAO » o +OlpAl, CAA » 0 + O1CAA} /.
{s>s*sm, gcogc*sm”2, sex » sex*sm} /.
{01pAl » OlpAl » sm, Ol1CAA -» OlCAA xsm}, {sm, O, 1}]1];

X = Normal[%] + {{02J11sm"2, 02312 sm"2}, {02J21sm"2, 02J22 sm"2}}

Simplify[Normal [Series[Eigenvalues[X], {sm, 0, 1}]1],
Assumptions -» UseTheseAssumptions] /. sm- 1

{{1 +02J11sm? +ssm (-1+a) a, 02312 smz}, {onzl sm?, 1 - sex sm+02J22 smz}}

1

{1+— (-sex+s (-1+a) a-Abs[sex+s (-1+a) a]),
2
1

1+~ (-sex+s (-1+a) a+Abs[sex+s (-1+a)a])}
2

If sex+s (-1+a) a > 0, then the eigenvalues are:
1

1+ —(-sex+s (-1+a) a-(sex+s (-1+a) a)) // Simplify
2

1+ :— (-sex+s (-1+a) a+ (sex+s (-1l+a) a)) // Simplify
1-sex

l+s (-1l+a)a

If sex+s (-1+a) a < 0, then the eigenvalues are:

1
1+ —(-sex+s (-1+a)a+ (sex+s (-1+a) a)) // Simplify
2

1

l+ —(-sex+s (-1+a) a-(sex+s (-1l+a) a)) // Simplify
2

l+s (-1+a)a

1-sex

In other words, this equilibrium is stable

High outcrossing (no asex)

Simplify[Solve|[
Normal [Series[{deltap == 0, deltaCAA == 0} //. subMoments /. subPartsOfMoments /.
sex»>1/. {s>s*sm, gc>gc*sm™~2} /.
{O0l1lpAl » OlpAl x* sm, O1lCAA -» OlCAA *sm}, {sm, 0, 0}]]/.sm->1,
{ OOpAO, OOCAA}], Assumptions -» UseTheseAssumptions]

{{O0CAA > ((-1+O00pA0O) OOpAO (-1 +outcross)) / (1 +outcross) }}

Done by induction

| 117
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Series[{deltap == 0, deltaCAA == 0} //. subMoments /. subPartsOfMoments /.
OO0CAA -» ((-1 +O0pAO) OOpAO (-1 + outcross)) / (1 + outcross) /.

OOpAO -» /.sex->1/. {s>s*xsm, gc>gcxsm”~2} /.

l+a
{01pAl » OlpAl » sm, O1CAA -» OlCAA x» sm}, {sm, O, 0}]

{o[sm]' =0, O[sm]* = 0}

Low outcrossing (no asex)

Simplify[Solve|[
Normal [Series[{deltap == 0, deltaCAA == 0} //. subMoments /. subPartsOfMoments /.
sex»>1 /. {s » s *sm, outcross » outcross *sm, gc »>gc*sm”~2} /.
{01pAl » OlpAl » sm, O1CAA » OlCAA xsm}, {sm, 0,0}]] /.sm->1,
{ OOpAO, OOCAA}], Assumptions -» UseTheseAssumptions]

{{O0CAA - - (-1 + O0pAO) O0pA0} }

Simplify[Solve|[
Normal [Series[{deltap == 0, deltaCAA == 0} //. subMoments /. subPartsOfMoments /.
OOCAA » - (-1 + OOpAO) OOpAO /. sex > 1 /. {s » s * sm, outcross -» outcross * sm,
gc »>gc*sm”~2} /. {OlpAl » OlpAl » sm, OLCAA -» O1CAA*sm}, {sm, 0, 1}]1] /.
sm—- 1, { OOpAO, O1CAA}], Assumptions -» UseTheseAssumptions]

{{O0pAO0 - 0, O1CAA - OlpAl}, {OOpAO - 1, OICAA - -0O1lpAl},
{O0pAO0 - o, O1CAA - OlpAl - 2 OlpAl o+ 2 outcross (-1 +a) a}}

- (-1+00pA0) OOpAO /. OOpPAO » a // Simplify

-(-1l+a) a

Interior equilibrium is stable
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Simplify[Series[Jacob /. sex > 1 /. {pAO » a+0lpAl, CAA » - (-1 +a) a+01CAA} /.
{s » s * sm, outcross -» outcross * sm, gc > gc*sm”~2} /.
{01pAl » OlpAl » sm, O1CAA » OlCAA*sm}, {sm, O, 1}]]

X = Normal[%] + {{02J11sm"2, 02312 sm"2}, {02J21sm"2, 02J22 sm"2}}

FullSimplify[Normal[Series[Eigenvalues[X], {sm, O, 1}1],
Assumptions -» UseTheseAssumptions] /. sm- 1

2s (-1+a) asm+0[sm]?, O[sm]?},

1+
1 1
{(——a) " [701pA1+ ~ (-1+20a) (outcross-4s (-1+a) a)
2 2

sm+0[sm]2,

1 outcross sm 2
SRR PR L orsm) %))
2 2

{{1+02J11 sm?+2ssm(-1+a) a, 02312 smz},

1 1
{—+02J21 sm? - o + sm -0OlpAl+ — (-1+2a) (outcross-4s (-1+q) a)),

2 2
1 outcross sm 2
—— —————  +02J22 sm }}
2 2
1 - outcross
{(—————/1+2s (-1+a) a}
2

Simulation of an alternative model of negative frequency dependent selection
(unable to solve analytically)

Note, in this model there is an excess of homozygotes in the partial asexual case

WAA = 1-fAAs;

WAB = 1 - fAB ((1+ a) / 2) s;
WBB = 1-fBBas;

(* 0< aa < 1 %)

Genotype frequencies after selection

wbar = fAAWAA + fABWAB + £fBB WBB;
fAAs = fAAWAA /wbar;
fABs = fAB WAB / wbar;
fBBs = fBB WBB / wbar;

Genotype frequencies after gene conversion

faAAg = fAAs + (gc/ 2) fABs;
fABg fABs (1-gc);
£fBBg fBBs + (gc/ 2) fABs;

Genotype frequencies after reproduction

pA = fAAg + fABg/2;

fAAr = (1-sex) fAAg + sexoutcross pA”2 + sex (1 -outcross) (fAAg +(1/4) fABg);
fABr = (1-sex) fABg + sexoutcross (2pA (1-pA)) + sex (1 - outcross) ((1 /2) fABg) ;
fBBr = (1 - sex) fBBg + sexoutcross (1-pA) “2 + sex (1 -outcross) (fBBg +(1/4) fABg) ;



120 | CoalescentWithBalancingSelectionV4forSupMat.nb

DoOneGen [CurrentSystem_, Vals_] := Block[{xfAA = CurrentSystem[[1]],
xfAB = CurrentSystem[[2]], xfBB =1 - Plus @@ CurrentSystem},
{fAAr /. {fAA » xfAA, fAB » xfAB, fBB » xfBB} /. Vals,
fABr /. {fAA » xfAA, fAB -» xfAB, £fBB - xfBB} /. Vals}]

Plots below give fAA (red), fAB (blue), and p (green, dashed) and CAA (orange, dashed)
Full biparental reproduction (no asex and no selfing)

TheseVals = {gc » 0, sex-> 1, outcross—»1, s-»0.02, a-»0.8};
maxGen = 10000;
results = Table[{0, O, 0}, {maxGen}];
For[g=1; theSystem = {0.5, 0.4}, g < maxGen, g++,
theSystem = DoOneGen [theSystem, TheseVals];
results[[g]] = Prepend[theSystem, g];]

ListPlot[{Transpose [{Transpose[results] [[1]], Transpose[results] [[2]]}],
Transpose[ {Transpose[results] [[1]], Transpose[results][[3]]}],
Transpose[ {Transpose[results] [[1l]],

(Transpose[results] [[2]] + Transpose[results] [[3]] / 2)}],
Transpose[{'l‘ranspose [results] [[1]], Transpose[results] [[2]] -
(Transpose[results] [[2]] + Transpose[results] [[3]] /2)?}]},
Joined -» True, PlotStyle -» {Red, Blue, {Green, Dashed}, {Orange, Dashed}}]
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Partial asex
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TheseVals = {gc » 0, sex > 0.01, outcross-»>1, s-»0.02, a->0.8};
maxGen = 10000;
results = Table[{0, 0, 0}, {maxGen}];
For[g=1; theSystem= {0.5, 0.4}, g < maxGen, g++,
theSystem = DoOneGen[theSystem, TheseVals];
results[[g]] = Prepend[theSystem, g];]

ListPlot[{Transpose [{Transpose[results] [[1]], Transpose[results] [[2]]}],
Transpose [ {Transpose[results] [[1]], Transpose[results] [[3]]}],
Transpose [ {Transpose[results] [[1]],

(Transpose[results] [[2]] + Transpose[results] [[3]] /2)}],
Transpose [ {Transpose [results] [[1]], Transpose[results] [[2]] -
(Transpose[results] [[2]] + Transpose[results] [[3]] / 2) 2}] },

Joined » True, PlotStyle -» {Red, Blue, {Green, Dashed}, {Orange, Dashed}}]
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TheseVals = {gc » 0, sex > 1, outcross »0.01, s-»0.02, a->0.8};
maxGen = 10000;
results = Table[{0, 0, 0}, {maxGen}];
For[g=1; theSystem= {0.5, 0.4}, g < maxGen, g++, 3
theSystem = DoOneGen[theSystem, TheseVals];
results[[g]] = Prepend[theSystem, g];]

ListPlot[{Transpose [{Transpose[results] [[1]], Transpose[results] [[2]]}],
Transpose [ {Transpose[results] [[1]], Transpose[results] [[3]]}],
Transpose [ {Transpose[results] [[1]],

(Transpose[results] [[2]] + Transpose[results] [[3]] /2)}],
Transpose [ {Transpose [results] [[1]], Transpose[results] [[2]] -
(Transpose[results] [[2]] + Transpose[results] [[3]] / 2) 2}] },

Joined » True, PlotStyle -» {Red, Blue, {Green, Dashed}, {Orange, Dashed}}]
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File S3. Simulations to estimate coalescence time for sites near targets of
balancing selection.

We compared the accuracy of analytical solutions by comparing them to stochastic
simulation results. Simulations were written in C, and source code is available
online (http://github.com/MattHartfield /BalSelSims). The simulations tracked two
biallelic loci; a locus A, with alleles A1 and A2, undergoing balancing selection; and a
neutral locus B. Recombination occurs at rate r between loci. At locus A,
heterozygote genotypes (i.e., those with an A1/A2 genotype) have the highest fitness
of 1, while homozygotes have fitness 1-s. Each lifecycle, the frequency of genotype i,
G;, was altered deterministically by a factor wi/w, where w; is the fitness of genotype
i and w is the mean fitness of the population. Then a proportion o of the population
reproduced via sex. Of these, a fraction o reproduced via outcrossing and the
remainder via selfing. Change in genotypes via outcrossing and selfing were
determined using the recursions of Hedrick (1980, Equation 3). A proportion (1- o)
reproduced asexually; in this case the genotypes were cloned. Finally, gene
conversion occurred at rate y on both A1/A2 and B1/B> heterozygotes. Gene
conversion was unbiased, i.e., A1/A2 were converted via gene conversion into A1/A1
and Az/A; equal frequency. N genotypes were then resampled from a multinomial
distribution to implement random drift.

Simulations were initially run with no polymorphism at the B locus for the
balancing selection allele to reach steady-state frequency. Then a neutral allele (B2)
was introduced at the B locus on a randomly chosen genetic background (with
respect to the A locus), so the initial frequency was 1/2N. The neutral allele was
tracked until it was fixed or lost, and the heterozygosity x(1 - x), where x is the
frequency of the introduced B: allele, was summed over all generations that the
allele was segregating. This was repeated for 4 million reintroductions of the neutral
allele. The mean summed heterozygosity is equal to Ne/N (Charlesworth et al 1993;
Nordborg et al 1996).

The simulation results are shown in Fig. 6. In that figure there was no gene
conversion for 100% biparental reproduction or with selfing. Below we show the
results under identical conditions to Fig. 6 but allowing for gene conversion in those
two cases. Comparing the figure below to Fig. 6, illustrates that gene conversion
makes no difference in selfers, as expected. (Note that the analytical prediction for
selfing used here and in Fig. 6 assumes no gene conversion.)
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